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References for this talk

* NB: Paper is not included in the GSI proceedings
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between Multivariate Normal Distributions, Entropy (2023)

* Fisher-Rao and pullback Hilbert cone distances on the
multivariate Gaussian manifold with applications to simplification
and quantization of mixtures, ICML TAG-ML workshop (2023)



Overview and main contributions

* Give details of method [Kobayashi 2023] to calculate the Fisher-Rao geodesics
between multivariate normal distributions with boundary conditions

 Report a guaranteed (1+€)-approximation for the Fisher-Rao MVN distance

e Define a fast metric distance between d-variate MVNs based on Hilbert
projective metric on the SPD cone of dimension d+1: pullback Hilbert distance



Rao distance and Fisher-Rao Riemannian geometry

* Consider a regular statistical parametric model: {p,. A€A}, dim(A)=m

regular = smooth partial derivatives, {9,p,,...,0,.p,} linearly independent
or score functions {9,log p,,...,0,,logp,} defining the tangent plane

* Let the Fisher information matrix (FIM) defines the Riemannian metric g
FIM well-defined, finite, and positive-definite - Fisher metric tensor

I(\) = Cov[V log px(z)]

* Define the geodesic length as the Rao distance " eon & Mitchell1951]

on (N(A1),N(A2)) = ;ﬂ{ {Length(c)},

1 1 1
Length(c) = [ \/(e(t), é(0)cqyt = [ dsnr(t)dt = [ é(8) gyt 0=,
CLLI=Pa,

_ . o ) ) ) [Rao 1945]
° By construction, Rao's distance is invariant to reparameterlzatlon [Hotelling 1930]




Hyperbolic Fisher-Rao Gaussian manifold and partial
isometric embedding on the 3D pseudo-sphere
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Flsher Rao distance between normal distributions
Upper pIane

1+A(u1,01#202))

pn (N (p1,01), N (p2,03)) = \/ilog( :
1 — A(py,01; p2,02)

o Je—a)2 +2(d—b)
Ala,bic;d) = \/(c —a)2 +2d+b)?

| | a1
Same variance submamfolle ') Agje(pr,p2) = /(p2 — p1)(o?)=1(p2 — p1) = :
is not totally geodesic
912
¢ pn (N7, N3) _ V8 4+ u®+u
Nia = (41, Z2)  Np = (2, 5o) hrn(u) = V2 o (\/m— —u)’
Yo | S~ l TS Aso(h,1h) 2 par(Nf, NIN V2 = (H2:Z0) |

Ny = (#1,21/ le 1 ,El)Nf} (11, Zo) not totally geodesic |, — \/§8—TCCOSh (1 + ZU?) .

* > [Yoshizawa 1971]

o | 1L




Fisher-Rao geometry: multivariate normals

2 _% €Tr— TZ_I T —
N(p,X) ~ pus(r) = (dit(z) exp (—( w2 ""))
N(d) ={N(\) : A= (1. 3) € A(d) = R? x Sym , (d,R)}

Fisher information matrix (vector, matrix):

FlShE"lf(JH Z) CDv[v ]_{'_'}gp{ﬁ;z} (I)]

(x)d

Fisher metric tensor:

SO (01, V1), (02, V2)) = ((01,V1), (02, V2)) 3,

= [or] "= o] 4 (2 ARV,

i v= vector space R¢
Length EIement: dSif(%Z) — [ d; ] I(n,X) [ dx ] V=Symmetric matrix
i 1 N2 vector space
= dp 2 dp+ Etr((z dz) ) [Skovgaard 1984]

Non-constant sectional curvatures which can also be positive, not NPC space (d>1)



Invariance under action of the positive affine group

* Length element/Rao distance is invariant under the action of the positive

affine group (a,A):

Aff ., (d,R):=
(aflrrAl) ({L??AQ) — (a’l +A1a“2: AIAQ)

(a, A)~! = (—A~1a, A71))

on (N(Apr +a, AZ1A"),N(App +a, ATyA ")) = pnr(N (41, Z1),

{(a, A)

