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Abstract | A lattice Gaussian distribution of given mean and covari-
ance matrix is a discrete distribution supported on a lattice maximiz-
ing Shannon’s entropy under these mean and covariance constraints.
Lattice Gaussian distributions find applications in cryptography and in
machine learning. The set of Gaussian distributions on a given lattice
can be handled as a discrete exponential family whose partition function
is related to the Riemann theta function. In this paper, we first report a
formula for the Kullback-Leibler divergence between two lattice Gauss-
ian distributions and then show how to efficiently approximate it numeri-
cally either via Rényi’s a-divergences or via the projective y-divergences.
We illustrate how to use the Kullback-Leibler divergence to calculate the
Chernoff information on the dually flat structure of the manifold of lattice
Gaussian distributions.

Keywords: Lattice Gaussian distribution, Discrete exponential family, Riemann theta function, Statistical
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1 Introduction

It is well-known that the multivariate Gaussian
distributions N (u, ) are continuous distribu-
tions with support R which maximize Shannon’s
differential entropy under mean p and covariance
matrix ¥ constraints’. Similarly, the d-variate lat-
tice Gaussian distribution Na(u,X) can be
defined as the distribution supported on a lattice’
A=Al)=L7% ={Lz : z € 7%} which maxi-
mizes Shannon’s entropy for the prescribed mean
 and covariance matrix X, where 74 denotes the
d-dimensional integer lattice and
L=1TlL]...|1l;]is a lattice basis of d column
vectors [;’s arranged in the lattice basis matrix A.
We  consider full-rank lattices satisfying
det(L) # 0, and the lattice Z% is called the
d-dimensional integer lattice. Two lattices A(L)
and A(L’) are equal if and only if there exists a
unimodular matrix U (i.e., a square matrix with
integer entries and determinant 1) such that
L=1L'U. For example, the second lattice

L= { } ﬂ of Fig. 2 is equal to the integer lattice

J. Indian Inst. Sci. IVOL xxx:x|xxx—xxx 2022/journal.iisc.ernet.in

72 because L' = U x L with unimodular matrix
12
u= {1 1}(det(LI) =-1).

The set {Na(u, X))} of lattice Gaussian dis-
tributions form a discrete exponential family'
(Chapter 2) since they are maximum entropy dis-
tributions. The probability mass function (pmf)
Py,x is written canonically as
(len)

Pz )= exp (<§(#72)75(1)>);

1
Pp(p, X)
where ¢(u,X) denotes the natural parameter
corresponding to the ordinary parameteriza-
tion 1 = (i, T), s(x) = (x,xx ") are the sufficient
statistics, and (¢, ¢’) is the following compound
vector-matrix inner product between ¢ = ({1, {2)
and¢’ = (¢, ¢5) (with¢1,¢) €e R%and &, &5 € Py,
the open cone of positive-definite matrices):

(¢, ¢) =gl + ety &)

The term P (14, ) = Do €Xp (<§(,u, E),s(l)>)
in the denominator of the pmf is called the
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partition function. The discrete natural expo-
nential family Gp = {NaA(¢)} is a regular
and minimal exponential family’ of order
D= %443, That is, the natural parameter
space R% x P, is open and the D + 1 functions
1,x1,...,%i,... ,xd,x%, N TR ..,xfi are lin-
early independent®’, When A = 74, the lattice
Gaussian distributions are called the discrete
Gaussian distributions or the discrete normal dis-
tributions® with pmf written as

1 d
——exp({¢,5(2)), (z€Z").

pe(z) = Ppa@)

The canonical decomposition of exponen-
tial families is not unique: For example, we can
choose s, (x) = as(x) (for any non-zero scalar o)
and adjust accordingly ¢, = i{ so that the inner
product remains invariant: (s(x), {) = (s4 (%), L)
To link the partition function of lattice Gauss-
ian distributions to the Riemann Theta func-
tion®, we consider the following sufficient statistic
t(x) = (27rx, —nxxT) with corresponding natu-
ral parameter &. Notice that the natural param-
eter £ cannot be expressed easily as a function of
(i, X). Thus the lattice Gaussian distributions are
mathematically different to handle than the con-
tinuous Gaussian distributions where conversions
between ordinary to natural parameters are avail-
able in closed-form (see Appendix B of’). Using
the (&,t(x)) parameterization for the discrete
exponential family of lattice distributions Ng &),
we get the following pmf decomposition:

pe(z) = exp

Zya(§)

(271 (—%zTégz + zT&)), (z € Zd),
(1)

where the partition function is

<2n (—%Zszz + zT51> ) .

