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What is information geometry? (1/4)

Consider a set of parametric probability distributions called the statistical model

For example, the set of normal distributions with mean pand variance o? el T T T e
1 T — p)? :
P=<pz)= exp —( > ., A= (p,0) eH
2m0 20

Parameter space A is the upper plane  H = R x R,

What kinds of geometric structures for this family of normal laws?

DIpx,s pr,]7? '
A few related questions: Dip,. ] > Dlpr,.pa,]? -
° g P,
e How to interpolate between two normals? IO A
* How to define distances between them? ¢ m® | e
Pry ~ === - - 1 - P
 Are they several ways to proceed?

If so why? And how to choose the right structure?



What is information geometry? (2/4)

* Which invariance principles shall be satisfied by the geometric structures
and the distances between statistical models

* First invariance principle: If we parameter Gaussians by (n,02) or (n,log(o))
instead of (p,0), it should not change their distances nor the interpolating
paths called 'geodesics"

VO A o2 ,4logo
Euclidean distance A — H A — H AN =1R '
between parameters =~ o o >
not invariant! P PN o L
o
_d > 17
1 Ny P

. : N N 1 N (I - )‘T)Q "o , 2
Same family of Gau55|ans {pw(i) = Ve P (zexpmg)) , A'=(plogo) €R

Thus we need these ® Dipr,.pro] = Do pay] = Dlpar, pas]
' ® Tory ny (1) = Toay ay (1) = Vs (). V1 € [0,1]
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Differential geometry of statistical models

* To each point of the manifold corresponds a unique parametric distribution:

e Statistical model is identifiable when \ < P,
e Often a single global chart = atlas which covers the parameter domain

Abstract figure ,
depicting a manifold { »

~ - -
- -
- -
i ———— = - =

elpadifim @

P R" R"

- f p
Domains — " In general, need several local charts

: : t ifold
Several global charts (atlas with a single chart) (zgco;/;:)acai:sl 1?orthe sphere)




Information geometry: study geometric structures on the manifold induced by
identifiable statistical models

e Use language of geometry:

and the . This tensor calculus made possible to study the
efficiency of statistical estimators to higher order.
 Study the principles of in statisticcs

 The new dual geometric structure can also be used beyond the statistical scope
(pure geometry). For example, the information-geometric structures have been used
to analyzed interior point methods in optimization

* Information geometry was born from the mathematical consideration of the
and its induced to solve classification and statistical

hypothesis test tasks



Fisher information |,(6)

* Consider a parametric family of laws indexed by D parameters Fisher
Information Matrix (FIM) = covariance matrix of the score

X~pola)  sx(8) = Vologpe(r)  |Ix(6) = Covlsy

* FIM is symmetric and positive semi-definite (could be undefined too)

* FIM is said regular when positive-definite (yields the Fisher metric on manifolds)
* Interpreted as the curvature of the log-likelihood function:

(HAMLE, [ (éMLE)) ) X For a general function f(x), the curvature is defined as
o= 5 = T0ue) P @R
7 ) =

k() = (1+ (f'(x))?)2 ()]

MLE: Maximum Likelihood Estimator

Radius of the osculating circle corresponds

Var[éMLE] when n — oo .
To the inverse of the absolute curvature

Asymptotic normality of the MLE (Cramér-Rao lower bound)



Fisher information |,(6)

(OMLE, Lz (OMLE)) X (OrLEs Lo (AuLE))
KR = % = I(HMLE)

J.'3: <9> — 1Og Peo (33)

Var[éh,-ILE] when n — o

Fisher information small: Fisher information large:
Likelihood curvature is small (flat peak) Likelihood curvature is large (sharp peak)
Variance is large, low accuracy Variance is small, good accuracy

(6 — Oyie) 2" (Buig)
(0 — éMLE)QI<éMLE)

