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Introduction QN SonyCSL  peee
ML & Computational Geometry: A long and fruitful history!

1. FisherRao information geometry
Naturalgradient descent

2. Bregman information geometry
Chernoffinformation on the exponential family manifold

Some perspectives



Machine Learning &

Computational Geometry:
A long and fruitful cooperation from the start!



Learning machines: Perceptron & geometry (1960’s)
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Geometric learning machines: SVMs (1970’s/1992)

Non-linear separator
(Kernel trick, RKHS)
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Support vector
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Theory of V&limension = expressive power of (geometric) separators



Dual SVM quadratic program amounts to solve a
Smallest Enclosing Ball (= SEB): Computational geometry |

The SVM Framework  Widest margin hyperplane separator
Wix+b=0
2/||w]

New
Insight!

min1/2w'w+C X &

o Vi(wixi+b)21-§

’ 520

Points X = {x;}
Labels y= {y} Convex Quadratic Program

Smallest enclosing ball:

"Small est '’ bal |
y; € {-1, +1} radius or set inclusion

ApproximatingSmallest Enclosing Balls with Applications to Machlresarning, IJGA 200



Information geometry in a nutshell

ABorn as a mathematical curiosity| Hotelling 1930] [Rao 1945]
Impacted by the success of Riemannian geometry in Einstein’s general relativity (GR)

Alnformation geometrystudies the geometric structuresand statistical
invariance(sufficient statistics/Markov kernels) of a family of probability
distributions: the statistical model

+ demonstrate its use in information sciences: statistics, ML, etc.

AGeometric method coordinate-free objectswith computingoperating in (local)
coordinate systemsfree to choose coordinates to easethe computations!

ADualistic structureioneered by Prof. Shun-ichi Amari & statistical invariance
pioneered by Chenstov

[Amari 1985][Amari & Nagaoka 2000] [Amari 2016] Chdntsov1982]



statistics

dIVErgeNnCe t
——« geometry

The fabric of information geometry
and the untanglingof its geometry, divergence, statistical

1. Fisher-Rao information geometry
Riemannian geometry



Fisher information matrix (FIM)

A A parametricfamily of distributions P = {ps}sco

A Fisher information matrixs positive-semidefinite matrix:
FIM = Covariance of the score: T (8) = Cov(sy) B
X =(z1.....2p)" ~py Positive
semtdefinite

matrix
A Score: s(#) := Vylog py(x)

A Under independence Fisher information is additive:

Y = (Yl C ?K?f)miidpﬂ = I}/(Q) —nly (9)



Fisher information matrix
A Under regularity conditions EFIMtype 1 :

!

FIM can be singular in hierarchical modeldike mixtures & neural networks
FIM can be Infinite (irregular models e.g., support depend on parameter)
Difficult to estimate FIMs for NNs:

Spectral FIM properties from random matrix theory RMT), relative FIM

Sun & N, Relative Fisher information and natural gradient for learning large modular models, ICML
Soenand Sun, On the Variance of the Fisher Information for Deep LeariisyriPS2021



Fisher information and Crameér-Rao lower bound

A The covariance of any unbiased
estimator is lower bounded by

Cov[f] = Ix ()™ X ~ p,
Inverse Fisher Information Matrix (IFIM)
A Since Fisher information is additive:

Non-
asymptotic

(Xh o X)) ~iid Do
A>BeVr,a' (A-B)x >0
A Accuracy estimators depend on
model parameters: Fisher efficiency

N., CramérRao lower bound and information geometry, Connected at Infinity I, 2C
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Empirical estimator covariance matrix
IFIM (Tissotindicatrix)



Rao’s length distance: Riemannian metric distance

(M,g¢): Riemannian manifold 48
Parameter space equipped with the Fisher information metriagy- | = %%

1
PRao(Poy: Po;) = Pgp (01, 02) | py(61,6,) = i / dsp(t)dt
dsﬂ lelg” (f j(f (t) — _gk( ) o CR ao with
i=1 j

Sir R. Fisher in 195
need to calculate Riemannian geodesid|t):

....characterized as (locally) shortest curves in Riemannian geometry

Square root
embedding

For example, Rao distance in the probability simple

,‘ ﬂFHR(P; q ) = 2arccos Z )\; )\’f} s O T
‘ 1=0 | gsitive orthant
' Standard simplex | shere




Reparameterization of the statistical model:
Invariance, covariance and contravariance
ASmooth reparameterizationof the model: P ={ps : 0 €0} ={p, : ne€ H}

AThe line element ds igwariant and hence Rao distance iisvariant:

dSt—}' — dsn )ORaD (Pm y p?}g) — pRao (p91 ? p92)
AFisher information matrix is covariant

0) 0% 1) = [ 2] o < [

AcCramér-Rao bound is contravariant
) 1 |
Var[,] = —1;1(0) =

n

— on; on; i
_ ::I . ~ >_ _ 1 —]_ 1
V]l [nﬂl — [09] [Q(G(T})) [09 ]

AJacobian calculus: [0773'] . _ [091
Jac, g = — (Jac, -1 — (Jacy, ‘
Cy(o) : o, ( ©)) (Jacyy)) o,



In practice, calculating Rao’s distance can be difficult!

