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Rationale

« Need to define statistical dissimilarity measures D(p,q) between statistical

models p and g in statistics and machine learning: for example, total variation
distance, Kullback-Leibler divergence, Wasserstein, Maximum Mean Discrepancy, etc.

« Infer models from a statistical model P={p,}: estimate 8 and measure
goodness-of-fit from data (empirical distribution)

- Statistical dissimilarity measure between parametric models P={p |
amount to dissimilarity between parameters:

D(po,,po,) =: Dp(61,65)
* |n this talk, we investigate some relationships between

, , and their
underlying



Outline

« Kullback-Leibler divergence, exponential families, and Bregman
divergences

Dual information geometry of convex functions

Backgroun

« Two normalizations of exponential families: antor
functions, and their relationships with parameter divergences:

1. well-known: Bhattacharyya distances/Rényi divergences and skewed
Jensen divergences with respect to cumulant function

2. New:a-divergences and skewed Jensen divergences with respect
to partition function of exponential families

« Comparative convexity, quasi-arithmetic means, and convex
deformations preserving convexity

« Some generalization of Bregman divergences yielding conformal
Bregman divergences
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Kullback-Leibler divergence: relative entropy

« The Kullback-Leibler divergence (KLD) is a dissimilarity measure between
probability distributions or measures P and Q :

DKL(PZQ):{ fploggd,u., p_%j_ = 3. P<<Q

« KLD fails symmetry and triangle inequality of metrics but is always non-negative, a
property known as Gibbs’ inequality:

Dxr(P:Q) >0, DxnL(P:Q)# Dki(Q:P), Dxn(P:Q) <« Dkn.(P:Q)+ Dk(Q : R)

« KLD also called relative entropy because it is the difference between the cross-
entropy and Shannon entropy:

DKL(P:Q):HX(P:Q)—H(P).HX(P:Q):—/plog,qd,u-,H(P):HX(P:P) :—/leogpcl;L-

 Interpretation of KLD in information theory: expected difference of the number of
bits required for Huffman encoding of P using a code optimized for Q rather than
the Huffman code optimized for ~



Exponential families: Discrete/continuous/measures

« A parametric family of distributions {P,} all dominated by a measure p is an
exponential family iff the densities wrt y can be expressed canonically as

pa(z) = exp((B(N). t(x)) — F(O(N)) + k(z))
1
+ 0 is natural parameter = 70 exp ((0(A). t(x))) h(x)

e t(x) is sufficient statistics, and k(x) or h(x) is an auxiliary carrier term
« Inner product (e.g., scalar product for vectors, tr(AB) for symmetric matrices)

 Unnormalized density: palx) = exp ({(#(N),t(x))) h(x), pe(z) =exp ((#,t(x))) h(z)
Subtractive normalization:  F(9) =log Z(6) = log / Fo(x) dps(z)
Divisive normalization: *

Z(0) =exp(F(#)) = / po(x) dp(x)

X
F called cumulant function in statistics
F called free energy and Z called partition function in thermodynamics



Fxponential families (EFs): Some examples

« Many common distributiong in statistics are exponential families in
disglise (common support) i e

| Parametric

Exponential families |

pa(z) = exp((0(A).t(x)) — F(6(A)) + k(z))

_ Z(la) exp ((B(N), t(2))) h(z)

[ Multinomial | | Dirichlet | | Weibull |

« Many statistical models in machine learning are exponential families:
undirected graphical models, ener%y—ba_se models including Markov
random fields and conditional random fields:

> Normalizers F or Z are often computationally intractable



KLD between two densities of an Exp. Fam.

e Bypass integral calculations of KLDs, and express the KLD
as a divergence between parameters: Bregman divergences

jr}g I'Uu.[:] = i‘\]‘l{{H{}\}f{;]} _fiﬁ[}t”—k ﬁu(r]l]
Dxr(pa i px2) = Dxu(po, :po,) = /Pel lcrg;p—ldy.
62

= DBrp(#2:01) = Br(f(A2) : 0(A\1)) y
= F(0) — F(01) — (02 — 01, VF(6y))

B

Geometric interpretation of BDs:
BF(Hl . 92) == F(Ql) — ng (51)