Matrix group: Mq )=

* Thus we may always consider one normal distribution is the standard

normal distribution N,

PN (N(p1,Z1), N(p2,X2)) =

PN

PN

[

[

\

KNstclr N ( (1”2 — 1”1) ZE‘EE‘;E)

|

I

1 _1 1
N(Ez (1 — p2), T TT1 T, 2>rNstd ,

/
A

/

- a € R AeGL,(d,R)}
A a

0

1

N(p2,Z2)).
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In general, geodesic wrt Levi-Civita connection fﬂﬁk P P . 4o, dﬁj
Geodesic equation it 2 G =
-v using (vector, Matrix) parameterization:
I 7R %) Va7 = 0,
Second-order ODE: { $ 4T —SY-1Y = 0,

* Consider either initial value conditions or boundary value conditions of ODE

[Initial values]

* Once the geodesics are known, integrate length elements to get Rao distance



Geodesic solution: Initial value condition (N,=N)
indirect solution (v.V) € Ti.s) € R x Sym(d. R)

ji— XX

. . . : 0,
* Manipulate geodesic equation algebraically { $ 4 T — Syl

0.

* natural parameterization of the exponential family of MVNs: (é =X 'p,E= 2_1)

e Consider the matrix exponential (a 1a "symmetric homogeneous space") of
(2d+1)x(2d+1) matrices to solve geodesics with initial values

=V 0 [Eriksen 1987]
A=|oT 0 —oT | eP@d+1)

0 —" Vv

Compute matrix exponential: _

exp(tA) — :(t) — [exp(tA)]lzd,lzda g(t) — [exp(tA)]lzd,d+1

retrieve natural parameters E(t) — E_l(t)? p!.(t) — E(t)g(t)

+ convert to ordinary parameterization



Fisher-Rao geodesics from multivariate normals
with initial value conditions (direct solution)

i — XT

Y4 pp — XXy

|
o

Geodesic equation: {

]
=

known in closed-form using the natural parameters ({=X"'p,Z=3%7")

=(t) = E(0)% R(OR®)T E(0)3,
€(t) = 22(0)% R(t)Sinh (%Gt) Gla +2(HE1(0)¢(0),| [Calvo & Oller 1991]

with R(¢) = Cosh (%Gt) — BG'Sinh (%Gt) and matrix pseudo-inverse G = (G¢'G)7'a’

: : : Sinh(M) = Odiag(sinh(\),..., sinh(A\z)) O
and matrix hyperbolic functions (M) 5(sinh(A1) (Ad))

— - —l—
fOF M= O d]ﬂ_g(}\l """ )(d) & Cosh(M) = Odiag(cosh(A),..., cosh(A)) o'



Special case: Centered multivariate normals
Closed form geodesics and Fisher-Rao distances

 Submanifold of MVNs with constant mean is totally geodesic

) [James 1973]
1er(No, Nijt) = N(p, %)
 Rao geodesics:

1 1 1 1
_— 2 2 T2\t 2
* Rao distance: |
pn, (No, N1) - = \52105/\%(20521205)
1=1

 Require to compute all eigenvalues (costly)
* Because of sum of log?, p(P,,P,)=p(P;?,P,?) :invariant to matrix inversion



Riemanian geometry of the SPD cone (trace metric)

Trace metric: (A,B)p = tr(P~tAP™'B) related to Fisher information of centered normal/Wishart
i 1
[p(2) = %tr (2—12—1) Ip(V) = EHH (V‘lv—l)

Length element:  ds% = tr(P~'dP P~ 1dP) | ,
- | [nvariance: dsZ .+ = dsp, ds%_, = ds

Geodesic equation: P — PP~ 1P =0

Initial value P(O) P and P(0) =S

conditions: P(t) = P exp(t P_%SP_%)P%

Boundary value P(0) = P1 P(1) = Py Geodesic wrt. initial conditions

condifions:  p(t) = P expl(tLog(P] PP} ¥)) P} V\
Toupa (1) = expy, (¢ log,, (p2))

