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Abstract

We instantiate the generic formula of information-theoretic quantities [3] (cross-entropy, entropy and
Kullback-Leibler divergence) for exponential families to the case of Rayleigh distributions.

A Rayleigh distribution of scale parameter σ > 0 has probability density function:

pσ(x) =
x

σ2
exp

(
− x2

2σ2

)
, x ≥ 0.

The family {pσ(x) : σ > 0} of Rayleigh distributions form a univariate exponential family [2]

E = {pθ(x) = exp(t(x)θ − F (θ) + k(x)) : θ ∈ Θ}

with the following canonical decomposition: natural parameter θ(σ) = − 1
2σ2 (natural parameter space

Θ = R−−), sufficient statistic t(x) = x2, log-normalizer F (θ) = − log(−2θ) (Fσ(σ) = 2 log σ), and non-zero
auxiliary carrier term k(x) = log x.

The cross-entropy [3, 1] h× between two distributions pθ1 and pθ2 belonging to the same exponential
family is

h×(pθ1 : pθ2) = −Epθ1 [log pθ2 ] = −
∫
pθ1(x) log pθ2(x)dx, (1)

= −
∫
pθ1(x)(t(x)θ2 − F (θ2) + k(x))dx = F (θ2)− θ2F

′(θ1)− Eθ1 [k(x)], (2)

since
∫
pθ1(x)t(x)dx = F ′(θ1).

Consider the term

Eθ[k(x)] = Eσ[k(x)] = Eσ[log x] =

∫ ∞
0

x

σ2
exp

(
− x2

2σ2

)
(log x)dx,

and make the change of variable y = x
σ with dy = dx

σ :

Eσ[k(x)] =

∫ ∞
0

y exp

(
−y

2

2

)
(log σ + log y)dy

Using the fact that
∫∞

0
y exp(−y

2

2 )dy = 1 and
∫∞

0
(y log y) exp(−y

2

2 )dy = 1
2 (log 2−γ) (using a computer al-

gebra system1, where γ = −
∫∞

0
e−x log xdx ' 0.577215664901532860606512090082 is the Euler-Mascheroni

constant), we find that

Eσ[k(x)] =
1

2
(log 2− γ) + log σ. (3)

1For example, using online Wolfram alpha.
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It follows that the cross-entropy between two Rayleigh distributions is

h×(pσ1
: pσ2

) = h×(pθ(σ1) : pθ(σ2)),

h×(pσ1
: pσ2

) = 2 log σ2 +
σ2

1

σ2
2

− 1

2
(log 2− γ)− log σ1 (4)

The Shannon’s differential entropy [1] is the self cross-entropy:

h(pσ) = h×(pσ : pσ) = −
∫
pθ(x) log pθ(x)dx,

= F (θ)− θF ′(θ)− Eθ[k(x)],

h(pσ) = 1 + log
σ√
2

+
γ

2
. (5)

The Rayleigh distributions also form a scale family with density pσ(x) = 1
σf
(
x
σ

)
, where f(x) = x exp(−x

2

2 ) =
p1(x). The differential entropy of a scale density is h(pσ) = h(p1) + log σ. Thus we check that h(p1) =
1− log

√
2 + γ

2 ' 0.94.
Notice that when k(x) = 0, Eθ[k(x)] = 0, and h(pθ) = F (θ) − θF ′(θ) = −F ∗(η), where F ∗(η) =

supθ∈Θ{θη − F (θ)} is the Legendre convex conjugate and η = F ′(θ) the dual moment parameterization.
Thus F ∗(η) = −h(pθ) is called the negentropy in the literature (but requires k(x) = 0 like for the Gaussian
family).

The Kullback-Leibler divergence [1] is the difference between the cross-entropy and the entropy:

KL(pθ1 : pθ2) = h×(pθ1 : pθ2)− h(pθ1) =

∫
pθ1(x) log

pθ1(x)

pθ2(x)
dx,

KL(pθ1 : pθ2) = 2 log
σ2

σ1
+
σ2

1 − σ2
2

σ2
2

. (6)

Notice that the Kullback-Leibler divergence KL(pθ1 : pθ2) between members of the same univariate
exponential family amounts to compute the equivalent univariate Bregman divergence BF (θ2 : θ1) with

BF (θ2 : θ1) = F (θ2)− F (θ1)− (θ2 − θ1)F ′(θ1),

with F (θ(σ)) = 2 log σ and F ′(θ(σ)) = − 1
θ(σ) = 2σ2.
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