Taylor 2nd-order with E’(éMLE) =0: 1,(0) ~ [, (§MLE) —

—1"(brie) = —Ejy,, [1"(0)] = I(0mis) = L(0) = L (Ouire) —

L2 po| =



Two usual expressions of the Fisher information

e Using the first two under the regularity condition that we can
exchange k times the differentiation with the integration operations, we get

Bartlettk) 7% Fy [exp(L,.(0))] = Ey [V* exp(l.(0))] = V¥ Ey[py] = V¥1 =0
* Allows to rewrite the FIM under it is most famous formes:
Ix(f) = Cov[ss]  Cov(se] = Elsesg | — E[se] E[se]
@ First form: E[VL(0)] = 0= Ix(6) = Ep [Vlog po(2)(V log py(x))T]
(Bartlett k=1)
@ Second form (negative of the Hessian of the log-likelihood) :
Ey [Viog po(x)(Viogpg(x)) | + E [V 1log py(x)] = 0= Ix(§) = —E[V?log py(z)]

(Bartlett k=2)

82
06:00,

I}L(H) — _Epg [szr(ﬁ)} - [ ZI(H)ZE(H)}
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Mahalanobis and his generalized distance

®
* Motivated by the statistical analysis of human skulls s

collected in various regions. Each skull is characterized by d. 3
* Mahalanobis (1928, 1936) introduced the following D2 b C Mahalaﬁ;bis

statistics and divergence entre deux groupes S, et S, : (1893-1972)

Found of the
&2 [i'),m,E*.p,uz:E] _ (1“-1 — ,U.Q)T 2_1 (,U-l — ,H'Q) Indian Statistical Institute (ISI)

Precision matrix = inverse covariance Vol VIIL } APRIL & SEPT. 1928.{ Nog. & &“3;‘

* Nowadays the metric Mahalanobis distance:
I.—A STATISTICAL STUDY OF THE CIINESE

HEAD

Ah-’lﬁl;z?pﬁﬁg}:] = \/('H-]_ — ,U-Q)T 2_1 (,U-j_ - ,“'2) B0 Ml]:IfALANOBIS

Generalized the Euclidian distance when 2 =I, the identity matrix

Divergence = smooth dissimilarity which may be asymmetric  ov mx caverauzep psraxce o seamsrios.
and may not satisfy the triangular inequality of metric By . C. Mamaravoss,

(Read January 4, 1936.)



Mahalanobis distances:
Vector spaces equipped with an inner product

AN /
Mahalanobis distance rewritten as AE(P'J: M ) — HP‘/ — H Hz—l
|z||s-1 = VT 1x

For a symmetric positive-definite matrix (SPD) Q, we define the

' duct by the following bilinear form:
inner product by the following bili (1»‘1;@’2)@ _ ’UlTQ’UQ

Inner product induces a norm which in turn induces a metric distance:

(v1,v2) p = ||| = (v, v) = Dg(vy,v2) = ||v; — va|p

Inner product allows us to define the orthogonality between two vectors
(and their subtended angle) and the vector lengths:

Uq 1 Vo <> <’l’1j ’U2>Q — () ||1r|| — £/ <"£-*.:"£-'>

This geometry corresponds to the extrinsic geometry of tangent spaces of manifolds
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Riemannian Fisher metric tensor field aka Fisher metric
« Consider the manifold P = {ps(x) : 0 € O}

g: : smooth fields of inner products on tangent planes
gr(u,v) = [u] g 1(0) [v] 5

e vector components Wlp = (vi,.... ") ‘i
expressed in the natural basis of the tangent plane M

Induced by the (local) chart 6(.) a__i
T

B:{E:j:alj---jﬁD:aD}

9ij = gr (0, 0;) = L;;(0)
gr(u,v) = Zgijuivj —u' I(0)v

11



Tangent plane representation for a manifold induced
by a statistical model: Reinterpret the inner product

* On a tangent plane, we can choose any arbitrary basis to express vectors

* Inner product of two vectors is independent of the choice of basis: the
component vectors depend on the basis but the vectors are geometric objects

