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Zipf's distributions

ÅA discrete power lawwith probability mass function

ÅNormalizers are generalized harmonic numbers:

ÅExamples: Empirical distributions of word frequencies 
sorted by their rankings in natural languages,  
population sizes of cities, etc.

George K. Zipf
1902-1950

American linguist



Zipf's law: Human populations in cities

log-rank versus log-size plot

slope=-1.019
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in log-log expression: linear



Zipf's law: US firm sizes, surname frequencies, etc.

Axtell, Robert L. "Zipf distribution of US firm sizes."Science293.5536 (2001): 1818-1820.

Fox, Wendy R., and Gabriel W. Lasker. "The distribution of surname frequencies."International Statistical Review (1983): 81-87.

Remark: Estimators by line fitting methods in log-log coordinates...



Zipf's distributions: A rank-frequency distribution

- Ali Mehri and Maryam Jamaati. Variation of Zipf's exponent in one hundred live languages: A study of the Holy Bible 
translations. Physics Letters A, 381(31):2470{2477, 2017.
- Ferrer i Cancho, Ramon. "The variation of Zipf's law in human language." The European Physical Journal B-Condensed 
Matter and Complex Systems 44.2 (2005): 249-257.

In general, languages have a power law  range



Clustering Zipf's distributions
ÅAgglomerative hierarchical clustering yields a dendrogramfor finding 

similarities between human languages

Pablo Gamallo, Jose Ramom Pichel, and Inaki Alegria. Measuring language distance of isolated european languages. 
Information, 11(4):181, 2020.

Delta-Eder distance
Kullback-Leibler divergence



Zeta distributions

ÅDiscrete power law distributions on  natural numbers

ÅNormalizing function is the real Riemann zeta function: 

ᶒmany fast approximation algorithms to numerically calculate zeta

ÅBecause of infinite summation, we need s>1for convergence.  This 
contrasts with Zipf's distributions are defined for s>0.

Probability mass function
of a zeta distribution:



Bounding the real zeta function y(s)

Ferrer and Fernández. "Power laws and the golden number." Problems of general, germanic and slavic linguistics, 518-523.

Interesting range in practice is in (1,small s) not asymptotic sҦқ



Zeta distributions: A discrete exponential family

ÅCanonical decompositionof exponential families:

ÅNatural parameterand sufficient statistic:

ÅLog-normalizer(also called cumulant function):

ÅFisher information:



Log-normalizer F(̒) of Zeta distributions

A strictly convex and real-analytic Cқsmooth function 



Fisher information and von Mangoldt function

von Mangoldt function satisfies the identity:



Zeta distribution: A maximum entropy distribution

ÅExponential families are distributions whichmaximize entropysubject to the 
moment constraints of their sufficient statistics.

ÅShannon's entropy:

ÅDual moment parameterizationof zeta distributions: 

Efficient numerical evaluation algorithms  of F' but difficult to inverse!

Guiasu, Silviu. "An optimization problem related to the zeta-function." Canadian Mathematical Bulletin29.1 (1986): 70-73.



ÅGiven n identically and independently variates, estimate the Zeta moment 
parameter eta by maximum likelihood:

ÅBetter quadratic distance estimatorwhich is also consistent: 

QDE amounts to a line fitting procedure but suffers of the heavy tailproperties

Zeta distribution: Maximum likelihood estimator

Louis G Dorayand Andrew Luong. Quadraticdistance estimatorsfor the zetafamily. 
Insurance: Mathematicsand Economics, 16(3):255-260, 1995.



ÅThe variance of any unbiased estimator is bounded by its inverse 
Fisher information (CRLB):

ÅFisher information of iid random vector is additive:

Zeta distribution: CramérςRao lower bound

Louis G Dorayand Andrew Luong. Quadraticdistance estimatorsfor the zetafamily. 
Insurance: Mathematicsand Economics, 16(3):255-260, 1995.

in accordance with Section 2 of 

Variance of unbiased estimator matchesthe CRLB only for exponential families


