
Visualizing Bregman Voronoi diagrams∗

Frank Nielsen
Sony Computer Science Labs

FRL
Tokyo, Japan

Jean-Daniel Boissonnat
INRIA

GEOMETRICA
Sophia-Antipolis, France

Richard Nock
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ABSTRACT
Voronoi diagrams are fundamental geometric structures that
partition the space into elementary regions of influence defin-
ing discrete proximity graphs and dually well-shaped De-
launay triangulations [1]. In this video, we explain and il-
lustrate a recent generalization of Voronoi diagrams [3] to
a wide class of distortion measures called Bregman diver-
gences [2].

Categories and Subject Descriptors
I.3.5 [Computer Graphics]: Computational Geometry and
Object Modeling—Geometric algorithms, languages, and sys-
tems

General Terms
Algorithms, Theory

Keywords
Computational information geometry, Voronoi diagrams, Breg-
man divergences

1. BREGMAN DIVERGENCES
For any two points p and q of X ⊆ R

d, the Bregman diver-
gence DF (·||·) : R

d �→ R of p to q associated to a strictly con-
vex and differentiable function F : R

d �→ R (called the gen-

erator function of the divergence) is defined as DF (p||q)
def
=

F (p)− F (q)− 〈∇F (q),p − q〉, where ∇F = [ ∂F
dx1

... ∂F
dxd

]T

denotes the gradient operator, and 〈·, ·〉 the inner product.
Informally speaking, Bregman divergence DF is the tail of
the Taylor expansion of F (Fig. 1). The Bregman diver-
gence DF (p||q) is geometrically measured as the vertical
distance between F (p) and the hyperplane Hq tangent to
F : z = F (x) at point q: DF (p||q) = F (p) − Hq(p). Breg-
man divergences are not necessarily symmetric nor do they
satisfy the triangle inequality.
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Figure 1: Visualizing Bregman divergences.

Bregman divergences admit dual Bregman divergences in-
duced by convex conjugation. The Legendre transforma-
tion makes use of the duality relationship between points
and lines to associate to F a convex conjugate function
F ∗ : R

d �→ R given by F ∗(y) = supx∈X{〈y,x〉 − F (x)}.
The supremum is reached at the unique point where the
gradient of G(x) = 〈y,x〉 − F (x) vanishes or, equivalently,
when y = ∇F (x).

2. ELEMENTS OF BREGMAN GEOMETRY
Because Bregman divergences may not be symmetric, we
first define two types of Bregman balls (and bounding spheres)
as: BF (c, r) = {x ∈ X | DF (x||c) ≤ r} (first-type), and
B′

F (c, r) = {x ∈ X | DF (c||x) ≤ r} (second-type).
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Figure 2: Three-types of Bregman spheres for the
Itakura-Saito divergence (generator: Burg entropy
F (x) = −�i log xi).

Second-type balls may not be convex although first-type
balls are always convex. It is also convenient to symmetrize
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Source Space: Exponential divergence

p(0.59510788,1.05359966) q(0.84475539,0.15558641)

D(p,q)=0.71727577  D(q,p)=0.93736374
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Gradient Space: Unnormalized Shannon entropy

p’(1.81322655,2.86795622) q’(2.32740845,1.16834289)

D*(p’,q’)=0.93736374  D*(q’,p’)=0.71727577

Figure 3: Bregman bisectors: first-type linear bi-
sector (red) and second-type curved bisector (blue)
are displayed for the exponential loss/unnormalized
Shannon entropy (zoom in to read text please).

the Bregman divergence SF (p,q) = 1
2
(DF (p||q)+DF (q||p)),

and define a third-type ball B′′
F = {x ∈ X | SF (c,x) ≤ r}

(Figure 2). It has been shown that the third-type sym-
metrized Bregman divergence is a “particular” divergence
in higher dimensions [3]. Thus we concentrate on the first
two type structures and define accordingly the Bregman bi-
sectors: HF (p,q) = {x ∈ X | DF (x||p) = DF (x||q)} and
H ′

F (p,q) = {x ∈ X |DF (p||x) = DF (q||x)}. The first-type
Bregman bisector is always an hyperplane. The second-type
Bregman bisector, although curved in the primal space, is
linear in the dual gradient space, as displayed in Figure 3.