Although the partition function is not available as
a bounded-size formula of & because it is an infi-
nite summation over the elements of Z4, it can
nevertheless be conveniently expressed as

Zga(§) =) exp

274

Zya(§) = 0(—i&1,i62), (2)
A Definition: # univariate functions f; (x), . . ., fr(x) are said to
be linearly dependent if there exists n constants ¢y, ..., Cn» DOt

all zero, such that 37, ¢ifi(x) = 0 for some x belonging to an
interval / C R. Otherwise, the functions are said linearly inde-
pendent.

2

@ Springer

where the complex-valued Riemann theta func-
tion® is the holomorphic function defined by its
Fourier series as follows:

G:Cdde—MC

1
0(w, Q) := Z exp (2ni<§ZTQZ + sz>>,

ze74

where H,; denotes the Siegel upper space
of symmetric complex matrices with pos-
itive-definite imaginary parts®. A symmet-
ric complex matrix with positive-definite
imaginary part is called a Riemann matrix”
19, Thus the Siegel upper space is the set of all
Riemann matrices. Agostini and Améndola’
consider complex-valued discrete Gaussian dis-
tributions (Definition 2.3 of’) by relaxing the
parameter & to belong to (C% x H,;)\O4, where
Oy :={(w,Q) € C x Hy : 8(w, Q) =0} is the
so-called universal theta divisor''. They report
in Proposition 3 of’ of the equivalence of com-
plex-valued discrete Gaussian distributions, and
deduce from that proposition that the natural
parameter space is a quotient space for complex-
valued discrete Gaussian distributions. In this
paper, we consider real-valued lattice Gaussian
distributions and Proposition 3 of’ proves that
the natural parameter space is 8 = R? x Py

In practice, there exists efficient techniques to
approximate the Riemann theta function'? with
many available software packages that imple-
ment them in various programming languages
(e.g., package Theta.jl in Julia'®). We refer
to'* (Chapter 22) for a basic introduction of
approximation techniques of the Riemann theta
functions, to'® for approximations of the Jacobi’s
theta function for the univariate case d = 1, and
to'? (Theorem 2) for guaranteed e-approxima-
tions using lattice points falling inside ellipsoids
to approximate the infinite Riemann Theta sums.

@
Let p:(2) = 72,

where pg(z) denotes the

unnormalized pmf:

Pe(z) = exp (27‘( <—;ZT$2Z + zT§1> )

(3)
Figure 1 displays the plots of two 1D discrete
normal unnormalized pmfs and two 2D discrete
unnormalized pmfs.

The univariate discrete normal distribu-
tion was historically first mentioned by Lisman
and Van Zuylen'® (1972), and later studied by
Kemp'” (1997). The relationship of its partition
function Zz with the Jacobi theta function was
pointed out by Szablowski'® (2001), and later
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Figure 1: Plot of unnormalized discrete normal distributions: Top: ps on the 1D integer lattice Z clipped at
[—10,10] for & = (0,0.3) (left) and & = (0.25,0.15) (right). Notice that when & € Z, the discrete normal is sym-
metric (left) but not for & ¢ Z (right). Bottom: p: on the 2D integer lattice Z? clipped at [~7,7] x [—7,7]: (Left)

& = (0,0 and & = diag(%

0

fully extended to Riemann multivariate theta
function by Agostini and Améndola® (2019).
Furthermore, Agostini and Améndola’ extended
the discrete Gaussian distributions to complex-
valued pmfs by allowing the parameter & € C?
and the parameter & to range in the Siegel
upper space H, instead of the positive-define
matrix cone P;. Doing so allowed them to use
the quasi-periodicity properties of the Riemann
theta functions to deduce corresponding prop-
erties for the complex-valued Gaussian distri-
butions. Namely, the Riemann theta function
enjoys the following quasiperiodicity property:

e periodicity in w with integer periods:
0w+ u, ) = 0(w, ),

and
e quasi-periodicity:

_ o (1T T
0w+ Q2v,Q2) =exp 2mi 2v Q4v w
0 (w, ),

for any u,v € Z%.

