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Zipf's distributions

* A discrete power law with probability mass function

1
pen(r) o —, r€X={l,....N}s>0
George K. Zipf

xr®
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Zipf's law: Human populations in cities

Zipf's law in the United States

135 largest urban areas in census year 2010 ( ) 1 1
N NL) =
P e HS,N
. slope=-1.019
s In log-log expression: linear
3 logpsn(z) = —log Hs y — slogx
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log-rank versus log-size plot

Arshad, Sidra, Shougeng Hu, and Badar Nadeem Ashraf. "Zipf’s law and city size distribution: A survey of the literature and
future research agenda." Physica A: Statistical mechanics and its applications 492 (2018): 75-92.
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Zipf's law: US firm sizes, surname frequencies, etc.

log pu(z) = —log Hy — slogz ~ REPORTS
Fig. 1. Histogram of U.S. firm sizes,
1071 by employees. Data are for 1997
from the U.S. Census Bureau, tab-
ulated in bins having width in-
creasing in powers of three (30).
The solid line is the OLS regression
line through the data, and it has a
slope of 2.059 (SE = 0.054; adjust-
. ed R = 0.992), meaning that « =
10-10} 1.059; maximum likelihood and
nonparametric methods yield sim-
ilar results. The data are slightly
10-13 ' > " > = ~  concave to the origin in log-log
1 10 ?0 _ 10 10 10 10 coordinates, reflecting finite size
Firm size (employees) cutoffs at the limits of very small

and very large firms.
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Remark: Estimators by line fitting methods in log-log coordinates...

Axtell, Robert L. "Zipf distribution of US firm sizes." Science 293.5536 (2001): 1818-1820.
Fox, Wendy R., and Gabriel W. Lasker. "The distribution of surname frequencies." International Statistical Review (1983): 81-87.4 &