Ty(w) := F(0) + (w— 0)F'(0) (61, To, (61))

- Dual expectation/moment parameterization: 7= VF(0) = Ep,[t(X)]

 Many equivalent parameterizations of EFs:  Px <7 Poa(x) <7 Py(o)
N(u,o0), N(u,o02), N(u,log o), etc



Exponential family of univariate normal distributions

Usual parametrization A = (u,0) or (u,02): e

1.0

[I=0, 0%=02,—

1 () . £ o

. — Ty I [=0, 02=5,0, mml ]
Density: DH,O(X) = e 2\ 7 : i3, @

g 2?1' 06|

(@) = exp (V). () — F(O(N) + k(z))
— g (OO H) A |

Normal family N={p , }:

Auxiliary carrier term k(x)=0, h(x)=1 with respect to Lebesgue measure k| p

PR 2 2

M Equivalentzl e dnl) S G G
2 0'2 0'2 0'2
BD 2 2 2

Sufficient statistic: t(x)=(x,x2) . Mahalanobis2+Itakura-Saito

0
Natural parameters: 0 = <; _Tc?> natural parameters unique up to affine transformations
(6,)° 1 1

Log-normalizer F: F(0) = — — —In(—6y) + 5 logm™  constant can be added/subtracted with k(x)



Discrete Kullback-Leibler divergence:
A non-separable Bregman divergence

* The KLD between two categorical distributions a.k.a. multinoulli amounts
to a non-separable Bregman divergence on the natural parameters of
the multinoulli distributions interpreted as an exponential famlly

)“1 y 1"‘;.‘
f?,k:(p}w“"p,k th 1 0" _log)k ae{l,....D=d—-1} VAR
i=1 .r’{. . L ::"‘:l
DiLpa, : Do) = Z A\l lﬂg —: Bp,, (6, : 0) SO TN
i=1 |
Fx(6) = log(1 + Z exp(#;)) =: LogSumExp_ (04, .. .. 0p)
i=1

LogSumExp is only convex but LogSumExp, is strictly convex [N+ 2019]

[NH 2019] Monte Carlo information-geometric structures, Geometric Structures of Information, 2019.
Guaranteed bounds on information-theoretic measures of univariate mixtures using piecewise log-sum-exp inequalities, Entropy, 18(12), 2016



Convex duality: convex conjugate pairs (F,F*)

- Legendre-Fenchel transformation of a function:
as known as slope transform: F*(T]) = Sup <9 '77> - F(Q)
e

« Supremum reached for n = VF(0) : defines the gradient map
« Moment parameter space: H = {(VF() : 00O}
» Restrict F to Legendre-type function (F(4),©) so that
the convex conjugate is also of Legendre type: (F*(n),H)
§=VE*(n) o n=VF(@®),VE*(VE(®)) =0
* And we have: § = VF*(n) and F*" = F reciprocal gradient: vF =vr)
* Legendre transformation:
only need to invert VF




Dual Bregman divergence/Fenchel-Young divergence

 Bregman divergence can be expressed equivalently as
a Fenchel-Young divergence using the convex pairs:

Bp(th :02) = Yp (61 :m2) = F(01) + F*(12) — (01.72)

» Dual Bregman divergence: Br(f1:62) = Br-(n2:m)

« KLD between densities of an exponential family expressed equivalently as:
Dxr(px, :Pxy) = Dxrn(pe, : poy) = / Do, log%dﬁ-
2
— BF(H()\Q) . !9()\1)) — BF(QQ . 91) — ijpx(ﬁg . 771)
= Bp«(m1:12) = Y« p(i 1 02) @
® @



Information geometry: Dually structures

» Riemannian metric g is smooth inner product on a manifold which allows to
measure vector lengths and angles between vectors in tangent spaces

 Affine connection V defines how to connect vectors between infinitesimally
close tangent spaces. Affine connection defines V -geodesic as autoparallel

CUrves

Differential geometry

* Information geometry considers dual structures: A manifold M equipped with
a Riemannian metric tensor g and dual torsion-free affine connections V
and V* coupled to the metric so that the Levi-Civita connection wrt g is

(V+V*)/2: Structure M,g, V,V*)

» Information geometry induced by @ statistical models {p 4}, @ information
geometry induced by divergences, 3 information geometry induced by
convex functions, @ information geometry induced by regular cones, etc.



nformation geometry of convex functions:
Dually flat spaces, global Hessian manitfolds

« An affine connection V is flat if there exists a
coordinate system @ called V -affine coordinate
system such that the Christoffel symbols [ vanish

’rimal geodesic ",-v - . T
12T ATITNLATL gf_‘{ldf_‘ﬁﬂ{f b

« V-geodesics are straight lines in 6 -chart
.