Rao's distance:  P(F1, P2) = \/Z 10%2 Ai (P1_1P2) H 8

P( Pl PZ) _ ||L0 (P 3 PQ P 3 ) HF Geodesic wrt. boundary conditions



Submanifolds of constant covariance matrices

wially godesic  LOtAlly geodesics Nuo
lN’U’” 4 >

s px (], N3)
Niz = (p1,X2) Nz = (u2,X2)

5, Ag (1) > prr (N1 NN V% = (15, o) not totally geodesics Ny,
L
Ny = (p, 21/ Ntl 1N 1 not totally geodesic NEO
& _
o [

Proposition . The Fisher—Rao distance par((p1,Z), (42, Z)) between two MVNs with same
covariance matrix is

onv((n,Z), (p2,Z)) = pn((0,1), (Ag(p1, p2), 1)),

8 + AZ (11, tt2) + Ax (1, 1o
\/5108\/ s (i1 (1#),
\/8 + A% (1, p2) — Ds (1, 12)

— +/2arccosh (1 + %Ai (111, #2)):

where Ay (j1, 1ty) = \/(;12 — 1) TE2 7Yy — py) is the Mahalanobis distance.



Fisher-Rao geodesics from multivariate normals
with boundary value conditions in closed form

Fisher-Rao geodesic Ny = N(u(t), £(t)) = 784 (No, N1;t):
e Foric {0,1}, let G; = M; D; M;" | where

>0 0 Iy 0 0
M;= 1|0 1 0 |,Di=|pl 1 0

0 0 Zz 0 — g Id

[Kobayashi 2023]

1 1 N1
e Consider the Riemannian geodesic in Sym, (2d + 1,R) with respect to the trace metric: G(f) = G{§ (GU GG 2) Gg
e Retrieve N (t) = 45 (No, N1;t) = N(u(t), X(t)) from G(t):

2(t) = [G(0)]g,1.40 1) = 2(t) [G(1)]1:a,a+1 Where

|G11:4,1:a denotes the block matrix with rows and columns ranging from 1 to d extracted from (2d + 1) x (2d + 1) matrix G, and
|G)1:d,4+1 is similarly the column vector of R? extracted from G

Ingredient: Riemannian submersion and MVN geodesics from horizontal geodesics

* Get closed-form geodesics with boundary values
* However, no closed-form Rao distance because of the integration of length element problem

Length(c) = [ /(0 Oyt = [ dsw ()t = [ IOl




(c) (d)




Fisher-Rao MVN distance: An upper bound

 Geodesics with boundary conditions form 1d totally geodesic submanifolds
 Cutthe geodesics in many small parts using T+1 geodesic points

T
‘I‘ ]- -1 -1 —1 —1
p (N] ! N2 Z \/D! ) } . Dilpun ) * Pluaza)] = tr(zz = ;Zl = I) +ap’ =1 _;Z_z Ap.

* Upper bound for nearby points Rao distance by the square root of Jeffreys
divergence (or any other f-divergence)

F(1)
2

Iflp:q] =

/
Property (Fisher-Rao upper bound). The Fisher—Rao distance between normal distributions

is upper bounded by the square root of the [effreys divergence: par(N1, Np) < \/ Dj(N1,N3).
\ [N. 2023]

- . . . 2I¢(pq|.
dsf “Fisher’ Infinitesimal Fisher-Rao distance: ds= —f‘%




Diffeomorphic embeddings of MVN(d) onto SPD(d+1)

The diffeomorphisms {f,} foliates the SPD cone P(d+1)

S+ pup’ Py
Bu' B

Using half trace metric in P(d+1), we get the following metrics on MVN(d):

cPd+1)

fp(N) = fp(h, ) =

ato = yue((FmDarene)),

Y e ()

When B=1 (constant), we thus get a Fisher isometric embedding of
MVN(d) into SPD(d+1) ds?. =dp 27 + %tr ((g—ldg)g)




Fisher-Rao MVN distance: A lower bound

* Embed isometrically the Gaussian manifold N(d) into a submanifold
of codimension 1 into the SPD cone of dimension d+1 (non-totally geodesic):

i
FN) = f(u,) = | ZHE ]

[Calvo & Oller 1990]

1

+ Use SPD geodesic in the (d+1)-dimensional cone: £, = %2 (8,255, 2)! 82

 SPD path is of length necessarily smaller than the MVN geodesic
in submanifold f(N). Thus get a lower bound on Rao distance:

' ' -ld—l—l L
o (N1, N2) = pco(f(1,Z1), f (2, E2)) = | 5 Y log” A;(P1Py).