J. Indian Inst. Sci. IVOL xxx:x|xxx—xxx 2022ljournal.iisc.ernet.in

7,), (right) & = (0,0) and &, = diag(%, %),

A statistical model P :={ps : £ € E} is said
identifiable’ when the mapping & + pg is one-to-
one. When & € C? x H,, the discrete Gaussian
model is not identifiable (i.e., there can exist two
parameters & and &’ such that pg(z) = pe(2)).
But the real-valued discrete Gaussian model is
identifiable when & € R? x P,

A key property of Gaussian distributions is
that the family is invariant under the action of
affine automorphisms of R?. Similarly, the fam-
ily of discrete Gaussian distributions is invariant
under the action of affine automorphisms of Z%
(Proposition 3.5°):

Ya € GL(d, 7Z), aXe = Xa*Tsl,a*T&a*I'
The parity property of discrete Gaussians follows
(Remark 3.7°):

Xog g ~ —Xe.

The discrete normal distributions play an
important role as the counterpart of the nor-
mal distributions in robust implementations
on finite-precision arithmetic computers of
algorithms designed for cryptography'® and

@ Springer n%
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Figure 2: Top: Two examples of lattices with their
basis defining fundamental parallelepipeds: the
left lattice is a subset of Z2 while the second lat-
tice coincides with Z? although L # , the 2 x 2
identity matrix. Bottom: Lattice Gaussian Ny (&)
[g) ” and & = (0,0)

with A = [Z? obtained for | —

and &, = diag(0.1,0.5). The lattice points are dis-
played in blue and the unnormalized pmf values
at the lattice points are shown in red.

differential privacy’’%. Recently, the discrete
normal distributions have also been elicited as
marginalized distributions in a particular type
of Boltzmann machines with continuous visible
states and discrete hidden states®® in machine
learning.

Let us extend the definition of discrete Gauss-
ian distributions to arbitrary full-rank lattice
Gaussian distributions:

Definition 1 (Lattice Gaussian distribution) A
lattice Gaussian random variable X ~ N (€) has
the following pmf:

1
exp (271 <—EZT§21 + lT§1>>, leA,

1
) =
Ped=5"%

where the partition function

!

is related to the Riemann theta function by:

Or(5) == exp

leA

Or(E) = O(—iL " &,iL & 1L), (4)

2

ssssss
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Figure 3: Approximating the function 6,4(&) by
summing on the integer lattice points falling inside
an ellipsoid Ee: 6(&) ~ 6(&; Ex N Z2).

with i € C such that i? = —1.

Figure 2 displays some examples of lattices
and plots a 2D lattice Gaussian distribution. In
the remainder, we consider & to belong to the
parameter space & = R? x P,. Hence, all pmfs
pe(l) are real-valued. Notice that by definition,
we have 0 (§) =3 ;o pe(D).

In practice, we can approximate efficiently the
Riemann theta function by replacing the infinite
summation by a finite summation over a selected
region R of integer lattice points'> 1%

- 1
0(;R) = exp (27 —2xT x—l—xT >>
&:R) ZR P ( ( Sx b talh

When R =7Z,;, we have 6(£;R) =0(&). For
example, the method proposed in'? to approxi-
mate the theta function consists in choosing the
integer lattice points falling inside an ellipsoid
E¢ for calculating 6(&; Re) with Re = E¢ NZ%. A
theta ellipsoid with its integer lattice points R is
illustrated in Fig. 3.

The paper is organized as follows: First, we
consider the maximum likelihood estimator
for the lattice Gaussian distributions in Sect. 2.
This let us introduce the dual moment param-
eterization of exponential families, and describe
methods to perform numerically parameter
conversions when handling lattice Gaussian dis-
tributions. Then we report a formula for the
cross-entropy and the Kullback-Leibler diver-
gence (KLD) between two lattice Gaussian
distributions in Sect. 3 (Proposition 1 and Prop-
osition 2). In practice, we show how to approxi-
mate the KLD in Sect. 4 using asymptotic limits of
either the Rényi a-divergences** (Proposition 4)
or the y-divergences® (Proposition 7). Finally, we

J. Indian Inst. Sci.l VOL xxx:x|xxx—xxx 2022|journal.iisc.ernet.in
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illustrate the use of the KLD for calculating the
Chernoff information between two lattice Gauss-
ian distributions in Sect. 5. Chernoff information
characterizes the best error exponent in Bayesian
hypothesis testing?®. The Chernoff information
can also be used in information fusion tasks (e.g.,
fusion of mixtures of lattice Gaussian distribu-
tions following the work described in Julier®” for
merging Gaussian mixture models).

2 Maximum Likelihood Estimator

and Parameter Conversions
2.1 Parameterizations of the Lattice

Gaussian Distributions

The log-normalizer Fj (§) := log 6 (£) is a real-
analytic convex function’ which is also called the
cumulant function since the cumulant generating
function Ky, () (cgf, see', page 30) of Xz ~ p is

Ky, () : = log (E[exp(uTt(x))])
=Fpa(§ +u) — Fa(8).