Dual geodesic ~

« Hessian metric tensor g expressed in 6 -chart as

v 2':( 9 > V-affine coordinate system 6 V*-affine coordinate system 7
' ﬂj:ﬁﬂfj'ﬁ=?f?(ﬂj [
' ' ' - e =)
e Legendre dualitg vields dual expression of Hessian E/m 6= VF*(n) /
metric VZE*(U and dual affine flat connection | —
V" with V' -geodesics straight in np -chart HEEEE T

Potential function F'(#) Dual potential function F*(n)

e Dually flat space DFS(F(8), 8)=(M,g, V- V")



Canonical divergences of dually flat spaces:
Dually flat divergences

 Given a dually flat space (M,g,V:V "), we can reconstruct locally two
potential functions F( 8 ) and F*(n ) related by Legendre-Fenchel
transtormation

» The dually flat divergence Dy - (P:Q) can be expressed using the
mixed coordinate system 6 and n as a Fenchel-Young divergence or
equivalently using dual Bregman divergences either in the 6 - or n -

charts Dy v-(P:Q) = Ypp-(0(P):1n(Q))
= Br(0(P):0(Q))
= Bp-(n(Q) : n(P))
= Yp- r(n(Q) : 0(P))

DFS(F(6).©) = DFS(F(#),0). F#)=AF@)+a.0=DB6+b ‘

Legendre-Fenchel t
VfﬁlG<—>Vfﬁh




Canonical divergence of cumulant functions
amount to statistical reverse KLD: Br®: : 6:) = Dz (96, : po,)

. o * .
Usually, in Statistics/ML, we prove =: DKL(pé‘l : pﬁ’z) = Bp (91 :
where D* is dual divergence: D*(p:q) = D(q: p)

Let us prove < from information geometry of canonical divergence of DFS(F(8), e)

92) — BF(QQ . 91)

@ F*(n) = Ep,[logpg] = —H (pe): @ (01.m) = (61,Ep, [x]),
H(ﬁﬁ) — _Ep& []Dgp3]1 — EP32 :(91: I.')] - EFE? [I‘Dgﬁﬁl (:If)],
= —Ep,[(6,2) - F(0)), = Epa, logpo,(2) + F(O1)),
— F(0) — (0, E,,[z]), = Ep,, [logpe, (z)] + F(61).
— F(G) o (91??}:
= —F*(n).
® D(pg, :ve,) = Yrp=(01:m2) = F(01)+ F*(12) — (01,m2),

= F(01) — H(po,) — Ep,, [log pe, (z)] — F(61)
= H”(pe, : po,) — H(pg,)

= Dxvr(ps, : ps,),

= D (po. : po.).



Canonical divergence of cumulant functions
amount to statistical reverse KLD:

DKL(pé?l 11)92) = BF*(91 : 92) = BF(92 : 91)

We reconstruct Kullback-Leibler divergence by relaxing to arbitrary densities
BF(Gl . 92) — Dih{L(pﬁl :pﬁz) = KLD

Interpretations:

e ['(#) is the cumulant function (also called free energy in thermodynamics),

e ) =VF(0)=E,,[t(z)] is the moment of the sufficient statistic,

e ['*(n) = —H(pg) is the negentropy, and

e 0 = VF*(n) are the Lagrangian multipliers in the maximum entropy problem



Natural parameter space © of Exp Fam is convex

Proof. Let © denote the natural parameter space:

8= {0 : Z(0) = /exp((G,x))dp < oo} = {0 : F(9) = log/cxp((G,:z:))du < oo} .