No closed form of Rao’s distance between multivariate normals! (MVNs)
Two reasons for intractability:

1. Need to solve the Ordinary Differential Equatior{ODE) for finding the
geodesic

_ 1 i (@mm(g) L 99m(8) _ 99i;(6)

But easy to solve
when =0:

Line segments! . _
f=0= Q(t) = (l —t)tgl + tls

mk S .
891 a,lgm )g (9)" E:.}ﬁk_]':'“‘ﬁp!

use the LeviCivitaconnection derived from the metric tensor g
In general, geodesics depend on choice of ttienection vial.

2. Need to Integrate the infinitesimal length elements ds along the geodesics



Natural-gradient descent: Steepest Riemannian descent
Ordinary gradient descent

. Covariant gradient:
9t—|—1 — 975 — aVE(Ot)

Type mismatch on (M, g)

A depends on the choice of the parameterization
A plateau phenomena near singularities Contravariant gradient

Natural gradient descenwith natural gradient:

Qt—i—l — Qt — Q@E(Qt)

A NG invariant to reparameterization: ~9/ e
VE,(n) = VE,(6) i =
. ToMe: a tangent space with “~“# a learning curve
A aVO|dS platea us a local inner product ¢(@)

Amari, Natural gradient works efficiently in learningNeural computation, 1998
Sun & N, Relative Fisher information and natural gradient for learning large modular models, ICML
Li et al., Tractable structured natural gradient descent using local parameterizations, ICML 2021



First-principle of geodesics: Affine connections
ARiemannian geodesics are locally minimizing lengtrcurves

)
" - _ -
N T -

)

!

AGeneral definition of geodesics is wrt. to an affine connection
For Riemannian geodesics, the default connection = LeviCivitaconnection
This special Levi-Civita connection is derived from the metric tensor g.
AA geodesic y(t) with respect to a connection ' is an N-autoparallel curve
In physics, “straight” free fall particle

where N, T is the covariant derivativeof a tensor T wrt. a vector field X
[EIG 2020] Arlementary introduction to information geometry, Entropy 22.10 (202(



What makes the Levi-Civita connection so special?

An affine connection N defines how to N-parallel transporta vector from one
tangent plane to another tangent plane

A Fundamental theorem of Riemann geomet. ,

Levi-Civita connection is the unique torsionfree metric connectiorninduced
by the metric tensor g

Metric

compatible V =9V

LeviCivitaconnection

[EIG 2020]



Affine connection 1.
Curvature & parallel transport on infinitesimal loops

Elie Cartan
Cylinder is flat: : 1865-13>1
Parallel transport is Sphere has constant curvature:
Independent of path Parallel transport is patkdependent

A connection is flat is there exists locally a coordinate system 6 such that the
Christoffel symbols [ are all zero: [(0)=0
Geodesics plotted in that coordinate system are line segments



Dualistic information geometry: (M,g,V,V*)

AGiven an affine torsionfree connectiom and a metric gwe can build a
unique dual affine torsion-free connection: the dual connectiom ™ such that
the metric (inner product) is preserved by the primal and metric-compatible
dual parallel transports

A% vV
(1,0)c(0) = < H u, ]_[ v :
L"{ L,[” v

c(t)

”]—H."{f} L"[U:I—h_'“] Ug Q(Ul,’ﬂg) :g(HE{t} 1;1}1_[3(;) 'UQ)

1

AThis amounts to say that 1" is defined uniquely by geometric equation:

Meaning for each point p of M: X,¢,(Y,,Z,) = gp((VxY)p, Zp) + 80 (Y, (VX Z)p).

AThe dual of a dual connection is the primal connection: (V*)* = V.
[EIG 202C



Statistical invariance wrt sufficient statistics

AA statisticis a function of a random vector (e.g., mean, variance)
AA sufficient statisticcollect and concentrate from a random sample
all necessary information foestimatingthe parameters
Informally, a statistical lossless compression scheme...
ADefinition: conditional distribution of X given t does not depend on 6

L t=T(X) contains all
Pr(m ‘ 9) - Pr (ZL’ ‘ t) Information about®
AFisherNeymanfactorization theorem: Statistic t(x) sufficient iff. the density

can be decomposed as:  p(x; A\) = a(x)by (t(x))
Example: Normal distributions haveD=2 sufficientstatistics