The geometric moments of the sufficient
statistics can be retrieved from the par-
tial derivatives of the cgf’® In particular, we
have 7 :=Ep[t(x)] = VFA(§). There exists
a bijection between the set of natural param-
eters £ and the set of moment parameters
n() = Ep. [£(x)] = VFA(§) for regular minimal
exponential families. Moreover, the log-normal-
izer Fp(£) is a Legendre-type function and hence
its convex conjugate function Fj(n) obtained
from the Legendre-Fenchel transformation is also
of Legendre-type?:

with & = VF} (). Thus a pmf of a lattice Gauss-
ian family can either be parameterized by the
ordinary mean-covariance parameter A = (u, X),
the natural parameter , or its corresponding dual
moment parameter 7.

By definition of pg as a maximum entropy
distribution with mean x and covari-
ance matrix ¥, we have E,[x]=pu and
Covp, [x] = Ep,[(x — ) (x — 1) '] = . There-
fore we can express the moment parameter using
the ordinary parameters as

n =Ep. [2rx] = 27 w,

my =Ep,[—max'] = = (£ + up").

Notice that we can also use other alternative
parameterizations like 7 = (a,B) for a e RY,
B € P, with the following pmf™:

J. Indian Inst. Sci. IVOL xxx:x|xxx—xxx 2022ljournal.iisc.ernet.in

pr(l) x exp (—;(x —a)'B Y (x — a)).

In that case, observe that E, [x] # u and
Covp, [#] # Xfort = (u, ).

2.2 Maximum Likelihood Estimator

Let vy, ..., vy, be a set of m identically and inde-
pendently distributed variables sampled from pe.
The estimating equation for the maximum likeli-
hood estimator (mle, see’, page 135) is

1 m
-~ ; t(;).

Thus we get the following estimating equation
when considering the lattice Gaussian family:

27
M =; z;xi =27 i,
=

n=

n
. n "
nz=—;§ xx) = -7 (E+an’).
i=1

To get the corresponding natural parameter of 7,
we shall use the equivariance property of the mle:

E=VF;(h).

Since Fj(n) is not available in closed-form, we
need to numerically approximate it as & ~ F} (1))
by solving the following gradient system:

n = VFx(§).

2.3 Converting Moment Parameters

to Natural Parameters and Vice Versa
Given the moment parameter 1, we may approxi-
mate & = VF*(n) by solving the gradient sys-
tem n = VF(§). For example, one way to solve
the gradient system is by using the technique
described in®! (with corresponding Matlab® code
publicly available in*?) that we summarize as
follows:

First, let us choose the following canonical
parameterization of the densities of an exponen-
tial family of order D with cumulant function
F () and sufficient statistics £;(x)’s:

D
py(®) = exp (— > I/fitxx)) :
i=0

That is, Yo=F() and ¢;=-§ for
i € {1,...,D}. The parameter  is an augmented
@ Springer %
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natural parameter which includes the log-nor-
malizer in its first coefficient yr.

Let K;(y) := Ep[ti(x)] = n; denote the set
of D + 1 non-linear equations for i € {0, ..., D}
(with fp(x) =1 and 5y = 1). The method of!
converts iteratively p, to py using an approxi-
mate Newton’s method for solving the sys-
tem of equations K;(y) = n;. We initialize wi(o)
for ie{l,...,D} and calculate numerically
vy =Fy®),

At iteration t with current estimate
¥ ®, we use the following first-order Taylor
approximation:

K@) ~ K(') + ( — )TV (D).
Let H () denote the (D + 1) x (D + 1) matrix:

d
HW) = [MIQ(V/)} .
j ij

We have

Hy() = Hi(W) = —Ep, @501 (5)

We update as follows:

no — Ko(y¥)
w(”rl) — w(t) +H*1(W(t))
np — Kp(y®)
(6)

We implemented this method for d-variate dis-

crete normal distributions with D = @ and
Bx) = X1, (%) = X4, g1 (8) = —Sx1x1,

1 1
tiy2 (%) = —5x1%2, ..., Ip(X) = —5%4%4. We

approximated Hj; = —Ep, [ti(x)tj(x)] of Eq. 5
using the theta ellipsoid integer lattice points.

By definition, the d-variate standard discrete
normal distribution N4 (0,/) has zero mean
and identity covariance matrix: Its correspond-
ing natural parameters &4 can be approximated
numerically as &gq 2~ (0,0.1591549 x I)°, where
I denotes the d x d identity matrix.