3. COMPUTING DIAGRAMS
Figure 4 shows a Bregman Voronoi diagram for the Itakura-

Saito divergence. The first-type Bregman Voronoi diagram
is affine and can be computed from the minimization dia-
grams of corresponding set of functions Di(x) = DF (x||pi).
Each function Di being an hyperplane of equation:
−〈x, ∇F (pi)〉−F (pi)+ 〈pi, ∇F (pi)〉, the minimization di-
agram can be conveniently computed from the intersection
of halfspaces bounded by these hyperplanes (Figure 4).

Moreover, it is known [1] that any affine Voronoi dia-
gram is a power diagram in disguise. We find the explicit
equivalence by identifying the respective bisector equations:
〈x − ∇F (pi),x − ∇F (pi)〉 = 〈∇F (pi), ∇F (pi)〉+2(F (pi)−

Figure 4: Three types of Bregman Voronoi dia-
grams for the relative entropy (Kullback-Leibler di-
vergence). First-type affine Bregman Voronoi dia-
gram (blue), second-type Bregman Voronoi diagram
(green) and symmetrized Bregman Voronoi diagram
(red). First-type Voronoi Bregman diagrams visu-
alized as affine minimization diagrams.

Figure 5: Affine Bregman Voronoi diagrams can
be computed as Power diagrams. Illustration for
the 2D exponential loss F (px, py) = exp px + exp py:
(a) Affine Bregman Voronoi diagram (all cells non-
empty), and (b) equivalent Power diagram.

〈pi, ∇F (pi)〉), i = 1, . . . , n. It turns out that the first-type
Bregman Voronoi diagram is a power diagram of spheres
centered at gradient positions ∇F (pi) for weights r2

i =
〈∇F (pi), ∇F (pi)〉+2(F (pi)−〈pi, ∇F (pi)〉) (possibily imag-
inary radii). See Figure 5 for an illustration for the exp. loss.

4. STATISTICAL VORONOI DIAGRAMS
A statistical space X is an abstract space where coordi-

nates of vector points θ ∈ X , representing random variables,
encode the parameters of statistical distributions. For exam-
ple, the space X = {[μ σ]T | (μ, σ) ∈ R × R

+
∗ } of univariate

Normal distributions N (μ, σ) of mean μ ∈ R and standard
deviation σ ∈ R

+
∗ is a 2D parametric statistical space, exten-

sively studied in information geometry. A prominent class
of distribution families called the exponential families FF [2]
admits the same canonical probabilistic distribution func-

tion p(x|θ)
def
= exp{〈θ, f(x)〉−F (θ) + C(x)}, where f(x) de-

notes the sufficient statistics and θ ∈ X represents the natu-
ral parameters. Space X is thus called the natural parame-
ter space. F (θ) = log

�
x

exp{〈θ, f(x)〉+ C(x)}dx is referred
to as the cumulant function or the log-partition function,
and C(x) is a density normalization term. It turns out that
the Kullback-Leibler divergence (generator F (x) = x log x,
negative Shannon entropy) of any two distributions of the
same exponential family with respective natural parameters
θp and θq is obtained from the Bregman divergence induced
by the cumulant function of that family by swapping ar-
guments [3]: KL(θp||θq) = DF (θq||θp). In this video, we
present the Voronoi diagram of univariate Normal distribu-
tions as a special case of Bregman Voronoi diagrams for nat-
ural parameters (x = μ

σ2 , y = − 1
2σ2 ) in the lower half-plane,

and cumulant function F (x, y) = −x2

4y
+ 1

2
log −π

y
.

5. REFERENCES
[1] F. Aurenhammer and R. Klein. Voronoi Diagrams. In

Handbook of Computational Geometry, pp. 201–290.
Elsevier, 2000.

[2] A. Banerjee, S. Merugu, I. S. Dhillon, and J. Ghosh.
Clustering with Bregman divergences. In SIAM Data
Mining, pp. 234–245, 2004.

[3] F. Nielsen, J.-D. Boissonnat, and R. Nock. On
Bregman Voronoi diagrams. In ACM-SIAM Symposium
on Discrete Algorithms, pp. 746-755, 2007.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile ()
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.6
  /CompressObjects /All
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