* Express a vector v by a representation v(x)
* Basis vectors of Ty can be chosen as the score vectors: Ly = {Z O
B = {61 = ()1 (9) Lep = ()Dl (9)} 2 = Oa log pg(x

* The inner product can be reinterpreted as:
gr(u,v) = Eplu(x)v(x)] = Cov(u(x), v(x))
gF(airaj) — Ee[ii%lx(ﬁ)@jlx(ﬁ)]

Expectation




Visualizing the Fisher metric and the Cramér—Rao bound

* Fisher metric: gr(u,v) = [u]g 1(0) [v|p
* Visualize I(8) by an ellipsoid
* Visualise the metric tensor field by

Tissot indicatrix

e!ped!n!/\?\"@

(X ) 0%’0 Y XX 0 9

» nee ”o
e, B ¥}
S B | . P

Mercator projection

Inverse of the FIM displayed with Tissot indicatrix

: - ' A 1 T
* For each grid position (p,0) : Var[f,] = —1(0)" > s ooon S
.. n _ _

-Samplelld N(l.l,G) 1 g @ @@‘@@ @@'
- Maximum likelihood estimator of (u,o) I(p,0) = [ 52 2 ] D@ @)"@-_@' wlEw e
- Repeat k times to get an empirical estimator 0 o e e

of the covariance matrix of the 2D b e e

parameters. Clovld .
Converge to the scaled inverse FIM ov[6y) g . J.

Upper plane (p,c;) H — RTXAR;;
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Rao distance on the Fisher-Rao manifold

DRaolpoy, Pos| = pgl(01,02) = / \/j"*(f) (t))dt,v(0) = 01,~7(1) = b5

Here, y is the Riemannian geodesic

1
— / ds,g(f’}f(t)) dt (or add a minimizer on all paths y)
0

- = —
———-_ ------—
- -
- .
-

Length element =" "DRao|Pay, Po,) = Jg dse(y(t))dt ~~==~._
,/ / p92
(1‘?9 ZZQ&; { ./ng
= _d (P, gr). -~
O(t) = —0,(1)
In practice: ae

* Need to calculated geodesics which are curves locally minimizing the length
linking two endpoints (equivalently minimize the energy of squared length elements)
* Finding Fisher-Rao geodesics is a hon-trivial tasks: No-known closed-form
for the Fisher-Rao geodesic/distance between multivariate Gaussians!

14



Invariance under reparameterization of Rao’s distance

Consider two different parameterizations of a statistical model:
P={py : 0€0}={p, : ne€ H}

Covariance transformation of the FIM under reparameterization

n=n(0 06’3 ! 891
16 =10 1,0 = [ 55] s no) x [ 52
15 ]

... However the length element is invariant : dsy = ds,

So that the Fisher-Rao distance is invariant : PRao (Pm ; p?}g) — FRao (pl91 ; p@z)

» This is the first principle of invariance of information geometry

15



Fisher-Rao geometry of univariate normal distributions

INVARIANT g INVARIANT
dp? + 2do? g ) — (22, o mogy ) — (42,0
ds% = S (%) - (% 2)”* (%) - (% 2)”
) JE P [p‘“'l“”’p“‘”?} ) ﬁln (%301) - (% —02) ‘ - (%301) o (%saz) H

Fisher metric o
Rao’s distance or

Fisher-Rao distance
stretched Poincaré

half-plane
AO A ~2 .
FIM and domains \ — COVARIANT A — T 0 COVARIANT A = R2 tlogo
for various S S ) >
L ]
parameterizations PA ) Py 4 . [
" ; p
_ | = 0 2 5 0 L0
I(I’L? O-) — [ 0 % ] I(H g ) — [ 0 ﬁ :| I(ﬂlOg O-) — [ 6 9 i|

In general, location-scale families yield a hyperbolic Fisher-Rao geometry

16



A Riemannian manifold of dimension D can be embedded as a surface of
Euclidian space in dimension O(D?) :