N(u, o) H(Xn. X)) =) X (X1 X)) =) X7

Z

- p
Statistical exponential families: A digest with flash cards, arXiv:0911.4863 (2(




Natural exponential families: Finite sufficient statistics

AConsider a positive measure [ (usually counting or Lebesgue)
AA natural exponential familyis a parametric family of densities that write as

p(x: 0) = exp(fx — F(0)) p(; A) = a(2)b (t(z)
where F is real-analytic, strictly convex and differentiable i‘:;ft'f;ﬁg“
T(X)=X

F(0) = Iog/exp(@x)du(x)
Natural parameter space@ — {9 : fexp(@a:)du(:c) < oo}

F: Lognormalizer(also known as log partition function or cumulant function)
Barndorff-Nielsen, Information and exponential families: in statistical theory. John Wiley & Sons, 2014

Sundberg Statistical modelling by exponential families. Vol. 12. Cambridge University Press, 2019
N., Garcia, Statistical exponential families: A digest with flash cards." arXiv:0911.4863



Many common distributions are exponential families in disguise...

Probablhty measure

\

Parametric Non-parametric
Exponential families Non-exponential families
Univariate Multivariate
/ \\ Uniform Cauchy Lévy skew a-stable
uniparameter Bi-parameter multi-parameter
Bimlxi a Multinomial | | Dirichlet | | Weibull
/ Exponential ... Once you relax natural EFs
Bernoulli Poisson pon¢ to be general exponential families
families

Exponential | | Rayleigh Gaussian

Statistical exponential families: A digest with flash cards, arXiv:0911.4863 (2009
Tojoand Yoshino, On a method to construct exponential families by representation theory, GSI 2019 (Sprir



Exponential families: From Natural EFs to simply Efs!

AConsider a t(x), model order D d-variate densities
AConsider an additional carrier measure ternk(x) duv(z) = e"‘v‘(ﬂ?)dﬂ(g;)
AConsider an inner productbetween t(x) and 6

(usual scalar/dot product) p(z; A) = a(z)by (t(z))

po(z) = exp((6,t(z)) — F(0) + k(z)) aistc

t(X)
Exponential families hav@éinite moments of any order
Properties: E[t(X)] — VF(H) e o ”
essian of —log py(X):
COV[t(X)] — V2F(9) — 1(9) This is FIM oftypcee 2




2. Bregman manifolds:

As known as...
..Dually flat spaces in IG

Frank Nielsen Editor

Progress in
Information

Geometry

2021



Dually flat geometry from any strictly convex function
Cov[t(X)] = V2F(6) = I(6)

Exponential family Mathematical programming

l LP, SDP (CP)

Linear systems

(ARMA time-series)

cumulant function

barrier function

_ All you need
Dual Geometry | strictly proper score is a C3 strictly
Game theory convex function!

induced by a

negative entropy

convex function

/ ‘\F
Mixture family

_ novel domain
(only component weights vary)
Bregman manifolds are not necessarily related to statistical models,

but can always be realized by a regular statistical mode
Van Lé, HOng. "Statistical manifolds are statistical models." Journal of Geometry 84.1-2 (2006)



Bregman divergences from strictly convex function

AF(B): strictly convex and differentiable convex function on an open convex
domain 6

ADesign the Bregman divergencas the vertical gap between F(8,) and the
inear approximation of F(8) at 8, evaluated at 9, :

/'
Bp(th : ) = F(0;)— ‘L(F(Hz) + (0 — 91)TVF(92))J
F(0) Lp,;(f?l)
/_/,_/-»""' = F(Ql) — F(Hg) — (91 — HQ)TVF(HQ)
F(6,) ¢ - Br(6:62) I
F(63) & L, (61) = F(62) + (02 — 61) ' VF(62)

()]
¢
=Y

[Bregman 1967]



Discrete Kullback-Leibler divergence:
A non-separable Bregman divergence

AThe KLD between two categorical distributionsa.k.a. multinoulli amounts
to a non-separable Bregman divergena the natural parametersof
the multinoulli distributions interpreted as an exponential family

)\1
AP

P)\:(P}U---}Pf)elﬁfg_p Zpi: 0" =log—,i€{l,...,

Fxi,(0) = log(1 + Z exp(#;)) =: LogSumExp_ (A, ....0p)

LogSumExp is only convex but LogSumEip'S strictly convex [NH 2019]

[NH 2019] Monte Carlo informatiofgeometric structures, Geometric Structures of Information, 2019.
Guaranteed bounds on informatiotheoretic measures of univariate mixtures using piecewiseJagm-expinequalities, Entropy, 18(12), 201¢



Legendre-Fenchel transformation: Duality

AConsider a Bregman generator of Legendretype (= proper, lower semi-
continuous). Then its convex conjugatebtained from the Legendre
Fencheltransformationis a Bregman generator of Legendre type.