Py P,

e Cut MVN geodesics into and apply lower bound piecewisely : Fine lower bound



Fisher-Rao MVN geodesic:
Numerical midpoint geodesic with quadratic convergence

Computing SPD geodesics points require all eigenvalues/eigenvectors:

1

o= B (S im, tysd

For t=1/2, we can compute %, , with quadratic convergence (thus bypassing
eigendecomposition) as follows:
ArithmeticMean (A, B) = %(A + B)
Matrix AHM mean: 1 L
i : armonicMean( A. — 2(A™ —4H) T
At+1=Ar|thmet|cMean(At, Bt) HarmonicMean(A, B) (A= +B7)
B.,,=HarmonicMean(A,,B,) Converge to the matrix geometric mean
Alf?(A—leBA—le)lszlfz




New fast distances between multivariate normals
pHibert (No, N1) = paibert (f(No), f(N1))
ptilbert (Fo, P1) = log (Amax(P”fplpﬂf))

Amin(P, 2 P1P, 2)

)ﬁmax(P_lpl)

~ 1o ( )
g )\min(Pn 1P1)

Gaussian(d) manifold

PR UL B e o Z+G/J,/_LT aj
N .‘\“"“‘ Ya,, fa(N(ﬂ'az))—[ alJ«T a

o," e :: Na = fa (N)
Ny = (1, %1) "—_ Pushing _\ .
: S Py = fi(No)

No = (0, Xo) Pulling back

............... 5 - 1p
a(N(n, X))~ =
WS =| Tant pratyad |

SPD(d+1) cone



New fast distances between multivariate normals

Use Calvo & Oller isometric cone embedding f(u,2) f(N) = f(u,2) =

u'

In the cone, use Hilbert projective metric distance and LERP pregeodesics

_1 1
2 2
ptilbert (Fo, P1) = log (’\m”(Pﬂl plp”_l )) Projective metric on SPD
1 Amin(Py 2 P1P, ?) pritbert (Po, P1) = 0 if and only if Py = AP,
1 Amax (PP :
= log ( Nenin (BT P1) ) But proper metric on f(N)

t ot t ot
Ytilbert (Fo, Pi3t) := (ﬁ&ﬁ — Zﬁ ) P{]—i-(ﬁB _z ) P

o = Amin(P] 1 Py) and B = Amax (P ' Po)
Pullback the geodesics and distance into the Gaussian manifold
pHilbert (No, N1) = pHibert (f(No), f(N1))

Y4 up' u

1

|



Hilbert projective metric distance in the SPD cone

:__-::COIIBCSPD
)\mm(clcg_l)
C'h,Cy) =1
~ - - )\mln(Elzg_l)
$,.5,) =1

e
watt
arvt
st
-------
o
vt
it
At

Metric distance in the elliptope of correlation matrices

Elliptope
{C €Cspp : Cyi =1}

N. and Sun. "Clustering in Hilbert’s projective geometry:
The case studies of the probability simplex and the elliptope of correlation matrices."
Geometric structures of information (2019): 297-331.



Pullback Hilbert distance/geodesics between MVNs

Only require to calculate extreme eigenvalues (eg., power method iteration)

. - }tmax{Pg_l-Pl]
lelhert(an Pl) N ]Dg ()‘Iuin('p[l_lpl)

pHilbert (No, N1) ::_PHilb;rt(f(NO);f(Nl))

Applications: Approximation of the smallest enclosing ball (SEB)
of a set of multivariate normals (quantization/clustering of Gaussian mixtures)




Summary: A (1+€&)-approximation of Rao's distance
between multivariate normal distributions