Isometric embedding of the manifold

* For example, Rao’s distance between two Bernoulli distributions or categorial
distributions can be easily found by embedding the standard simplex on the
positive orthant of the 1D sphere of radius 2 in R2 by the 2 x square root

transformation ‘ Covariance transformation of the FIM
(P, gF) P pr(nn) =2 arccos(SL, \/8:6)
Parameter space ' 1 . Fisher-Rao manifold
Intrinsic Fisher-Rao manifold ‘Qio(wfw)—%“%”’} Extrinsic
of dimension 1 » ~ o)
. ) Aj 11 Embedded in R
(Bernoulli family ) ; .- T
P={p*(1—p)' = pe(0,1),z € {0,1}} Io(8) = ding (. 5;) A =1
2 2 162 — dr2 + dn2
WIN e e D\

T dny E?



Neuromanifolds and deep learning

Yy Y1 Y2 Yz Ys Y

* A neural network (like the multilayer perceptrons, MLPs) is LI R R R

described by a feed-forward architecteur by means of a large Q.0 g) OO

number of parameters © he (5 5 S\
* Consider stochastic neural networks (SNNs) with noisy output: WL L L

1
.~ Ega Gaussian noise:  (rn) = sl = Sl (<m0 -NN0F) e aw won g

N ifold i Artificial

* Neuromaniiold is |'P =1{p,(x.y) : 6 € O Neural Network
‘ {pf)( ’ J) } Modelled by a

. Maximizinﬁ the likelihood of a SNN with Gaussian noise amounts to Me

minimize the mean quadratic error
* Given a training set, we learn the parameter of the NNs using M

gradient descent. We can visualize the learning process as a . _
on the neuromanifold modelling the parameter space.  Learning trajectory

We observe when nearning a on
the manifold where the Fisher information matrix is rank deficient [SN 2017]
or close to (small eigenvalues of the FIM). 18



Natural gradient: Steepest Riemannian descent

Ordinary gradient descent (GD) method for minimizing a loss function E(.) :
9,5_|_1 — 975 — (IVE(Ot)

* Ordinary GD depends on the parameterization
* Plateau phenomena near singularities (almost degenerate Fisher information)

Natural gradient is invariant to reparameterization and avoids plateaus:

@E(Q) . G(Q)_1V9E(€) Natural gradient descent (NGD)
vEn(n) = VE,(6) QH—I — 91‘: o QVE(QT)

Where a = step size

Natural gradient descent is different from the Riemannien gradient descent which
relies on the Riemannian exponential map which is time consuming (retraction)




e A dual structure which allows to explain the duality between statistical
inference like the maximum likelihood estimator and a family of statistical
models obtained from the maximum entropy principle: Information
geometry explains the link between Shannon entropy, the Kullback-Leibler
divergence and exponential families in statistics.

e Second principle of invariance by sufficient statistic ;’-*’A(-*’-')

: . . X € sample space Q
This core dual structure of information geometry: PIe SP

* Open : For example, non-extensive entropies like Tsallis
entropy, complex systems, conformal geometry of deformed exponential
families, etc.

* Many applications of information geometry ranging from signal processing
(Radar, Brain-Machine interfances, etc. ), to medical imaging, to machine
learning and Al, etc.



Geodesics are defined according to affine connections

* In Riemannian geometry, geodesics are locally length minimizing curves

* Geodesics y(t) defined by connection V as V -autoparallel curves: ,

d 420,

V= ar ! (t)

df; db;
ZZF&-‘" dt {dt

=1j

0, k=1,...,p,

where V,T is the covariant differentiation operator and X is a vector field

D3 Christoffel symbols I which are functions characterizing the affine
connection V (covariant derivative)

* In Riemannian geometry, we use by default the Levi-Civita connection which is
derived from the metric tensor field g (thus implicit in Rie. Geo.) :

V=V

Jgi(0)
0.,

1N [ 0gim(8)  0gim(B)
,I}' _ Gim gjm .
Th=52. ( T}

m=1

)gm’“(e‘*), ik =1,....p.