Concave programming:

P = sldn - FO)

0<0 F*(n) =sup{0@'n—F(0)} = sup{E(0)}
= — ﬁlﬂé{F(H) —_ HT-}?} fce fce
=

VE®)=n—VF()=0=n=VF()

ALegendre-Fenchel transformation applies to any multivariate function
AFenchel-Moreau’s biconjugationtheorem for F of Legendre-type: F = (F*)’

[Touchette2005] Legendrd-enchelransforms in a nutshell
[N 2010] Legendre transformation and information geomet



Duality regular exponential families/Bregman divergences

Exponential Family <« . Dual Bregman divergence
pr(a]0) uality Bp-
Spherical Gaussian <  Squared Euclidean divergence
Multinomial & Kullback-Leibler divergence
Poisson & I-divergence
Geometric & Itakura-Saito divergence
Wishart < log-det/Burg matrix divergence

Maximum Likelihood Estlmator Bregman centroidor the dual convex conjugate:

maxgeN l(gt Iy, :mn) Z( :’:I) 9 9) + k mi )“mln?}EM ZBF* (t(wi .
Inference exponential familiesvrt F@) | Dual Bregman clusteringrt F(n)

Maximum likelihood (MLE) Bregman centroid
Expectation/Maximization (EM) MEF Bregman soft clustering

Classification EM = k-MLE Bregman k-means

Banerjee et al., Clustering with Bregman divergences, JK065
K-MLE A fast algorithm for learning statistical mixture model&;ASSP, arxiv:201203.5181



Legendre-Fenchel transform:
Mixed coordinates and dual Fenchel-Young divergences

ADual parameterizations 0 = VF*(-r;)ﬁ n=VF()
AConvex conjugate expressed as: F*(n) =1 VF*(y) — F(VF*(n))

ATo get in closed form the convex conjugate F*, we need N F*(n), i.e.,
Invert N F(6): difficult in general! ) .
VF* = (VF)

AFenchelYoung inequality: F(01) + F*(12) > 0/
with equality if and only if
AFenchelYoung divergencase mixed parameterizatior®/n: == VF(61)

On aVariational Definition for the JenserShannonSymmetrizationof Distances Based on the Information Radius, Entropy 2
Blondelet al., Learning witiFenchelYoung losses, JMLR 2020



Dual Bregman & dual Fenchel-Young divergences

Aln general, dual divergenceor reverse divergence D*(0; : ;) := D(f : 6;)

Aldentity of dual Bregman divergences Bg (0, : ) = Bp- (12 : 11)

APrimal dual or mixed parameterizations of Bregman divergences:

On a Bregman manifold,"2quivalent formula with n terms!



3-parameter identity of Bregman divergences

AGeneralize the law of cosinedor the squared Euclidean distance

2 =a?+b%—2abcosC

Avyields a generalization of the Pythagorean theore
when (9, — 635)" (VF(6y) — VF(63)) =0

q
Dp(p:r))=Dr(p:q)+ Dr(q:7)
Br(6(p) : 6(r)) = Br(0(p) : 0(q)) + Br(6(q) : 6(r))

(0(p) — 0(q)) " (n(r) = n(q)) = 0 & A,e(0) L, 42,.(0)
On geodesic triangles with right angles in a dually flat space, Progress in Information Geometry: Theory and Applicatiin:s



Statistical divergences between parametric models
= parameter divergences

Statistical divergences between densities of a parametric model F = {fs(x)}o
amount equivalently to (parameter) divergences between corresponding
parameters:

For whichstatistical modelsand statistical divergences
do we obtain 0;(8, : 6,) as aBregman divergence



Example 1: Natural exponential family models & KLD"
AParametric model & = {ey(x)}y with densities es(x) = exp (Zt 0) + k(a ))

AExamples of natural exponential families
A Exponential distributions (continuous): p.d.f. Ae ™™ >0

APoisson distributions (discrete): p.m.f. Pr(X=F) Nee™*
k!
AExamples of exponential familieswith density () = exp (Zt ~ F(0) +k-(:r'))

Gaussian distributions once reparameterized with natural parameters
O(A)=6(u,0?)

AWe have | Dy, e with Bregman generator:

the log-normalizer convex reaanalytic function Fe(0) = (/C‘{p Zt )0; + k(z)) dp(a ))

On aVariational Definition for the JenserShannonSymmetrizationof Distances Based on the Informatlon Radius, Entr¢p921



Example 2: Mixture family models & KLD

Alet 1, Po(X), --.,pp(x) be (D+2) linearly independentdensities

AMixture family M = {ms(x)}o with densities: Zmpl (1ZD:?_L) po()

AWe have:

A with the Bregman generator = Shannonnegentropy:

Fam(0) = /m.g(:r_'f) log me(x)dpu(x) Natural parameters

Usually F,,(8) not in closed-form...
But 2-mixture family of Cauchy distributions has closed-form!