Zipf's distributions: A rank-

frequency distribution

Language (I,h) I N, N, Language (I, h) s N,
1 Achuar (=7,-1) 1124 174103 19140 51 K'iche’ (-7.-2) 0985 485530 82102 LN N .
2 Afrikaans (—6,-2) 1.191 797099 16599 52 Korean (—=5.-3) 1442 1273350 2753 <> o_
3 Aguaruna (—6,-2) 1.055 148528 24809 53 Latin (—6,-2) 1.065 535036 46673 O
4 Akawaio (—6,—2) 1.248 189996 8614 54 Latvian (—6,-2) 1.002 132005 15532 PN
5 Albanian (—8,-2) 1.091 749487 32555 55 Lithuanian (—7.-2) 1015 468280 47277 -4 1
6 Amharic (—6,-2) 0.952 99858 26315 56 Lukpa (—5.-1) 1417 218489 7091
7 Amuzgo (—6,-2) 1.175 199786 13948 57 Malagasy (-7.-2) 1161 712101 29933
8 Arabic (—6,-2) 1.030 435126 51530 58 Malayalam (—8,-2) 0.971 403012 79708 ~ 5 -
9 Armenian (—6,—2) 1.010 114425 13945 59 Mam (—5,—-1) 1.409 216854 11036 2*.;
10 Aukan (—5,-2) 1.289 306705 1937 60 Manx (—5.-1) 1246 93290 4444 N
11 Barasana (—6,-2) 1188 224639 17511 61 Maori (—6,-2) 1430 978523 9212 ﬁ
12 Basque (—6,-2) 0.978 132258 17116 62 Marathi (—6,-2) 1152 636857 48513 S0 -8 <> Esperanto data
13 Bulgarian (—6,-2) 1122 645279 29922 63 Myanmar (—8,-3) 0.810 298870 136337 Q = = = = Linear fit
14 Cabécar (—6,-2) 1.277 199200 8250 64 Nahuatl (—6,-2) 1166 175709 15517 ~
15 Cakchiquel (—6,—2) 1.297 314530 8354 65 Nepali (—6,-2) 1189 666249 48711 o
16 Campa (—7,-3) 1.001 122296 25869 66 Norwegian (—6,-2) 1225 720146 19162
17 Camsa (—6,-2) 1132 193216 19886 67 Ojibwa (—6,-3) 1104 142132 35739 y= —1.12425x —13.2599
18 Cebuano (—6,-2) 1.233 864613 27473 68 Paite (—8,—4) 1.031 763335 30659 2= =
19 Chamorro (—6,-2) 1.106 133171 11191 69 Polish (—6,-2) 1105 604716 41953 -12|- R?=0.999285
20 Cherokee (—7,-2) 1.005 116610 24103 70 Portuguese (—6,-2) 1196 698662 29257
21 Chinantec (—6,-2) 1.290 304955 11731 71 Potawatomi (—7.-2) 0.994 31090 10487
22 Chinese (—5,-3) 0.792 1031010 1699 72 Qeqchi’ (—6,-2) 1.266 917383 22123 | 1 l 1 | L
23 Coptic (—8,-2) 0.969 122956 22050 73 Quichua (—6,-2) 1.022 116854 15164 -10 -8 ) -2 0
24 Croatian (=7,-2) 1.065 574549 49727 74 Romani (—4,-1) 1411 183270 8097
25 Czech -7.-2 1112 597212 41163 75 Romanian —6,-2 1137 703832 21632
26 Danish Efs. 72§ 1158 654968 26290 76 Russian Efs, 72§ 1116 561097 43349 LOg (}‘ Wv)
27 Dinka (—6,-2) 1.196 193493 5809 77 Serbian (—6,-2) 1138 585460 34345
28 English (—6,-2) 1.258 789631 12702 78 Shuar (=7.-2) 1.025 132294 24527 |
29 Esperanto (—8,-2) 1124 678105 30723 79 Slovak (—6,-2) 1135 620851 42087 g I I g g h p I g
30 Estonian (—6,-2) 1070 153549 16381 80 Slovene (=7,-2) 1112 647280 40130 n enera ’ anguages ave a OWEr law range
31 Ewe (—6,—2) 1189 220394 10481 81 Somali (—6,-2) 1145 727664 38844 .
32 Farsi (—10, —4) 0.981 671353 33252 82 Spanish (—7.-2) 1158 715950 28146 th ur al 1 ang‘u age 9 P\
33 Finnish (—8,-2) 0.997 542551 54863 83 Swahili (—=5.-2) 1.204 139028 17721
34 French (=7,-2) 1.161 723763 24716 84 Swedish (—6,-2) 1.208 732789 23764 e =
35 Gaelic (—4,-1) 1153 15505 2173 85 Syriac (—6,-2) 1.010 109720 13013 EllghSh 1 . 208 1 2702
36 Galela (—6,-2) 1.252 285292 12010 86 Tachelhit (—6,-2) 0.969 104791 23572
37 German (—7,-2) 1.191 696960 21120 87 Tagalog (—6,-2) 1248 825302 24257 P‘rench 1 . ]_6 1 247 1 6
38 Greek (—6,-2) 1.130 706111 32588 38 Tamajaq (-7.-2) 1.031 54462 9399
39 Gujarati (=5,-1) 1271 197942 13790 89 Telugu (=9,-2) 0.944 442228 95094 =4
40 Haitian (—6,-2) 1426 919031 8082 90 Thai (=9,-5) 0.765 111534 97640 Japanese 0 : 774 3078 9
41 Hebrew -8,-3 0.938 415150 42964 91 Turkish -7,-2 0974 449906 58944 .
42 Hindi Efa. 73§ 1081 790569 18790 a2 Ukranian Efs, 72§ 1.006 132251 15883 Danish 1.158 26290
43 Hungarian (—8,-2) 0.996 598036 64361 93 Uma (—6.-2) 1157 192555 11998 .
44 Icelandic (=7,-2) 1138 666402 35404 94 Uspanteco (—6,-2) 1.268 225698 8646
45 Indonesian (—6,-2) 1143 630508 19775 95 Vietnamese (=5,-2) 1232 837080 7061 Chlnese 0 : 792 1 699
46 Italian (—6,-2) 1.160 668894 31728 96 Wolaytta (—6,-2) 1015 126840 16924 : : =
47 Jakalteko (=7,—1) 1.297 218570 12209 97 Wolof (—5,—-1) 1.399 171471 7234 FlﬂﬂlSh 0 . 997 3486 3
48 Japanese (=10, =7) 0.974 31089 30785 98 Xhosa (=7.-2) 1.043 443036 82199
49 Kabyle (=5,-2) 1414 271538 7241 99 Zarma (—6,-2) 1311 810724 9865 . . .
50 Kannada (=7,-2) 1.078 154789 16764 100 Zulu (—6,-2) 0.961 96555 25303