Let 6p,0, € © and consider 6, = 0y + a(f; — 0y) for a € (0,1). In order to show that © is convex, we need
to prove that 6, € 0, i.e., Z(0.) < oo. We have

/ exp((B 7)) dp(x) / exp((afo, 2)) exp({(1 — )01, z))dp(z),

- / (exp((B. 7)) (exp((81.2))* ™ dp(z). (31)

Now, recall Holder inequality for positive functions f(z) and g(r) with conjugate exponents p and ¢ in
[1,00) such that % + % =S 3

i i

[ f@a@antz) < ( I f”(r)du(w)) : ( / g"(w)d#(ﬂ:)) %

Consider f(z) = (exp({fp.z)))* and p = £ > 1 and g(z) = (exp((6y.2)))' ™™ with ¢ = 2= > 1 (we
check that % + % =a+ 1—a=1). Thus we upper bound Eq. 31 using Hélder inequality as follows:

l—-a

[ e dute) < ( [ exp(@n,naute)) ([ ew(@andu) <o, (32)

since both [exp({fp,z))du(z) < oo and [exp({fy,z))du(z) < oo because #y and #; both belong to ©.
Hence, we have shown that O is convex. O



Partition function Z exp(F( 8)) is strictly log-convex
Cumulant function é?g )—\c?g /(6 ? iS stnct\}}// Co%vex

When we proved that natural parameter space is convex, we had
[ exp(0.a)) duto) < ([ expl@0Nant@)) ([ explnahanta) <o

That is for short: Z(0a) < Z(00)* Z(01)' . (Z=partition function)

Take the logarithm on both sides: log Z(0a) < log (Z(00)* Z(61)"°)
F{{}:Sg + (1 — {1)91) ﬂ (_I{F(Hg) + (1 — Q)F(gl)

F is strictly convex since Eq. iff 6,= 9,

Definition: A function Z is stricty log-convex is log Z is strictly convex

= 7(0)=exp(F(0)) is strictly convex because F(8) strictly convex:



Property: A log-convex function is also convex
(but not necessarily the converse)

Proof. By definition, function Z(#) is strictly log-convex if and only if:

V0o # 01, Z(aby+ (1 —aby)) < Z(60p)™ Z(6,) . * (3)

i.e., by taking the logarithm on both sides of the inequality, F' = log Z is strictly convex:

Strictly convex C' function

V0o # 01, logZ(aby+ (1 —a)fy) < alogZ(by)+ (1 —«a)logZ(6,),
& Flabh+(1—a)f) < aF(6)+ (1 —a)F(6,).

strictly
log-convex function

Z =éFf

log-concave

Since f(x) = exp(z) is strictly convex (because f”’(z) = exp(x) > 0), we have for all a € (0, 1):

flaF(6) + (1 — a)F(6h)) < af(F(bo)) + (1 — a)f(F(61)).

Letting F'(f) = log Z(f) in the above inequality, we get:

log F'(6)

exp(alog Z(6y) + (1 — a)log Z(61) < aexp(logZ(6y)) + (1 — ) exp(log Z(61)), (4)
Z(00)* Z(61)' ™" < aZ(fo) + (1 - )Z(6h), (5)

and therefore we get from Eq. 3 and Eq. 5:
YOy # 0., Z(aby + (1 —aby)) < Z(00)* Z(6)' ™ < aZ(By) + (1 — a)Z(6,). (6)

That is, Z is strictly convex.



Sregman divergences Br_j,, 7 and B;_.,, ¢

Bz (6, :05)

Biog z(01 : 62)

Z(0y) — Z(02) — (6 — 02,VZ(0,)) =0,

SEIROES

And furthermore, we can define skewed Jensen divergences from the
convex generators:

JE:H [:S]_ : gg)

Jlu::g A [:91 : gﬂ)

aZ(0)+ (1 —a)Z(0;) — Z(aby + (1 — a)bs) > 0,
Z(0:1)"Z(62)"
Z(ab) + (1 — a)bs) 2 0.

log

Including the symmetric Jensen divergence when a=1/2:

F(0,) + F( 01+ 6
(B ) = I 0 On) = (1)2 (a)_p(lz 2)




Bhattacharyya distances and Rényi divergences

e Question: If KLD between EF densities = B*, to what statistical
divergences correspond Jg and J (7

« Define scaled skewed Bhattacharyya distances:

1
a(l —

)log/'p ¢ "%dp, acR\{0,1}

. . Dy (p:q) = 2Dra(p:q)
which are scaled Rényi divergences: 1

Dra(p:q) = &_110g/p g~ *dp
Scaling by (1/a(1-a)) allows to unify KLD with Bhattacharyya distances:

—at=ay log [P Tdp, o € R\{0,1},

s Dxw(p : q) a=1
D N : = KL 3 3

Balp:4) 4 Dp(p,q) a=3,
. Dxr"(p:q) =Dxu(g:p) a=0.