Algorithm 2. ppr(No, N1) = ApproximateRaoMVN(Ng, N1, ¢€):

o | = pco(No,N1); /* Calvo & Oller lower bound (Proposition */
o u=/D;(No,Ny); /* Jeffreys divergence D (Proposition */
o if (4 >1+¢)
— N = GeodesicMidpoint(No, N1); /* see Algorithm 1 for t = 3. */

— return ApproximateRaoMVN(Ny, N, €) + ApproximateRaoMVN(N, Ny, €);

else return u;

Algorithm 1. Fisher-Rao geodesic Ny = N{p(t), () = 1R (Na, Ny t):

w' 1
s L
pco(No. Np) = E Z 10g2 )‘z(N[} 2N1N[} ?)

o Foric {01}, let G; = M; D; M,", where

=100

Moo= |0 10 | (8)
0 0 %
Iy 0 0

D; = p 1 0 |, (9
[U — i fd]

where I; denotes the identity matrix of shape d x d. That is, matrices Gy and &, € Sym  (2d + 1, )
can be expressed by block Cholesky factorizations.

¢ Consider the Riemannian geodesic in Sym_ (2d 4 1, R} with respect to the trace metric:

it
c(t) = gt (G;*Glcﬁ) al.

In order to compute the matrix power GF for p € [, we first caleulate the Singular Value Decomposition
(SVD) of G: G =0LOT (where O is an orthogonal matrix and L = diag(A;,..., Azas1) a diagonal

matrix) and then get the matrix power as GP = O LP O with L? = diag(A},..., A1)

e Retrieve N(t) = 1 (No, Ni;t) = N(u(t), B(t)) from G(t):

I(t)
p(t)

[C(O]-d,1:a: (10)
Z(t) [G()] a0+ (11)

where [G]1.4.1:4 denotes the block matrix with rows and columns ranging from 1 to d extracted from
(2d + 1) % (2d + 1) matrix G, and [G]1.4,441 is similarly the column vector of B¥ extracted from G.

1 1 B
D;j(Ni,Na) = tr (EE Elzzl = —I) + (2 — ﬂl)T%(ﬂz — j1)

A recursive algorithm




ftpoints=16

frpoints=g

Fisher-Rao distance:2 B505822466915345 (eps=0.0002905097 76462582
#points=16

Fisher-Raa distance: 180830572127 54486 (eps=0.009903905775482582)
Epoinls=12




Fisher-Rao distance:3 36836078805347576 (epa=0. 020200207 THAR2582)
Mpoints=g

Fisher-Rao distance:3, 2432085011 527764 (eps=0.0020040307TE482582)
Fpointge20

Fisher-Rao distance:3.2316263586387835 (eps=9.9999997 T6482583E-4)
wpainls=64

2D

fr'ﬁ,

Fisher-Rao distance: 3. 230327520133366 (eps=0.9999997TB462583E-5)
Epoinls=132




Summary and concluding remarks

 Geodesics with initial values or boundary values are known in closed-form
* Rao distance's lower bound using isometric embedding into SPD(d+1).
Thus get arbitrarily fine lower bounds using piecewise MVN Rao geodesics

* Arbitrarily fine upper bound using square root of Jeffreys divergence
on piecewise MVN Rao geodesics

* Pullback of SPD cone distance via Calvo & Oller isometric embedding:
Fast distance & geodesic requiring only extremal eigenvalues

e Gaussian/MVN manifold is not NPC/Hadamard/CAT(0) because there
are some positive sectional curvatures. SPD cone is NPC.
* Siegel considered a complex matrix metric which yields a NPC space

[Cabanes N, 2021]



James: The variance information manifold and the functions on it, Multivariate Analysis—Ill. Academic
Press (1973)
Skovgaard: A Riemannian geometry of the multivariate normal model, Scandinavian journal of statistics
(1984)
Eriksen: Geodesics connected with the Fisher metric on the multivariate normal manifold, Proceedings of
the GST Workshop, Lancaster (1987)
Calvo and Oller: A distance between multivariate normal distributions based in an embedding into the
Siegel group, Journal of multivariate analysis (1990)
Calvo and Oller: "An explicit solution of information geodesic equations for the multivariate normal
model", Statistics & Risk Modeling (1991)
Kobayashi: Geodesics of multivariate normal distributions and a Toda lattice type Lax pair,
arXiv:2304.12575 (2023)
Nielsen:

, Entropy (2023)
Nielsen:

, ICML TAG-ML (2023)

Siegel: Symplectic geometry (1964)
Cabanes and Nielsen: Classification in the Siegel Space for Vectorial Autoregressive Data, GSI(2021)



Thank you!