Reciprocally, given a natural parameter &, we
may estimate its corresponding dual moment
parameter n = VF(§) = Ep, [t(x)]. We can either
use derivatives of F(£) (e.g., the derivatives of
the Riemann theta function'?), or estimate the
parameter as 1) = % S t(vi) where vi,..., vy
are m i.i.d variates sampled from pg. Sampling
from multivariate discrete normal distributions
is studied in** %,

2
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3 A Formula for the Kullback-Leibler
Divergence Between Lattice Gaussian
Distributions

The Kullback-Leibler divergence (KLD, Eq. 2.26

of*®, page 19) between two pmfs r(x) and s(x)

with support X is defined by

r(x)

X
sx)

Dxp[r :s] = Z r(x) log

xeX

The KLD is also called the relative entropy
because it can be expressed as the difference
between the cross-entropy and the entropy:

Dyy[r:s] = H[r :s] — HI[r],

where H|[r : 5] denotes the cross-entropy

Hlr:s] = — Z r(x) log s(x),

xeX

and H[r] = H|[r : r]is Shannon’s entropy.

It was shown in’* that the cross-entropy
between two densities pg and pgr of an exponen-
tial family can be expressed as

Hlps : pe1 = Fa(€) — (§',m).
In particular, when &' = &, we get

Hlps : psl = Hlpg] = FA(§) — (&,n) = —Fx ().
Hence, we get the following propositions:
Proposition 1 The cross-entropy between two
discrete normal distributions pg ~ N (u, ) and
pe ~ Na(u', 2')is

Hlpe : per] =logOa(¢) — 2" &]

+7 tr(éﬁ(E + ,u,uT)). @)

Proposition 1 generalizes Proposition 4.4 of>.
Proposition 2 The Kullback—Leibler diver-

gence between two lattice Gaussian distributions
pe ~ NA(1, 2) andpé ~ Np(u', 2" is:

. _ OA(E/) T /st
Dxylps : per]l =log ( RO ) =2 (&) —&1)
+te((& — &S +un)).
(8)

Notice that we use the mixed (4, &)-param-
eterizations in the above formula. We now con-
sider two fast approximation techniques that
bypass the need of the A-parameterization.

J. Indian Inst. Sci.l VOL xxx:x|xxx—xxx 2022|journal.iisc.ernet.in
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4 Approximating and Estimating the
Kullback-Leibler Divergence
4.1 Approximating the Kullback-Leibler
Divergence via Rényi «-Divergences
The Rényi a-divergence®* between pmf r(x) and
pmf s(x) on support X is defined for any posi-
tive real @ # 1 by

. i . log (Z r(x)“s(x)l_“),

xeX

e (5](55) ])
a—1 s(x)

(¢ >0, #1).

Dylr:s]:=

When both pmfs are from the same discrete
exponential family with log-normalizer F(§),
the Rényi a-divergence amounts to a «-skewed
Jensen divergence® *® between the correspond-
ing natural parameters:

1
1—

Da[ﬂf :pf’] = a]F,a(E : ";:/)’

where
Jea(& &) :=aF &)+ (1 — a)F ()
— F(at + (1 — a)&)).
Indeed, let

I plr: sl = Z rx)%sx)?, a, B eR.

xeX

Then we have the following lemma:

Proposition 3  For two pmfs pe and pg of a dis-
crete exponential family with log-normalizer F (&)
with & + BE' € B, we have

Lo,plps < per] = exp (F(at + &)
—(aF (&) + BF(E)).

Proof We have

Luplpe :pel =Y exp((t(x),a&) — aF (£))

xeX

exp({t(x), B&") — BF(£")),
P @E+BE)—(@FE)+FEE)

Z elt@).ab+pE") *F(Dt§+/3€’),

xeX

=1
since Yy Pat+pe' () = 1 when a& + BE' € E.
O
Thus we get the following proposition:

J. Indian Inst. Sci. IVOL xxx:x|xxx—xxx 2022ljournal.iisc.ernet.in

Proposition 4 The Rényi a-divergence between
two Gaussian lattice distributions pg and pg for
a>0anda # 1is

. 1 oA (&)
Dalps :pel =71 ("‘ log G @t + (1 —w&)
INED)
+(1 —a)log m)

)

Proof We have

Dulpe : perl =7— (alog6a(6) + (1 — )

log (&) — log O (@& + (1 — a)&)).
Plugging logOp(aé + (1 —a)¢) =(¢+1—a)
logOp (@& + (1 —@)&’) in the right-hand-side

equation yields the result. Notice that we can also
express equivalently the Rényi divergences as