The dually flat information geometry of the mixture family of two prescribed Cauchy components, arXiv:2104.1z



Bregman information geometry: Bregman manifolds
A Start from a potential function F(6)

Fg=V2F(6)

manlold 2~ A Get the dual potential function F'(n)

V-affine coordinate system 6 V™*-affine coordinate system 7 F g* — VZ F* (,r])

b=0P)  _ . . .
n=VF({®) - A Define the primal flat connection:
T =112

F _
b = 6(P) pubiiliy / : L'y, (0) =0 .
A Define the dual flat connection:

= 1) FF*ij (77) —0

Potential function F'(f) = » Dual potential function F*(n)

Legendre-Fenchel transform

. A Get the dual Bregman divergences
F(n) = supgee i n — F(6)} (or dual Fenchel-Young divergences)

The many faces of informatiogeometry, Notices of the AMS, January 20



In a Bregman manifold,
natural gradient = ordinary gradient for the dual parameter!

On a Bregman manifolglwe have
Iy(0) = VgF(Q) = V¢V F(0) = Vyn

Natural gradient vg Lg (9) . — Ie_l (9) V@ LQ (9)

wrt ©
= (Von) " VgnV, Ly (n)
— Vn L77 (77) Ordinary gradientwrt n

‘ Used in variational inference (VI)

Khan & D. Nielsen, Fast yet simple natugabhdient descent fovariationalinference in complex models, ISITA 2018

arxiv:1807.04489
A note on the natural gradient and its connections with the Riemannian gradient, the mirror descent, and the ordinary

gradient



Amari’s a-geometry of probability families
{(P,pg, PV %, P2V} cr struoture

AReguIar statistical parametric models Pi:{p9($)}gg@
(identifiable and finite positive-definite FIM)

pT% 1 (0):= Eo [(aga,-; + l%al-fa,-;) (a,l.n] .
[(0; z):=1og L(6; z) = log py(z)
A0-connection is FisherLeviCivitaconnection

Al-connection is exponential connectionflat for exponential families!

A-1 connection is mixture connection flat for mixture families!
NB: A dually flat is usually not @lat! (eg., normal manifolds)

Amari, Differential geometry of curved exponential familiegirvatures and information loss, Annals of Statistics (19¢

_ 8%
AAmari’s a-connections V




Chernoff information on exponential family manifolds

Probability of error in binary Bayesian hypothesis testing wrt MAP rule P = 9 nC(Pr.bs)
(equal prior, asymptotic regime)
_ —2 - _ o 1ar
INFORMATION C(Plj Pﬂ}) - 02]}}2 log (Z Pl (X)P (X)) C(Pj Q) B logag&%ﬁ:h/p (:E)q (.L)d!.-’(:{.‘)_
THEORY — D(PA*HPI) — D(PA*”PZ

C(Pay : Pay) = B(61: 615 ') = B(62: 613 ')

P* = Py; = Ge(P1. P2) N Bim(P1, P2)

m-bisector n-coordinate system

Probability simplex
Geometrically

Geodesic » Pr(x)P)y™*(x) exact!
. }\' p— —
exponential > v Pl(a) Py " (a) C(6y - 02) = B(6, : 0%,)
arc

Exponential family manifold

An information-aeometric characterization o€ hernoffinformation. |IEFEE Siaonal Processina | etters. 2



Chernoff information: Multiple hypothesis testing

Pn _ 2—nC(Pi* ,P;‘)

Probability of error: .

(equal prior) Closest pair

B with respect to
Chernoffinformation

N\ argmin C'( P;, P;)
i

Computational X Chernoff distribution between

Geometry! natural neighbours
Probability simplex manifold Exponential family manifold
KullbackLelblerVoronoi diagram Bregman Voronol Diagrams

Westover, Asymptotic geometry of multiple hypothesis testing, IEEE Trans. IT, 2008
Hypothesis testing, information divergence and computational geometry, GSI 2013, Springer LNCS
Bregman dronoi diagrams, Discrete & Computational Geometry, 2010



Challenge: IG/NGD for large-size hierarchical singular NN models!

Model: Py|©2) = TpTa ph62) (h2|02 hlL £(_|03.h2)

=+ sryaenel

E>0

; Ah,

y h.—-| 02 )—.hz—-{ o, |——y

o i 01| (0, :‘ P(0) :' ¥(03) > 3 N SU
Relative Fisher information matrjgelative NGD| ‘2o

a null curve
(equivalent models)

Sometimes you need to go through singularities!