21



Affine connection V : Visualizing the curvature by the
V -parallel transport along smooth loops

6 \.
\ f

.

Elie Cartan
© CNRS © CNRS 1869-1951
Sphere has positive constant curvature

elpadpim @

Cylinder is flat, O curvature

A connection is flat is there exists a coordinate system 0 for which the
Christoffel symbols all vanish: I'(0)=0

— Geodesics are plotted as line segments in the local chart 0

Geodesics of flat connection

Line segments 22



The key dual structure of information geometry

(M, qg,V,V*) suchthat |V V' _ o

2

* Given a torsion-free affine connectionV and a metric tensor g, we can build a
unique dual torsion free connection V" such that the metric is preserved by the
bi-parallel transport

0)—c(t)  c(0)—c(t)

\% v
(1,0)c(0) = < H u, ]_[ v :
L"{ c(t)

(o) U9 Q(Ul} 1;2) = (HEI) . HE;} “L’QJ

* The dual connection of the dual connection is the original connection (v*)* =V.

* Question: How to find meaningful dual connections?
 Method of Amari-Nagaoka (1982) : the statistical expected a-connexions (Chentsov 1972)
* Method of Eguchi (1983): Build dual connections from dual divergences (contrast functions) .



The dual a-geometry of Amari and Nagaoka
Structure (7—7? QF; v@? V_O':) Dual connections with respect to Fisher metric

aizajz) akz]

] —«

V & Defined by the Christoffel symbols 17 = Lo K@i@jl +

Some a-connections:
= Levi-Civita metric connection of Fisher metric : Fisher-Rao mfd

is called the exponential connection [Efron 1975]
is called the mixture connection [Dawid 1975]
(V) =vm (V) = V"
1 + « l — «
VL’}: — VE | VTH
2 2

Dual geometry em used to study the duality between estimators/stat models

24



Eguchi’s dual geometry induced by a divergence

Divergence information geometry
(self dual when divergence is symmetric)

\s D D Do
e Structure (J’Ia g, V, V)

* Get a divergence (contrast function) from a statistical divergence
between parametric distributions. For example, the Kullback-Leibler
divergence between two parametric distributions from a family P:

" o . :
arametric divergence ‘DEL(Ql :0y) 1= DKL[pel ;p%” Statistical divergence

» Eguchi Levi-Civita metric associated to D is *9i;(01) =-0p, 0, D(61 : 62)|,, _,
DF@;‘,A« =49 (Dvé)z-aja ak) - —39539{59959 (61(162)

* Eguchi connection associated to D

* Define the dual divergence en by swapping the parameter order:

D*(Ql : 6)2) .— D(Qz : 6)1)

Dv:&: _ D*v

Levi-Civita connection is recovered from

e Get dual affine connections

D

I —

b | —

("V+"V)

01=02

25



f-divergences and their induced connections

* Relative entropy or the Kullback-Leibler divergence belongs to a broader
class of dissimilarities : f-divergences |[Csiszar'63] [Ali&Silvey'66]

Iilp:q] = /Pf((l/f?)dﬂ ‘ Dxilp = q] = /P logp/qdp =T, [p:ql  Jfxu(u) = —logu

Separable divergence
* Generator f(.) is convex, strictly convex at 1.

WLOG, fix f'(1)=0 et f"(1)=1 to get a standard f-divergence
* Dual f-divergence Ilp:ql =Irlg:pl = Ips[p: gl with  f"(u) = uf(1/u)
* The Eguchi induced metric tensor of std f-divergences = Fisher : 7 g = g, = '+ ¢

* Induced f-connections wrt to f-divergences between distributions of a
family P match with the a-connections of Amari and Nagaoka :

(1)

P
vazpvf_l’f Ckf_3+2fﬂ(1)

26




Statistical distances and information monotonicity

e Consider a transformation Y=t(X) on random variables between two
measurable spaces (deterministic or stochastic, Markov kernel):

t: (X.3) = (V.2 Yi = t(X;)

* Second principle of invariance: We should not increase the power of
discrimination of divergences by a transformation:

D[le :pXQ} 2 D[q}fl : QYQ} 2 0 \; Dlpx, : px,) = Dlay, : qv,] >0
X .

o qy,

ng.