On(5)*0a(E)
a COr@E+ (1 —-wE)

1
Dqlpe = perl = .

O

When o = %, Rényi a-divergence amounts to
twice the symmetric Bhattacharyya diver-
gence37: D% [r:s]= 2DBhattacharyya [r,s] with:

DBhattacharyya[r’ s] := —log <Z \ r(x)s(x)) .

xeX

The Bhattacharyya divergence is the negative
logarithm of the Bhattacharyya coefficient:

:OBhattacharyya[r’ s] = Z V r(x)s(x),

xeX

and the squared Hellinger divergence is related
to the Bhattacharyya coefficient as follows:

1
Dl%[ellinger[r’ sl = E Z(\/@ Y S(x))z

xeX
=1- thattacharyya[r: s].

Thus we get the following proposition:

Proposition 5 The squared Hellinger distance
between two lattice Gaussian distributions pg and

pe is

QA(s;s’)
NERGING

Now, the Rényi a-divergences tend asymp-
totically to the KLD when « — 1. Hence in
practice, we can approximate the KLD between

2
DHellinger[pS’pS/] =1-
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two lattice Gaussians distributions by the Rényi
a-divergence for o = 1 — € for sufficient small
value of € # 0.

Proposition 6 The Kullback—Leibler divergence
between two lattice Gaussian distributions pg and
per can be approximated by the Rényi a-divergence
fora =1 —€eande # 0 close to 0:

Dy [ps : per] = D1—elpe : pe]
Oa(§)! €O (E)"

1 L OaE)T0AED)
= EJFA,I—E@ 1) = c log On (1 — ©)F + &)

Let  Ac(&: &) :=|Dxlpe : per] — D1clps - per]
denote the absolute value of the error of the
approximation. Since Dxy[pe : pe’] = Br, (§ 11 8)
and D1_c[ps : per] = %]FA,l_e (& : &), we have:

e GA(S/) _ 1 ’_
Ae(s.@—‘log S s e ®)

1 o On () Oa (6" ,

€ T OA((Q—e)f +ef)

OA((1 — )& + €&
A (8)

—(&' —£,VO00(®))].

1
:‘flog
€

In practice, the error A (& : &) is also related to
the numerical errors incurred when calculating
approximations of Theta functions'.

Since Rényi a-divergences are non-decreas-
ing with o, we obtained both lower and upper

bounds of the KLD.

4.2 Approximating the Kullback-
Leibler Divergence via Projective y
-Divergences
The y-divergences™ *® between two pmfs p(x)
and q(x) defined over the support X for a real
y > lis defined by:

1
y(y =1

1 (ZxGXpy (x)) (erX q’ (x))y_l
og =1 % )
Y aat))

f)y[p 1q] =

(y > 1).

The y-divergences are projective divergences, i.e.,
they satisfy the following identity:
D,lp:p1=Dylip:Apl, (Vi >0).
We use the vector notation D to indicate that this
divergence is projective. Thus let us rewrite
px) = ’%’f) and g(x) = %j) where p(x) and g(x)

2

@ Springer

are unnormalized pmfs, and Z, and Z, their
respective normalizers. Then we have

lsy[p pl= 13,,[[9 Pl
Let us define

Lip:ql:=) p@q" "
xeX
Then the y-divergence can be written as:
Dylp: q1=Dylp: ]
. (%Jﬁ:ﬁ]h{é:évl>.
yly =1 Ip:ql

Consider p = pg and g = pg two pmfs belonging
to the lattice Gaussian exponential family, and let

L(§: &) =1, [ps : pe).

Provided that £ + (y — 1)&’ € E, we have follow-
ing the proof of Proposition 3 that

L(g:&) =" peDper (O,

leA
= exp((§ + (y — DE 1)),
leA
=exp(Fa(E + (v = DEN D pery-ne (),

leA

=1
=exp(FA(E + (y — DEN),

where Fj (&) = log6x (§) denotes the cumulant
function of the Gaussian distributions on lattice
A. That is, we have

I,(5:8) =07 + (y — DE),

and therefore, we can express the y-divergences as

Dylps 1 perl = og <9A 5 0a 8 >
Yy -1 0a + (v —DEYY

(10)

Notice that the exact values of the infinite sum-

mations j}, (S (& ’) depend on the Riemann theta
function.