D .(p:q) =~




Bhattacharyya distances and Rényi divergences
between densities of an exponential family

Proposition 4 ([32]). The scaled a-skewed Bhattacharyya distances between two probability densities pg,
and pg, of an exponential family amounts to the scaled a-skewed Jensen divergence between their natural
parameters:

D} . (po, i pe,) = Jpo(61,60).  Cumulant functian)F

Proof: consider the a-skewed Bhattacharyya similarity coefficient:
pa(po, 1 po,) = /exp((ﬁ'h:ﬁ) — F(61))" exp ({2, 2) — F(02))" " dp,

= fexp((a&'l + (1 —a)bs),z)) exp(—(aF (1) + (1 —a)F(602))) dpu.

Pa(Po, : Po,) = exp(—(aF(01) + (1 — a)F(6,)) exp(F(0)) / exp((0,z) — F(0))d.

Pa(Po, : po,) = exp(—Jpa(by : 02))



Overview of classical statistical/Jensen divergences

Normalized densities pg = exp(xz -0 — F(0)) = Exg(gjg

Scaled Rényi a-divergence or a-skewed Bhattacharyya distance

D% o (po, 2 Pos) = 2Dpr.o(po, : o) = Jpo (61 : 62)

— VT

o — 0 Q=3 a— 1

\ \ v

Reverse KLD 4 Bhattacharyya distance KLD
Dx1." (pe, : Po,) = Br (b1 : 02) Dxu.(pe, : po,) = Br™ (61 : 62)

4Dpg(pe,:po,) =4 Jr(01,62)

Bregman 4 Jensen Reverse Bregman



-xtended Kullback-Leibler divergences between
unnormalized densities: Bregman divergence B,

st

Extend KLD to unnormalized densities: Dxw(p : §) =/ (ﬁlogg +Ez’—ﬁ) dp
Dia(p:d) = H™(p:0) - HP) H*(ﬁ:é)=/(ﬁ<x)log$ +é<m)) dp(z) — 1
Reverse extended KLD: Di.(p: q) = Dxr(q : p)

Duc (s :50) = [ (o) 108 25 4 @) — oy (&) ) ),

= / (B<t($)191)<91 — 0y, t(z)) + e't®)02) _ e<t($):91}) du(z),

= </t($)8{t(m)’gl}dﬁ($),91 — 92> + Z(QQ) — Z(Ql),
= (91 — QQ,VZ(Ql)) + 2(92) — Z(Ql) = Bz(92 : 91),

VZ(0) = | t(x)po(z)dp(z)



KLD between arbitrary positive densities

Dku(p:q) = H*(p:q)— H(p).
= /(ﬁlnggﬂi—ﬁ)dﬂ,

Consider arbitrary densities (not necessarily exp fams): p(z) gj q(z) = Z,

- YA
Dxr(p: q) = Zp (DHL{;B' 1 q) + log p) +Zq — Zp.

z
H*(p:q) = Z,H*(p:q)—Z,logZ,+ Z,— 1,
H(p) = Z,H(p)— Z,logZ, + Z, — 1,

Above formula when specialized to densities p and g of exponential family:

DKL(ﬁﬂl :ﬁﬂg) — (91 — 92,VZ(91)> + Z(QQ) — Z(Ql) = Bz(92 ; 91)



a -divergences between unnormalized densities
« Statistical a-divergences between positive measures:

(s J (@ + (1 —a)g—p*¢ ) dp, a¢{0,1}
- Diy,(P: q) = Dku(q : p) a =0,
D,(p:q) = 4 KL - 1
(7:0) 4 D3 (P, q) a =1
L DKL(ﬁ:tj) a = 1.
 When considering unnormalized exponential family densities:
ﬁjz,a(el : 92)? & g {0'} 1}
~ ~ Bz(91 192) C]f:o: mg .
Dq(po, : po,) =
(Po. <o) = 47 (0,.0,) a—1 Partition function Z
BE(Q:{ . 92) = Bz(f)z . 91) a=1

Proposition 5. The a-divergences between unnormalized densities of an exponential family amounts to
scaled a-Jensen divergences between their natural parameters for the partition function:

D (po, : po,) = J7 o(01 : 02).