* Fisher information monotonicity: Lyx)(0) < Ix(0)
e Equality holds if and only if t(X) is a sufficient statistic

* A sufficient statistic summarizes all necessary information for inference
on the parameter 8 (statistical lossless compression):  Pr(z|0) = Pr(z|t)

* Theorem: f-divergences are the only separable monotone divergences

27



Exponential families have finite dim. sufficient statistic vector

* An exponential family is a set of parametric distributions with density which

can be expressed canonically as :
[L (eg., Lebesgue or counting measure)

Po (-’13') = €XP (<91 t(fﬂ» - F(H)) By default, scalar product = Euclidean inner product
whereF is an analytic and stricty convexe and differentiable function:

F(0) = log / exp(0x)dpu(x) F : log partition function or cumulant function

| Probability measure |

Natural parameter space for full EFs P
©={6: [exp(fz)du(z) < oo} [ ]

Univariate Multivariate

Multinomial ] [ Dirichlet l [\\'('ilmll]

28



Information geometry of exponential families: Dually flat

* Statistical model: natural exp. family P = {po(x) = exp(z'0 — F(A))}
or more generally P = {exp(f't(x) — F(0)) h(z)} po(z) = p'(x)

* Exponential connection and dual mixture connection are both flat:

Dually flat spaces of exponential families : (17, ¢, Ve, V™)

* Fisher information metric is a Hessian metric  ¢(6) = I(#) = Cov[t(X)] = VZF(f)

* By using the Legendre-Fenchel transformation, we get a dual coordinate
system eta F*(n) =supbf'n—F(0).n=VE()) = Et(X)]
0
* Moment or mean parameterization:

| polz) = ()|
* Fisher information matrix can be expressed in the moment parameter:
I(n) = V2F*(5) = gp(6)"

29



Dually flat spaces with Hessian structures

* The primal and dual geodesics are line segments in the affine theta and eta coordinate

system:
Dual geodesic vV o
; Y — A =t ’ manifold P
po(x) = p'(x)
V-affine coordinate system € V*-affine coordinate system n
Primal geodesic ’7"’?91 Pos (t) = P(1—t)61+t62 /erw n=VF(®)
nd = 1)
= 0(P, 0 =VFEF*n)
ual geodesic "pf}l pf}g m = nP)

Potential function F'(0) Dual potential function F*(n)

* In dually flat spaces, there is a canonical divergence: The Bregman divergence. For
exponential families, this Bregman divergence amounts to the cu: e
%=reverse KLD) between corresponding densities :

BF(91 ) = DKL*{P& 1p92} = Dy, [peg : pm]

30



Visualizing a Bregman divergence as a vertical gap

* Let F(O) be a strictly convex and differentiable function defined on an open
convex domain 6

* Bregman divergence interpreted as the vertical gap between
p‘oint (0, F(6,)) and the linear approximation of F(B) at 0, evaluated at 6, :

Bp(6y:62) = F(61) — (F(62) + (62 — 61) 'VF(6,))

My .

W

Lpg,(01)

= F(6h) — F(6) — (01 — 02) "V F(6,)

F(61) ¢ I

A4

F(GQ) q ~ _/--/"//_/n/"/' LF’GQ (91) _ F(Hg) + (92 _ gl)TVF(HQ)

(0]
(0]
<Y

[Bregman 1967]



Mixed coordinates and the Legendre-Fenchel divergence

* Dual Legendre-type functions ¢ = VF*(y) ﬁ n=VF(@)

* Convex conjugate of F is F*(n) =n'VF*(n) — F(VF*(n)) VF* = (VF)!
* Fenchel-Young inequality : F(0,) + F* (1) > 91TT?2 Grgdient
are jnverse

of each other

with equality holding if and only if 72 = VI'(th)