Leaning Trajectory on Bottom Cone Leaning Trajectory on Top Cone Loss Curve

5 —— loss (cone model)

---— loss (stratifold model)
4
s \\ /'“\"--._“__ @ 3
__________ - _:..‘.'.:a_x

Semi-Riemannian geometry: Lightlike manifolds "5 m;\"'m 000

Epoch

Relative Fisher Information and Natural Gradient for Learning Large Modular Models, RLNIT
Lightlike Neuromanifolds Occam's Razor and Deep Learning, arXiv:1905.11027
TowardsModeling and Resolving Singular Parameter Spaces uStrafifolds, OPT2021, arXiv:2112.0373

(6,00;) € Rad(TM)




Fisher-Rao Riemannian geometry
VS
Amari’s dual a-geometry

AFrom_the viewpoint of statistical |
Invariance Fisher information metrids
unique (up to a scaling factor):

Riemannian manifoldvith Rao distance

AGiven a parametric statistical model, get
a dualistica-geometry

AFor exponential families and mixture
families, £1-structure yields Bregman
manifolds(dually flat spaceywith
generalized Pythagoras theorems

Fisher-Rao geometry
— Fisher-Rao geodesic distance

Dual a-geometry
— No default divergence



Thank you very much for your attention.

THE GRADUATE STUDENT SECTION

The Many Faces of
Information Geometry

Vg

Frank Nielsen

Information geometry [Amal6, AJLS17, Ama2l] aims at
unravelling the geometric structures of families of proba-
bility distributions and at studying their uses in informa-
tion sciences. Information sciences is an umbrella term re-
grouping statistics, information theory, signal processing,
machine learning and Al, etc. Information geometry was
born independently from econometrician H. Hotelling
(1930) and statistician C. R. Rao (1945) from the math-
ematical curiosity of considering a parametric family of
probability distributions, called the statistical model, as
a Riemannian manifold equipped with the Fisher metric

U, usually chosen as the Lebesgue mesure y; or the count-
ing measure U.), and consider a parametric family ? =
{P; : € € O} of probability distributions, all dominated

byu. Let pg(x) :== '"::;x) denote the Radon-Nikodym deriv-

ative, the probability density function of random variable
X ~ pg. By definition, the Fisher Riemannian metric g5
expressed in the 8-coordinate system is the Fisher informa-
tion matrix (FIM) of the random variable X: [gr]s := Ix(€)
with

Ix(6) = Bp, [s6(x)se(x)"],

WHATIS..

an Information Projection?

Orthogonal Projections as Distance Minimizers

In Euclidean geometry, the orthogonal projection ps of a
vector p onto a subset § as in Figure 1 can be defined
as the point(s) g of § minimizing the distance D(p,q)

from p to q. In general, the projection may not be unique:

for example, projecting the center of a unit ball onto

its boundary sphere yields the full boundary sphere.

However, the projection ps is always guaranteed to be
unique when § is an affine subspace.

Target distribution

s(x)

m-projection

maximum

likelihood

AMS Notices feature article, January 2022
8 pages + 1 historical poster

estimator

Frank Nielsen
Communicated by Cesar E. Silva

we use the notation D(p : g) to highlight the asymmetric
property of information distances and call D(p : gq) a
divergence, assumed to be infinitely differentiable.

Here the word “divergence” is not to be confused
with the divergence operator from calculus. Similar to
the Euclidean case, an information projection of p € M
onto S C M can be defined by minimizing the divergence
D(q : p) for g € S. Since the divergence is asymmetric,
we define a dual divergence D*(p : q) = D(q : p).

AMS Notices, March 2018
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Fisher-Rao manifolds: Interpreting the inner product

A(M,g.): Riemannian manifold equipped with the Fisher informationmetric
Alnner product at tangent pland, expressed using the metric tensor g:

(v1, ’Uz>p = |u1. [Ju ()]s [’Uz}s using basis B {€1....,ep}
<’U1 U >p — F’Uli; {J?J (p)hgf [’Ug}gr using basis — {91 €D}
Alnterpret backtangent planesand inner productfrom statistical viewpoint:

Vector expressed using score functions

D
o — Z VoLl () lo(x) = log pe(x)
Basis wrt 1-resp: By = {0ils(x),. .., ,Oplg()}

Fisher-Rao inner product as expectatiorn

e = Os 10%179( _

nga(ﬂf)

FisherRao manifold

Other basis: o-representationswith inner product expressed as o-expectations



Other information metrics

AEnergetic information metric
AWasserstein information metrics [LL.Z 2019]

Ac-entropy metrics (e.g., entropy metric of order a) [AR 2008]

Adrian & RangarajanInformation geometry for landmark shape analysis: Unifying shape representation and deformation,
IEEE TPAMI 2008

LightlikeNeuromanifolds Occam’s Razor and Deep

Learning, ar Xi v: 190
Li & Zhao, Wasserstein information matrixdrXivpreprint arXiv:1910.11248, 2019