- Ali Mehri and Maryam Jamaati. Variation of Zipf's exponent in one hundred live languages: A study of the Holy Bible
translations. Physics Letters A, 381(31):2470{2477, 2017.

- Ferrer i Cancho, Ramon. "The variation of Zipf's law in human language.” The European Physical Journal B-Condensed &g 3
Matter and Complex Systems 44.2 (2005): 249-257.



Clustering Zipf's distributions

* Agglomerative hierarchical clustering yields a dendrogram for finding
similarities between human languages | e
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Pablo Gamallo, Jose Ramom Pichel, and Inaki Alegria. Measuring language distance of isolated european languages.
Information, 11(4):181, 2020.
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Zeta distributions .

=1.|1 —Il— .
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* Discrete power law distributions on natural numbers % 04 S ]
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* Normalizing function is the real Riemann zeta function: X

=> many fast approximation algorithms to numerically calculate zeta

l:x:l [} [} °

) = Z 1 Probability mass function 1
) s of a zeta distribution: -

i=1

* Because of infinite summation, we need s>1 for convergence. This
contrasts with Zipf's distributions are defined for s>0.
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Interesting range in practice is in (1,small s) not asymptotic s—>e°

Ferrer and Fernandez. "Power laws and the golden number." Problems of general, germanic and slavic linguistics, 518-523.



Zeta distributions: A discrete exponential family

e Canonical decomposition of exponential families:
1
ps(x) = exp (0(s)t(x) — F(0(s)))

s) x*
* Natural parameter and sufficient statistic:

'ps(ili) — C(

0 =s t(r) = —logx

» Log-normalizer (also called cumulant function): F'(#) = log ((6)
* Fisher information:

1(6) = ~Epl(logp.(x))"] = F(s) = (log(s))" = LRGS0

|\



Log-normalizer F(O) of Zeta distributions
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A strictly convex and real-analytic C>= smooth function



Fisher information and von Mangoldt function

| ((s5)¢"(s) = ('(s)°
1) = =By [ogp.(@)'] = F'(s) = (log((5))" = =225
=) A(i)lo
1=1
AG) = logp if i = p* for some prime p and integer k > 1,
1) = 0 otherwise. | /\
von Mangoldt function satisfies the identity: log(n Z A(i

in AN



Zeta distribution: A maximum entropy distribution

* Exponential families are distributions which maximize entropy subject to the
moment constraints of their sufficient statistics.

mSX{H(p) . —FEyllogx] =n = p="Zeta(0)}

* Shannon's entropy:
H(p) ==Y plx)logp(x)
reN
* Dual moment parameterization of zeta distributions:
Efficient numerical evaluation algorithms of F' but difficult to inverse! C/(S)

1=F0= 0

Guiasu, Silviu. "An optimization problem related to the zeta-function." Canadian Mathematical Bulletin 29.1 (1986): 70-73..