* Fenchel-Young divergence make use of the mixed coordinate systems 0O et
n to express a Bregman divergence as Bp(0y :02) = Ypp-(01 : 12)




Dual Bregman and dual Fenchel-Young divergences

* Identity for dual Bregman divergences: Bp (01 : 02) = Bp=(12 1 )

(The Bregman divergence coincides with the reverse Bregman divergence for the convex
dual generator)

* By definition, dual divergence = divergence on swapped parameter order:
D*(Ql . 92) L= D(Qg . 91)

* Thus in a dually flat space, we can write the canonical divergence as :

On a Bregman manifold, we can thus get 2" equivalent formula with n terms



Generalized Pythagoras theorem in dually flat spaces
Generalized Pythagoras’ theorem Pythagoras’ theorem in

orthogonality condition:

(n(p) — n(q)) " (0(r) — 6(g)) =0

} Ypq Lq Var
-+
q * .:_\_ﬂ
’Tq:r'(t ) T
Dr(Ypq(t) : vgr(t')) = Dr(vpqe(t) : q) + Dr(q '}’;r(t}r))v vt,t' € (0,1). a2 + b2 = ¢2

34

Identity of Bregman divergence with three parameters

Br(6y : 03) = Bp(6y : 63) + Bp(03 : 62) — (61 — 63) T (VF(62) — VF(63)) > 0



* Define the e-projection and the m-projection of a

point onto a submanifold with respect to the affine p
connections V¢ (V*)and V™ (V1) where the
orthogonality is given by the Fisher information g;

* A submanifold is e-flat if and only if when expressed in
the O-coordinate system, we get an affine subspace.

m-projection

v m

* Similar definition for a m-flat submanifold wrt n

* Generalized Pythagoras’ theorem allows to prove that e-projection ,,fl_%af
the e-projection of a point onto a n-flat submanifold "
is unique and corresponds the minimization of a
Bregman divergence. Similarly, m-projection of a point i

onto a e-flat submanifold is unique and can be obtained as the
minimization wrt to the dual Bregman divergence



Maximum likelihood estimator as a m-projection

Let {x,, ..., X, } be i.i.d variates of an exponential family P (e-flat)
The empirical distribution is called the observed point

1
Pe = 2?21 53;%(.’17)
m-projection Maximum likelihood estimator:

P .XTm
Py = Projp (Pe)
Canonical divergence:

Z p; = arg mingee Dxr.|pe :[pdl Dom = Dt

vm
gF e-flat

MLE is equivalent to this optimization problem:

By considering an arbitrary divergence D|.:.] instead of the Kullback-Leibler
divergence we get D-estimators. MLE is interpreted as the KLD-estimator

36



Maximum entropy and e-projection

* Given observations with E[t.(x)]=m,, the maximum entropy principle of Jaynes
estimate the distribution which maximizes Shannon entropy under the
moment contraints Et(X)] =mq..... BJtp(X)] = mp.

u

m-flat m = (mq,...,mp)

S:Eitz)=m —

f * —_— 'i
pf{/[axEnt P MaxEnt — PIOJS (U.)

V¢ grF

e-projection

MaxEnt problem amounts to

. .y Canonical dual divergence:
Dylp s ul = D »
n min D, P u) = min Dy [u E] Doe = D&y
* Set of distributions maximizing entropy under the constraints E[t(x)]=n for all n
form an exponential family p* €& = {py(x) = exp(d t:(x)8; — F(6))}

* For example, the MaxEnt distributions for E[x]=n, et E[x?]= rjz vield the family
of (univariate of order 2, dim. of natural parameter space)



Alternating projections: The em algorithm (= Vev ™)

* Find the minimal distance between two submanifolds

= Solve jointly the following minimization: min min Dxky, [p q}
peEP q€Q

* When a submanifold P is and the submanifold Q Dx.[P: Q] = Dkilp* : ¢'] P
is then we get unique sequence of e/m m-flat submanifold P
alternating projections. Starting from g, we repeat: i