Overview of divergences between
(un)normalized EF densities

Statistical divergences between densities of an exponential family &

Normalized densities pg = exp(x -6 — F(6)) = % Unnormalized densities pg = exp(x - 0)
Scaled Rényi a-divergence or a-skewed Bhattacharyya distance a-divergences
B.a(P01 : P0,) = 2 DR.a(Poy : Po,) = Jpo (61 : 62) Do (po, : Po,) = J7 (01 : 02)
— < .

; ; ; ' ' '

Reverse KLD 4 Bhattacharyya distance KLD Reverse KLD 4 squared Hellinger divergence i p

Dyxv1"(ps, : pe,) = Br(b1: 02) Dx1r(pe, : po,) = BrF™ (61 : 62) X X
DxvL"(pg, : po,) = Bz(01: 62) Dkv(pe, : po,) = Bz" (01 : 62)
4Ds(po,,pey) = 4Jp(61,62) 4 D2 (pg, . pe,) = 4Jz(61,602)
Bregman 4 Jensen Reverse Bregman Bregman 4 Jensen

Reverse Bregman

F: cumulant function /free energy Z: partition function/Laplace transform



KLD between normalized and unnormalized densities

Dxv(pe, : pe,) = Br(02:601)—logZ(02)+ Z(02) — 1,
= Z(02) —1—F(6) — (2 — 61, VF(62)),
= Bz_1,r(62—6,). with Z(0) — 1> F(0)

where we generalized Bregman divergences to duo Bregman pseudo-divergences:
JB'J[:'LF2 (91 . 92) = Fl(gl) — Fg(gg) — (91 — gz,VF2(92)>

- t F(6)
with F1(0) = Z(0) — 1 and F5(0) = F(0)




Comparative convexity: (M,N)-convexity

« Definition: A function Z is (M,N)-convex iff for in a in [0,1]:
Z(M(z,y;0,1 —a)) < N(Z(x), Z(y); o, 1 — )
« Ordinary convexity: (A,A)-convexity wrt to arithmetic weighted mean
Alz,y;0,1 —a) = az + (1 — a)y
. Log-convexity: (A,G)-convexity wrt to A/geometric weighted means:

¥

G(:I:,y;-a:} 1 —a) =z~



Comparative convexity wrt quasi-arithmetic means

« Kolmogorov-Nagumo-De Finitti quasi-arithmetic mean for a
strictly monotone generator h(u):

My (z,y;0,1 —a) = h™ ' (ah(z) + (1 — a)h(z)).

 Includes power means which are homogeneous means:
M,(z,y;a,1 —a) = (axf + (1 — &)yp)f% = My, (z,y;0,1 —a), p#0

hp(u) = 54 hyY(u) = (14 up)”

p p
Include the geometric mean when p—0




Deforming convex functions with comparative convexity

Since log-convexity is (A = Miq, G = M), )-convexity, a function Z is strictly log-convex iff log o Z oid ™! =
log oZ 1is strictly convex. We have

We consider deformations with two strictly monotone functions which preserve
convexity and thus induces family of Bregman and Jensen divergences,
and families of dually flat spaces:

(p, 7)-deformation
F=710Zo0 p_l =
™ g ~ _ (p~ 1, T_lj—defﬂrmati:}n ™ g _

(M,-1, M, _-1)-convex when Z is convex (Mp, M+)-convex when F' is convex

ZZT_IDFGp

Deform both (1) the function F (by 1) and (2) the argument 8 (by o)
by considering functions Z =t 1(F(0))



Generalizing Bregman divergences with
(M,N)-convexity

« Skew Jensen comparative convexity divergence:

Definition: | Jpe, (p: q) = Na(F(p), F(q)) — F(Mu(p,q)).