Bhattacharyya arc: Likelihood Ratio Exponential Family

ABhattacharyya aror Hellinger ardnduced by two mutually absolutely
continuous arbitrary distributionsp and q (same support X ):

1—A A
_ _ N (@)q () TR Y
E(p.q) = {p,\ () = 720 A€ (0, 1)} Z\ (p.q) = /xp (x)q" (x)dp(x)

AStrictly convex log-normalizer F(A) (i.e., Z is strictly log-convex)
ABhattacharyya arc (geometric mixtures) = 1D exponential family:

oy Mot (@) Loglikelihood sufficient statistics:
el = T pi(x)
— pole) exp (A log (pl(“””) 108 Z8(p, q>) | po)
Pol) Base measurds p,  k(z) := log po()

DBy ) = —tog ([ p " )auto)

Generalizing the Geometric Annealing Path using Power Means, 2021
Likelihood Ratio Exponential FamilieeurlPSNorkshop on Deep Learning through Information Geometry 202



Metric tensor using covariant/contravariant notations

.’172
2-covariant metric tensoiin local coordinates: (1.6} = 5
72 A
g9i;(0) = V-F(0) M

Dual metric tensoiin local coordinates: Reciprocal basis
AT — KU\ XT2 (.
g”(n) =g""(n) = VF"(n)

Cr o u zigentitg:x ¢f Hessians of convex conjugates= Id:

V2F(0)V F*(n) =1

An elementary introduction to information geometry." Entropy 22.10 (2020)




Structured natural-gradient descent (Struct-NGD)

AConsider the general optimization problem ‘ 0
min ﬁ(’?‘) = Eq(w|r) :g(W)] -+ ’YEq(Wh) [log q(’LU|T)]

7€),

AStandard natural-gradientldescent (without structure):
Tir1 < Tt — B [FT(Tt)] V. L(T)

- Standard NGD

ANatural-gradient descent preserving structureusing local parameterization

At+1 < o, (1m0 — 5@5;?)
Tt4+1 < ¢(At+1)

with

g

(t) _
7o

(o) * [V [% 0 éa,(0)] VL(T)]

Aworked examples on matrix Lie groups and applications: generalizes NGD & xNES evolutionary
strategy, recovers Newton-like algorithms, obtained new structured second-order algorithms,

etc.

Li et al., Tractable structured natural gradient descent using local parameterizations, ICML



4-parameter identity of Bregman divergences
AParallelogram identity

Bp (6, 0) + Bp(fy - 0) = By (91 0 ;92) + By (92 . “’2) + 9By (91;92 :9)

2

______________________ ‘o
0 02
BF((91:9)—|—BF(92 =Bg (91 —I—BF —I—QB
Aln Euclidean geometry:
2 2 2 2
2B 2B = ACH BD 21017 + 21011 = 161 — 62> + 161 + 2]

On geodesic triangles with right angles in a dually flat space, Progress in Information Geometry: Theory and Applicatitins



Class of Bregman generators modulo affine terms
& KLD between exponential family densities expressed as log-ratio

ABregman generators are strictly convex and differentiable convex functions
defined modulo affine terms: B=B;Iff. FQ)=G@)+A0 +b

AChoose for any w in the support of the exponential family the Bregman
generator: Fu(8) = — log(pp(w)) = F(6) — (87 t(w) + k(w))

-

-~

affine term in @

Computing Statistical Divergences with Sigma Points. GSI 2021
Cumulantfree closedform formulas for some common (dis)similarities between densities of an exponential family,
arXiv:2003.02469



Chordal slope lemma & Jensen/Bregman divergences

Jensen
Divergence (JD)

_ slope(T'p, ) < slope(|P, P|) < slope([P, P2]) < slopel | PP
J""FE”LJ"'._

0 . F(8)=F(8,) F(#3)—F(8,) j
F'(6,) < 0—1, < -0, <

F(6) — F (6,) F(62) — F (6,)
«(6 —6,) (62 —6,)

(62, F(62))

v PE -

Py = (01, F(6)) ®
' F(0) —F(6;) < a(F(62)—F(6)))

P=(0.F0)

: 0= 01-a) +“92§ a«(F (02) — F(6,)) — F(0) + F(6;) > O,
o : P g
l E J§(61:62) := (1 —a)F(6;) + aF(62) — F((1 — a)f; + ab>) > 0.
Bregman
Divergences F(62) — F(6;) _ ., F(62) — F(61) — (62 — 6,)F'(6,) > 0,
BDs): =g =P WP re)-Fe) - @-0F@) < o

1

BD as a limit of a scaled JD: Br(0; : 02) = &15}1 ol —a) Jralbh 1 02)  [EIG, Entropy 2020]




Bregman manifolds vs Hessian manifolds

AHessian metriavrt. a flat connectionn. function is 0-form on M:
Riemannian Hessian metric when ¢ = VQFM