P Pt+1
(e-projection ) Pry1 = argmin Dy, {p Qt}

peP

C]* dt+2 q;
: — are min ) :
qt+2 g pv=rs KL [PH 1 ‘1'] e-flat sub-manifold Q Q

m-projection

The em algorithm is useful for :

* converge towards the pair of points which minimize - Interpreting the EM alg. in statistics

-| el i . - To analyze generative models in
the Kullback-Leibler divergence between P and Q_: oo, loarmins ke the VAEs of GANS

Dxylp® - ¢"] = minmin Dy |p : q] = 11111 Dyt \pist : g
pEP qeQ




Bregman cyclic projections (in a chart)

* Let n convex objects O, ..., O, be defined in a
O-coordinate system on a convex ©

* Goal: find a common point in the intersection of these
objects if intersection is non-void

* Repeat cyclically the Bregman projections:

906@,,75%0

0,1 = arg min Br(6; : 0)

Qeol—l—(t mod n)

* This sequence converges towards a common point
for non-empty intersection



Chernoff information and Bayesian hypothesis tests

* LetP,andP, betwo distributions, and take n i. i. d. variates x, ..., X,
from the statistical mixture model 1/2 P, + 1/2 P,
Which rule to classify these n samples with labels P1 or P2?
e Best rule minimizing the probability of error is maximum a posteriori (MAP)
* Probability of error is bounded by P = o—nC (P, P2)

where C is the following Chernoff divergence (or Chernoff information)
P* = PH{: — Ge(Pl. Pg] M Bim(Pl. Pg]

m-bisector n-coordinate system

Bim(PE'UPQQ)

C(P,Q) = —log min /pa(:r]ql'“(r}du(;r).

ac(0,1)

When P, and P, are two densities of a same
exponential family, we have:

C(Poy < Po)) = B(61 : 63 ) = B(62: 63 ) o

. e—geodesic G, (Pel : Pﬂ-z)
2N, i -0
Py- Pa,

12

where a* is the optimal exponent in (0,1) C(0, : ) = B(6, : 63,) 2207.03745



Chernoff information for multiple hypothesis
pPn — 2—nC(Pi*,P;‘)

Probability of error: .

Closest pair of points
wrt Chernoff divergence

\ argmin C'( P, P;) | .l:}'._.,.
i)

X Chernoff distribution between
natural neighbours

Standard simplex (categorial distributions) Exponential family manifold (dually flat)

Voronoi diagram wrt Bregman Voronoi diagram
Kullback-Leibler divergence

to calculate the Bregman Voronoi diagrams



On a global Hessian manifold (Bregman manifold induced by a convex function F),
the Fisher information matrix can be expressed

Ig(@) — VgF(Q) — VQVQF(Q) — VQ’O

Définition du parametre moment

Natural gradient -~ 1

wrt O : VQLQ (9) .= IQ (9)V9L9 (9)
= (Vo) "' VgnVy Ly ()
— ann (,r]) Chain rule derivation

L{?(Hj — L”(?](Hj)

Find many applications in optimization in machine learning:
Natural evolution strategies (NES), Bayesian inference, etc.



To summarize information geometry in 1 slide!

* Geometric structures for a parametric family of
distributions: the statistical model

* Invariance wrt distribution parameterizations
(6) and sufficient statistics (on sample space Q).
Distance cannot increase by a measurable
transformation Y=t(X), and does not change only
if tis a sufficient transformation

* Fisher-Rao geometry equipped with the Rao
Riemannian geodesic length distance

* Dual a-geometry (they are not necessarily
associated divergences, except when dually flat)

* Interpret statistical estimator (maximum
likelihood estimator) and statistical model
(maximum entropy): Pythagoras’ theorem and
information projections in dually flat spaces
(e.g., exponential/mixture families)




Thank you
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