Non-negative for (M,N)-convex generators F provided regular
means M and N (e.g. power means)

Definition 5 (Bregman Comparative Convexity Divergence, BCCD) The Bregman Comparative
Convezity Divergence (BCCD) is defined for a strictly (M, N)-convex function F': I — R by

B (p:q) = lim ﬂ,(ll_ 5y /Fe (i) = lim &(11_ o Na(F (). F(@) = F(Ma(p.a) | (31)

Analogy to limit of skewed Jensen divergences amount to forward/reverse Bregman divergences.



Generalizing

Bregman divergences with

quasi-arithmetic mean convexity

Theorem 1 (Quasi-arithmetic Bregman divergences, QABD) Let F': I C R — R be a real-valued
(M,, M;)-convex function defined on an interval I for two strictly monotone and differentiable functions p
and 7. The quasi-arithmetic Bregman divergence (QABD) induced by the comparative convezity is:

_17(F(p) —7(F(a) plp) —pla)

By (p:q) = F'(q). (45)

' (F(q)) r'(q)

Amounts to a conformal Bregman divergence:

BY(p:q) =

1
7' (F(q))

Ba(p(p) : p(q))

Conformal factor .. G(z) = T(F(p~1(z)))

Remark: Conformal Bregman divergences may yield robustness in applications
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Kullback-Leibler divergence: relative entropy

Exponential families: Discrete, continuous, measures

KLD between densities of an EF

Information geometry of convex function: Dually flat space
Information geometry of divergence

Bhattacharyya distance and Rényi divergence

Jensen divergence

Overview of classical divergences

Partition function is log-convex and hence convex

Bregman divergence wrt Z: KLD between unnormalized EF densities
Jensen divergence wrt Z: alpha divergences

Overview of divergences between (un)normalized EF densities
Comparative convexity

Comparative convexity wrt quasi-arithmetic means

Deforming convex functions wrt quasi-arithmetic generators
(M,N)-Jensen divergence

(M,N)-Bregman divergence

Equivalence with a conformal Bregman divergence

Power Bregman divergences

Conclusion



Information geometry & Bregman divergences

* Bregman divergences are canonical divergences of dually flat spaces
(Bregman manifolds)

* Information geometry gives a principle to reconstruct the statistical
divergence corresponding to a Bregman divergence for a Bregman
generator F(fy), and not the converse

Bregman generator Bregman divergence Statistical divergence

D
Fe(#) = log ([ exp(Y_ ti()t + k() dmr)) e Bp(t 2 ) e 2 0] — Dy [ ¢ ] —

Bp(gl . HQ] = D;{L[Egl : eﬁz] = DKL[EHE . Eff;-l]

An elementary introduction to information geometry." Entropy 22.10 (2020)



Bhattacharyya arc: Likelihood Ratio Exponential Family

* Bhattacharyya arc or Hellinger arc induced by two mutually absolutely
continuous distributions p and q (same support X ):

1—\ A

P (.i".)q ('T) & R TS A

8(]) q) = {]),\(‘I') L= ~, . AE (U 1)} Z\ (p.q) :—/ p (x)q" (x)dpu(r)
Z$ (. q) ¥

* Log-normalizer F(A) (aka cumulant generating function, log partition function):

* Bhattacharyya arc (geometric mixtures) = 1D exponential family:

() s M @)l (2) Log-likelihood sufficient statistics:
pale) = Zif(_p! q) | | ]f(jr) - log (pl (.1'))
= polr)exp ()\ log (.1“1 (J}) —log Z (p, q)) _ po ()
o) Base measure is p,  f(x) 1= log po(x)

= exp(At(x) — F(A\) + k(x))
F(\) = lﬂg(Zf(p, q)) = log (/{;f pl_}‘(;1']{;%;;')(1;;(::'])

= =D{"™[p: ]

Generalizing the Geometric Annealing Path using Power Means, UAI 2021
Likelihood Ratio Exponential Families, NeurlPS Workshop on Deep Learning through Information Geometry 2020




Weighted quasi-arithmetic means when
a tends to zero:

a(7(q) — 7(p))
™ (p)

M_(p,q;1- a; a)= p+
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