Zeta distribution: Maximum likelihood estimator

* Given n identically and independently variates, estimate the Zeta moment
parameter eta by maximum likelihood:

maX—Zlo ps(T; —IllaX——Zloﬂ":I‘? — log ((s)
=1

) 1
— AT T log ;
?7 néz;o:r

C(0)

* Better quadratic distance estimator which is also consistent:
QDE amounts to a line fitting procedure but suffers of the heavy tail properties

Louis G Doray and Andrew Luong. Quadratic distance estimators for the zeta family.
Insurance: Mathematics and Economics, 16(3):255-260, 1995. A5



Zeta distribution: Cramér—Rao lower bound

* The variance of any unbiased estimator is bounded by its inverse
Fisher information (CRLB):

e Fisher information of iid random vector is additive: [x = nl(s)

_ps[(logps(x))n] _ (10@; C(S))H _ q(s)gﬂ'éz)(f; C"(S)
arls l —1 ) — CQ(S)
Va {} > RI ( ) T?J(C(S)CH(S) _ C,(S)Q).

Variance of unbiased estimator matches the CRLB only for exponential families

Louis G Doray and Andrew Luong. Quadratic distance estimators for the zeta family:
Insurance: Mathematics and Economics, 16(3):255-260, 1995.

in accordance with Section 2 of



Pareto distributions: Continuous exponential family

* Power law distribution with probabilitv densitv function:

Sh ter sin (0,00 s—1
ape parameter s in (0,o°) 0u(z) = Cr>Ls>0

xs

e Continuous exponential family (of order 1):
* Support (1,e°) S
* Natural parameter B=s -
* sufficient statistics t(x)=-log(x) .
* log-normalizer F(8)=-log(6-1) [}
Differential entropy -F*(n)=1+1/(s-1)-log(s-1) .
Fisher information [(8)=1/(8-1)?

— a=c0 Vilfredo F. D. Pareto
(1848-1923)
Sociologist

2.0

The Mind and Society

0.5

EDITED BY ARTHUR LIVINGSTON

 Two-parameter Pareto distributions: {qs,a(ar) (s )a':
Positive-curvature Fisher-Rao manifold

HARCOURT, BRACE AND COMPANY




Power laws: Discrete versus continuous distributions

Zeta distribution

Pareto distribution

Fisher information

Power law distributions have long tail distributions

Exponential family exp(6t(x) — F'(0))
Discrete EF Continuous EF
PMF/PDF Ps(@) = ziyr C05) = ooy & as(z) = 5
Support X N={1,2,...} (1, 00)
Natural parameter 0 s €0 =(1,00) s €0 =(0,00)
Cumulant F'(0) log () —log(f — 1)
Sufficient statistic ¢(x) — log x — log x

George Kingsley Zipf

1902-1950
American linguist

Vilfredo F. D. Pareto
(1848-1923)
Sociologist




Skewed Bhattacharrya coefficients
and related statistical divergences

Bhattacharrya similarity coefficients: 1,[p;. ps] := ) " pi(2)*pa(2)'™%, a € (0.1)
=1

1

a-divergences: D,[p., : ps,| == 1 ;
all —a

(1 o I&Lpﬁ : pSQD

When the densities belong to the same exponential family:
get a Jensen divergence induced by log-normalizer: 1, |[ps, : ps,| = exp (—Jpa(s1 0 S2))

Jpa(syisg) = aF(sy)+ (1 —a)F(sy) — F(asy + (1 —a)sg) >0,

1 - (lasi+ (L =a)sy)
a(l —a) (1 G(s1)7C(s2) '

a=1/2 vyields the squared Hellinger divergence

Dcx[p.ﬁl :pSg] — ) ., v E (0,1)




Limit cases of a-divergences: a—>+1
Forward and reverse Kullback-Leibler divergences

* Kullback-Leibler divergence : Dxw[ps, : Psy] : me ) log Pslga;
Psa(t

 Limit case a—~>1: im D [ps, © Psy) = DKLIPs, * Pss) Forward KLD

a—1
 Limit case a>-1:  lim, Do[ps; : Pso]l = DL[psy : Psi] = Dici[psy © Pl
Reverse KLD

* Thus by choosing values for a close to +1, we can approximate the
forward or reverse Kullback-Leibler divergence:

1 1 —€)s €S
Drulpey 2 pal = Dielpes 2Pl = 23 (1 : C(é(*‘?l)lz:@;?)f))

Efficient method in practice to approximate the KLD between zeta distributions:




Kullback-Leibler divergence between two zeta distributions

* Since zeta distributions are exponential families, it amounts to a reverse
Bregman divergence: DxL[ps, : Psy) = Bp(01 : 02) := Br(fh : 01)

 or equivalently a Fenchel-Young divergence using dual parameterizations:
DxL|ps, : Ps,) = Br(f2 : 01) = F(0(s2)) + F*(n(s1)) — 0(s2)n(s1) := Yrp«(0(s2) : n(s1))

* using the dual parameterization: 7(s) = F'(0(s)) = Ey.[t(x)] = —E, [log 2]
* and negentropy convex conjugate: £ (1(s)) = —H[ps| = ZPS log ps (i
* Thus the KLD between two zeta distributions is

DxL[ps, : ps,] = log(((s2)) — H[pﬁl] + s59F,, [log x].

— ; is ltjﬂ (5’1)) — 59 CfSl) .

DxL[ps; © Psy) = Z ESQ ) + SEZ 351
i=1




Clustering finite sets of Zeta distributions

* Agglomerative hierarchical clustering (e.g.,single linkage, average linkage
etc, get dendograms) or partition-based k-means/k-center clustering

* Since zeta distributions are 1D EFs, Kullback-Leibler divergence k-means
clustering amounts to 1D Bregman k-means: Optimal solution using dynamic
programming. Interval clustering because Bregman Voronoi diagrams have
connected cells.

T €rj—1 Ly Ln

AR
Y&
(%

)
a.l

'

-

E4£._1(Xj__l_) El(Xj.n)

e Multivariate product Zeta distributions can be clustered using Lloyd's k-
means heuristics but then best k-means is then NP-hard

"Optimal interval clustering: Application to Bregman clustering and statistical mixture learning." IEEE Signal Processing Lejg:rs
21.10 (2014): 1289-1292. .



Clustering sets of Zipf's distributions

* Problem: Zipf's distributions do not have the same support

e Consider k-means prototypes (cluster centers) as zeta distributions.

* Thus we need a distance between a Zipf's distribution (=right truncated
zeta distribution) and a zeta distribution. This is a duo Bregman divergence
(with two generators in dominance relation):

DKL[pQ,N . {]S} — BFQ,F:]_(S . 9) — Fg(%) — F1(9) — (S — H)F{U‘))

since F3(5) = lon () 'S e N et Fi(6) = log Hy, = 1g21
o i=1
F{(H Hm 0 - Z 91{}{‘%;9
C(s) = logi
Dxv|pe.n : qs] = log 21_21 1 —0) Z i’ Hy g




Visualizing duo Bregman (pseudo-)divergences

&

Generator F; dominates generator F,

Only pseudo divergence because strictly positive

R < =
9 0
Duo Bregman divergence

Br,r,(0:0')=F(0)—F:(0')— (6 —0")" VE,(0') Recover Bregman divergences when F=F =F,

"Statistical Divergences between Densities of Truncated Exponential Families with Nested Supports: Duo Bregman and{)uo
Jensen Divergences." Entropy 24.3 (2022) <



Comparisons of discrete vs continuous power laws

Zeta distribution

Pareto distribution

Fisher information
Entropy —F™(7n(s))

Bhattacharyya coefficient I,

Kullback-Leibler divergence Dxkr,

Sy A Tog (1)

i1 3-5(;1(3) log(i°¢(s))
C(as1+(1—a)s2)
¢(s1)%¢(s2)t—=

log(¢(s2)) = 3252, ey log(i°¢(s)) — s2 525

Exponential family exp(6t(x) — F'(0))
Discrete EF Continuous EF

PMF /PDF ps(z) = ;533(5)? ((s)=>02, = gs(x) = =
Support X N={1,2,...} (1,00)
Natural parameter 6 s €0 =(1,00) s €O =(0,00)
Cumulant F'(4) log ((0) —log(6 — 1)
Sufficient statistic ¢(x) —logx —logx

ar ) — L+ | <® 1
Moment parameter n = —Ellogz] | 25 1 -
Mean C(CS(;) ) —

2

Variance C(8)6(s=2)—¢(s=1)" - 3 3 .5 > 2

. 3 ¢(x) - . . (s—1)2(s—2)
Conjugate F™(n) —Hlps] = — > ;21 7579y Log(i°¢(s)) n—1—log(—n)