Now, the y-divergences tend asymptotically to

the Kullback—Leibler divergence between normal-

ized densities when e S G

lim, 1D, [p: q] = Dxw [ZL; : Ziq

}. Let us notice
that the KLD is not a projective divergence, and
that for small enough y > 1, we have
&+ (y — 1)& always falling inside the natural
parameter space E. Moreover, we can approxi-
mate the infinite summation using a finite region

of integer lattice points R ¢
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Table 1: Summary of statistical divergences with corresponding formula for lattice Gaussian distributions

with partition function 84 (¢). Ordinary parameterization A(§) = (. = Ep[X], = = Covp, [X]) for X ~ Ny (§).

Divergence

Definition

Kullback—Leibler divergence

squared Hellinger divergence

Rényi a-divergence

(>0, #)
y-divergence
>

Holder divergence
(y >0, % + % =)

Cauchy-Schwarz divergence

(Holder witha = =y =2)

Closed-form formula for lattice Gaussians

)
Dilps : perl = Yjen P (D 09 52

Drclpe < pgr] = log (?,\\(é)))
—2mpT (& — &) + (€ —E)E +uph))
DfietingerlPe = Perl = 5 Sien (Ve (D — /per (D)
on (55
Dgle\linger[pf :pél] =1= %
Dalps : per = 5 10g (Zjen P (0P () =)
. _ [NG) Op (8')
Dalpz : per]l = 155 109 greri—aen +109 srae+i—o8)
liMa—1 Dalpe = per]l = Dxilpe = per

(E/EA 24 (X)) (Z/eA Pgr (/))%]
(Zieare 0l )

By lps : Pl = 575 log (

A . _ 1 Oa (vE) O (yE)" !
Dylps 1 perl = 55— '09( BAE T TE )

limy, 1 By [pe : per] = Dilpe : per]

lo Sene re0V4sor /P
I\ e ) Ee 5607

Bgyy[r ts] =

1
OA(EV T 05 (vE) P

Dty o = py] = [log TS

_ |Og ZXEX r(x)s(x)
Va7 00) Crex 26

Dcslpe : per] = log YAl s 9’51(\2(?%‘/()2 St

Bcg[r 1 s] =

L, (:8):= Y pepe@?.

xERE:E/

For example, we can use the theta ellip-
soids'> E¢ and Eg used to approximate 6(£)
and 0(&'), respectively (Fig. 3): We choose
Regr = (Es UEg) N 74, In practice, this approxi-
mation of the I, summations scales well in high
dimensions. Overall, we get our approximation of
the KLD between two lattice Gaussian distribu-
tions summarized in the following proposition:

Proposition 7 The Kullback—Leibler divergence
between two lattice Gaussian distributions pg and
per can be approximated:

Dxlpe : per'] ~ Dy lpg : pe']
1 Ty r & :6)p, (€ 87!
= log =
vy =1 Tyg,, (& &)

(11)
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for y > 1 close to 1 (say, y =1+ 1075), where
Re and Rgr denote the integer lattice points fall-
ing inside the theta ellipsoids E¢ and Eg used
to approximate the theta functions'? 6, (£) and
O (&), respectively.

Table 1 summarizes the various closed-for-
mula obtained for the statistical divergences
between lattice Gaussian distributions consid-
ered in this paper.

Other statistical divergences like the projec-
tive Holder divergences® between lattice Gauss-
ian distributions can be obtained similarly in
closed-form:

5(];[,),[1” 18]
erx r(x)y/as(x)y/ﬂ

log - )
( (Ceer 7@ (e s@)?) ﬂ) ‘

01+1 1
>0, — - = )
Y « B
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for a,y > 0. The Holder divergences include
the  Cauchy-Schwarz  divergence’®  for
y =0 = IB = 2:

ZXEX r(x)s(x) .
VQCrex 7®) (Cye 7))

5C5[r 5] := —log

Since the natural parameter space E is a cone™,

we get:

O (yE) &0 (vE) P
Or(ZE + L&)

Dyl [pe : psr] = |log

Thus we get the following closed-form for the
Cauchy—Schwarz divergence between two lattice
Gaussian distributions:

VOA(25)0A(25")

Deslps « pe') = log =5 "0

5 Bayesian Hypothesis Testing
and Chernoff Information

We conclude with an application of the KLD
in statistics which highlights the information-
geometric structure of the exponential family*'.
Chernoff information characterizes the error
exponent in Bayesian hypothesis testing (see Sec-
tion 11.9 of*, page 384) and is also widely used in
information fusion?’. The Chernoff information
between two pmfs r(x) and s(x) is defined by

Dchernoftl7: 8] := — otlg(i)l:ll] 10g (Z r* (x)slia (x)) .
xeX

Let «o* denotes the best exponent:

o = argminge(o1] Y yer ¥ (¥)s 7% (x).  When

r(x) = pg(x) and s(x) = pg (x) are pmfs of a dis-

crete exponential family with cumulant function

F (&), we have (Theorem 1 of*?):

DChemoff[pE’pE/] = BF(E : S*) = BF(%J : S*)r

where &* :=a*& + (1 —a)&’, and Bp(£:£) is

the Bregman divergence®’:

Br(€':§):==F(E) —F(&) — (§ — & VF®).