AHessian operator{V>Fu) (X.Y) := (Vxd) (Fy(Y)) = X(dFy(Y)) — dFy; (VxY)
82FM I 8Fj'.,j 2 ‘ ‘ 82FM‘
— — [ VFM(()mijdmj): ————
daxtdad Ok dx'da’
ABregman manifoldgeometry on an open convex domain:

Here, N = gradient Here, N, N = affine flat connections

g(0) = V*F(0) wmmmm) V : T,.(0) =0
g*(n) = V2 F*(n) ‘ V* o IR =0

N., On geodesic triangles with right angles in a dually flat space, Progress in Information Geometry: Theory and Applice
Springer, 2021

HESSIAN STRUCTURES

V2F) (0, 0,) =




Rao’s distance between 1D normal distributions

Fisher information metric becomes the Poincare upper plane metric
after scale change of variable

25

. Poincaré upper space
FIM of normal distributions 2ol
! 1
5 0 oz 0
a5t — dp? +22da2‘ [
a .
dF{(#lrgl)? (#2?02)) N \/f:)dH ((#_IHUI) : (“_2-02)) X =OW ==K =R n ToAm 4nm .
V2 V2 Pseudo-sphere
dist(( O ) = n(14 (zo — z1)° + (2 — y1)° partial .embeddlng
St{{ZL1,Y1/),{T2,Y2,) = aArcos 07 i R3

On Voronol diagrams on the informaticgeometric Cauchy manifolds, Entropy 22.7 (202



F(8)

lllustrating the Legendre-Fenchel transformation

AlLegendre-Fenchel transformation also called the slope transform

%0 %e*(theta 1)+%e | F*(n) = Hl]]J{HTI; — F(0)} 2 _! Ieta’*"'It:ht_:l;(etajl-elta
50 - ; %e theta fee eta-%e
40 : 3
30 E i
20 POINES LINES ) & gL
10 1
0 : -2
-10 | i | | | 3
-2 -1 0 1 2 3 4 0 1 2 3 4 5
6 F(0) = exp(d) n
n = F'(0) =exp(d)
9 = F'H ) =logn = F*(y)

F*(n) = 6n—F()=nlogn—rn

(Here, F was chosen as the cumulant function of the Poisson distributions)



Approximating geodesics for MVNs: geodesic shooting

Algorithm 1 Shooting method for minimal geodesics on N (n)

Given: Initial point Py = (ug, Zp). final point P; = (1, X).

Output: Minimal geodesic P(r) = (u(t), (1)), t € [0, 1], such that P(1) = (i1, X).

Initialization: Choose initial velocities V (0) = (y1(0), >(0)) (e.g., zeroes), initial values for € (1075), error = 106.

while error > € do

Numerically integrate the geodesic equations (13), (14) for given initial conditions (. Zo. fto. o) fromr =0tor =1 %

Denote the solution by (u(1), X'(1)):
Set W(1) = (W, (1), Wx(1)) = (1 — p(1), 21 — Z(1));

Calculate error = |W(1)| p, = \/W,,(I)T}:l_l W (1) + ez W (1)2);
Numerically integrate the parallel transport equations (18) and (19) for given trajectory (u(r), X'(r)) and final veloci

ties W (1), backward in time fromr=1tor=0;

Numerically calculate Jacobi field J(1) from (22),
expp (V(0)+aW(0))—expp (V(0))
J(1)= L = &
Determine proper update size s:
— (W(D).J(D) pyy
17D,
if |[W(D|lpy > 0.05 then
s =0.05/[W (Dl pays1;
else
s=351;
end if
V(0) < V(0) +sW(0);
end while

, where « is sufficiently small value and we use
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ODE with boundary value condition

Minyeon Han - F.(Rark, DTEegmentation and Fiber Tracking Using Metrics on Multivariate Noratributions, 2014

Calvqg Miquel, andJosepMaria Oller. "An explicit solution of information geodesic equations for the multivariate norma

model." Statistics & Risk Modelin§.1-2 (1991): 119138.



Symmetrized Bregman divergence: Geometric reading

n=VE®) A VF() = VF*~1(9)
m
T2
6 .
0o _ 04 _ *
2 0, — By J 0 = VE*(n)
Bpr(6,:05) = ) Bp (601 : 63) + Bp (03 : 67)
Br (61 :62) + Bp=(n1 : 12)
Bp«(m2:61) = (61— 62) " (1 — o)

[arXiv:2107.05901
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Abstract: In this survey, we describe the fundamental differential-geometric structures of information
manifolds, state the fundamental theorem of information geometry, and illustrate some use cases of
these information manifolds in information sciences. The exposition is self-contained by concisely
introducing the necessary concepts of differential geometry. Proofs are omitted for brevity.
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