.. . . . . O 1 n N A n
Maximum likelihood estimator =6 = " n 2uimt log x; 5 —1 ST log

1+ L —log(s—1)

as]+(1—a)s2

(s—1)2

Notice: Differential entropy may be negative (large s) but never the discrete entropy!

\



Drawing discrete/continuous power law variates

Zeta variates: Truncated Pareto variates:
1
N 11 abpy _ _ (8—1)a’ X = (a.b)
Ps(7) = (5 o= 45" () (-5 -

Acceptance/rejection method: Inverse transform method:
e Draw uy ~ Unif(0, 1) and ug ~ Unif(0,1) u ~ Unif(0,1)

__1
o Lot = |7 | and = (143 v ab (41— (i — a1y
e Accept zif » < til 2;;11;21

may require several rounds




Thank youl!
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Table 1: Summary of statistical divergences with corresponding formula for lattice Gaussian distributions

with partition function 8, (§). Ordinary parameterization A(§)

Divergence

= (1 = Ep,[X1, X = Covp, [X]) for X ~ Ny (£).

Definition

Kullback-Leibler divergence

squared Hellinger divergence

Rényi a-divergence

(@>0a#)

y-divergence

>

Holder divergence

>0z+5="

Cauchy-Schwarz divergence

)
S The Kullback-Leibler Divergence Between Lattice
E Gaussian Distributions
= _ A T
_,B pg(l)_eA(g_) exp(27t< 2l Eal + 1 &'1)), [ € A,
®)
W Hp(8) :=Zexp 27 ——lTé‘21+lTé1 ’
g leA
— A =0CiL'eil'El,
R O B Sl B s di s
e - oLt
% .'E 0—109-8-;7-66-3‘6-3-2-:1 01 l2 ;3‘4l52 7;‘;1(
oS :
2
Q o :
0 :
OGS
ORR%
o A

(Holder witha ==y =2)

Closed-form formula for lattice Gaussians

Dxilps = perl = 31 Pe(D) log pﬂf,%

Dilpe = per] = log (%ﬁ‘fs,’)

—2muT (& — &) + 7t (€ — E)(E +pu))

Daellinger[pf tperl = % ZIEA(V pe() =/ Pe'(l))2

0 %ﬂ
Dflellinger[pf tpel=1- 701\56)91\(2)
Dalps : perl = 315 log (ZleA pe()*per (')

: ) [NS)
Dalps : perl = 155 log 9A(«$+(1—am + 109 Gr@Eri—am)

lime—1 Dalpe : per] = Dxelpz : pe']

Ylea p{ (X)) (ZI@A le (’))y_l
(Senrctoel M),

Dylpe : pe'] = 37—y log ((

B . e 1 OA(yE) OA (rE)Y !
Dylpe :pe'l = 555 |°9( O G+ (y—TENT )

limy 1 Dy [pe : per] = Dic[pe = e

<y Je v/B
DY [r:s]:==|lo Lxex 1OV 5()
aylr 3] I Car 0 Crere 500
A OA(yE) OA (£ )1’
1pe] = AR A )
Dzylpe : perl = llog =I5t
Deslrs] ==— Lxex (K50

lo
S e 200 e 70D

D 5 = [#234)
Dcslpe : pgr] = log OrE+E)

"The Kullback—-Leibler Divergence Between Lattice Gaussian Distributions." Journal of the Indian Institute of Science (2022):11-‘12.