Thus calculating the Chernoff information
amounts to first find the best value o* and sec-
ond to compute Dy [pex : pe] or equivalently
Dxurlpe+ : pe']

By modeling the exponential family as a mani-
fold Ga = {ps : & € B} equipped with the Fisher
information metric*">**, we can characterize geo-
metrically the exact &* (Theorem 2 of*?) from the

2

@ Springer

unique intersection of an exponential geodesic
)/; ¢ with a mixture bisector Bi,, (&, &) where

ygé, ={pieta-ne cxpé‘pé,’)' : 1€ (0,1},
Biw(§,€') :=={po € M : Dxilpw : ps] = DxLlpw : perl).

Thus we have
Per = Ve NBim (€, 8.

This geometric characterization yields a fast
numerical approximation technique to obtain o*
within a prescribed machine precision error®”.
Since the lattice Gaussian distributions form an
exponential family with a dually flat structure®'
(also called a Hessian structure*!), we can apply
the above technique derived from information
geometry to calculate numerically the Chernoff
information between two lattice Gaussian dis-
tributions. More precisely, the geodesics y¢ are
called e-geodesics and are defined with respect to
the exponential connection V¢ The y®geodes-
ics are visualized as straight line segments in the
natural parameter coordinate system. The mix-
ture bisector Bi,, is an autoparallel submanifold
with respect to V", the mixture connection®':
The mixture bisectors are visualized as straight
line segments in the moment parameter coordi-
nate system™,

As a final remark, let us state that knowing
that the KLD between two lattice Gaussian distri-
butions amounts to a Bregman divergence is also
helpful for a number of tasks like clustering*®: For
example, the left-sided KLD centroid of n lattice
Gaussian distributions pg,, ..., pg, amounts to a
right-sided Bregman centroid which is always the
center of mass of the natural parameters*”:

n
. 1
£* =arg mgm E ;DKL[Pé P
i=1

n
1
=argmin > ~Br(&i &),
=1

S8t = 36
i=1

6 Conclusion and Discussion

In this paper, we have considered the family
of real-valued lattice Gaussian distributions
(Definition 1) as a discrete exponential fam-
ily defined on a lattice support. We reported in
Sect. 2.3 a Newton’s method to convert numeri-
cally a moment parameter to its correspond-
ing natural parameter. We then give formula to
calculate the cross-entropy (Proposition 1), the
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Kullback-Leibler divergence (Proposition 2),
and the Rényi o-divergences (Proposition 4)
between two lattice Gaussian distributions.
Furthermore, we showed how to approximate
numerically the Kullback-Leibler divergence
between two lattice Gaussian distributions
using either the Rényi a-divergences (Proposi-
tion 6) or the y-divergences (Proposition 7).
Finally, in Sect. 5, we consider the exponential
family manifold structure®' of the lattice Gauss-
ian family, and show how to compute the Cher-
noff information which characterizes the best
error exponent in Bayesian hypothesis testing®®.

We leave for future work the analysis of the
approximation errors and corresponding time
complexities for computing the various sta-
tistical divergences reported in Table 1 when
we approximate the Riemann Theta functions
0 (&) and 04 (§') with error € > 0 (say, using the
guaranteed approximation error of Theorem 2
of’). In practice, approximating Riemann Theta
functions scale up to dimensions 50 to 60. In
high dimensions, one may also consider parsi-
monious models*® for the matrix parameter &
of lattice Gaussian distributions (which other-
wise shall require a quadratic number of coef-
ficients with the dimension to define). Another
open question is how to choose the finite sub-
sets of lattice points Rg, Rgr and R g/ so that we
get an upper bound € > 0 of the approxima-
tion error of the Kullback-Leibler divergence
Dy [ps : per]. What is the best precision-com-
putation tradeoff one can achieve to guaran-
tee an e-approximation of the Kullback-Leibler
divergence?
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