Open problem:

Closed-form formula for MVN Rao distance?




SPD Riemannian geometry wrt trace metric

* Levi-Civita metric connection
V$,Yp = DY[P][Xp] — % (XpP~'Yp +YpP ' Xp)
Fréchet derivative
Vel P, Qi) = Go(P. Q)
Ga(P.Q) = P5 (P72 P7H) P
Geodesic arclength parameterization:

ox (TR Py Pagi ), W8 (P i) = Is = tHow (P pay), - Vst € (0,1].



 Arithmetic weighted mean matrix A.(FP. Q) = (1 —a)P + aQ
yields a VA-geodesic with respect to metric g»(X.Y) = tr(X 'Y )(Euclidean)

((1 —a)P™ 4 C}fQ_l)_l

vields a geodesic V" with respect to metric  gp (X.Y) = tr(P°XP?Y)

* Harmonic weighted mean matrix H.(P. Q)
(isometric to g, Euclidean)

* Geometric weighted mean matrix G,(P, Q) = Pz (P% Q) P%)a P3
yields a geodesic wrt metric ¢5(X.,Y) =tx(P~'XP~'Y) (Non-positively curved)
* (SPD, g%, VA, V") is a dually flat space, is V€ Levi-Civita connection



Y. Nakamural Journal of Computational and Applied Mathematics 131 (2001) 161-174

QH—I—I — %(Qﬂ + Rn)a

\/-geodesic

Q,=1
Fig. 2. The matrix AHM algorithm.

Theorem 9. The sequences {Qytno,2.. and {Ry}n—o,1,.. With Qo =1 tend to the common limit
G =R} in a quadratic order.

Theorem 10. The AHM algorithm on the space PD(m) of positive-definite symmetric matrices
generates sequences {Oyln_o.12 . and {R,}n—o.12.. which converge quadratically to the midpoint

G =0"(Q5 "Ry )0y (31)

of the Riemannian geodesics from QO to Ry.

Roi =207+ R, n=0,1,2,...



Siegel upper/disk space: Non-Positive Curvature (NPC)

Siegel disk: SDy = {MeCY"* N, T - MM" >0} SDyx = {MeCV*N |M| <1}
M| = supxeen =~ x)=1 (IMX]])

Siegel metric/line element: 442 — (race ((I_ QMY (I- 7 0)" dm‘)

Siegel disk distance: C=W-0)I-"w)" (wH — ") (I - Quh)™
SD(d) := {W ¢ S_vm(_d;tri) I -WW =
1 I+ 01/2 P(d) m T
d% py (£2,9) =thrace (10g2 (I e X2)) dj‘
-I- - '.g 0 {’ds_?g+-.:"
—=trace (E-M_“ctf;mh2 (C 1/ 2)) i Py m
/2/7\ ______________ Sym(d,R)

1/2

Siegel geodesic: ((t) :t s expg (tV)  expy (V) = tanh V)YV where Y = (VVH)

Theorem .. The sectional curvature at zero of the plan o defined by E; and

= —4< K(o)<0 Vo




@proxRaoDistMVN(NO,N1,e>0): \

LB=CalvoOllerLowerBound(NO,N1);

UB=SqrtleffreysUpperBound(NO,N1);
if (UB/LB>1+¢)

{/* N is midpoint geodesic */
N=GeodesicMidpoint(NO,N1);
return ApproxRaoDistMVN(NO,N,e)+ApproxRaoDistMVN(N,N1,¢);}

else
\ return UB; /

Instead of exact midpoint, may use the matrix arithmetic-harmonic mean (quadratic convergence)




