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Abstract

We instantiate the generic formula of information-theoretic quantities [3] (cross-entropy, entropy and
Kullback-Leibler divergence) for exponential families to the case of Rayleigh distributions.

A Rayleigh distribution of scale parameter o > 0 has probability density function:

x 22
po(x) = —3 OXP <_W> , x>0.

The family {p,(x) : o > 0} of Rayleigh distributions form a univariate exponential family [2]
E = {py(x) = exp(t(x)0 — F(0) + k(z)) : 6 € O}

with the following canonical decomposition: natural parameter (o) = —5 5 (natural parameter space
© = R__), sufficient statistic t(z) = 22, log-normalizer F(0) = —log(—20) (F, (o) = 2log o), and non-zero
auxiliary carrier term k(z) = logz.

The cross-entropy [3, 1] h* between two distributions py, and pp, belonging to the same exponential
family is

1

B (0, : D) = —Epy [logps,) = - / Po, () 1og po, (2)d, (1)

/pen = F(02) + k(x))dz = F(02) — 62F"(61) — Ep, [k(x)], (2)

since [ pg, (x)t(x)dz = F'(6,).
Consider the term

Eolk(2)] = Eafk(o)] = Exlloga] = [ Zexp (—;) (log ),

x

and make the change of variable y = £ with dy = 42:
0o y2
Eafh(a) = [ yexp (2> (log o + log )dy
0
Using the fact that fooo yexp(—y;)dy =1land fow(y logy) exp(—y;)dy = 1(log 2—) (using a computer al-

gebra system!, where v = — fooo e Tlogxdx ~ 0.577215664901532860606512090082 is the Euler-Mascheroni
constant), we find that

B, k()] = 5(log2 ) + log . (3)

1For example, using online Wolfram alpha.



It follows that the cross-entropy between two Rayleigh distributions is

(o, : Poy) = h(Do(or) * Po(os))s

2

o 1
h* (po,y :pgz):210g02+0—;—5(1og2—fy)—log01 (4)
2

The Shannon’s differential entropy [1] is the self cross-entropy:

h(ps)

B (po < pa) = — / po () log po (2)dz,
F(9) — 9F’(9) — Ey[k(2)],

h(ps) =1 Jrlog\% +

The Rayleigh distributions also form a scale family with density p,(x) = % f (f), where f(z) =z exp(f:”—;) =
p1(x). The differential entropy of a scale density is h(p,) = h(p1) + logo. Thus we check that h(p;) =
1—logV2+ % ~0.94.

Notice that when k(z) = 0, Ep[k(xz)] = 0, and h(pg) = F(0) — 0F'(6) = —F*(n), where F*(n) =
Supgeeitn — F(0)} is the Legendre convex conjugate and n = F’(#) the dual moment parameterization.
Thus F*(n) = —h(py) is called the negentropy in the literature (but requires k(x) = 0 like for the Gaussian
family).

The Kullback-Leibler divergence [1] is the difference between the cross-entropy and the entropy:

Mo |2

: (5)

Po, (T
KL(pg, : po,) = h*(pe, : po,) — hipg,) = /P91 (z)log A )dx,
p92(‘r)
o o2 _ o2
KL(po, 1p02):210g—2+ 1 - 2 (6)
g1 o5

Notice that the Kullback-Leibler divergence KL(pp, : pg,) between members of the same univariate
exponential family amounts to compute the equivalent univariate Bregman divergence Br (s : 61) with

BF(92 : 91) = F(92) — F(91) — (92 — 91)F’(91),

with F(6(c)) = 2logo and F'(8(0)) = —ﬁ =202
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