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1-INTRODUCTION

e QOur goal is to study systems whose evolution is given by the
following stochastic differential equation:

T, = f(xze,t) + G(zy) (U + &)

where @; € R"js the state of the system, f(#¢,t) € R"
describes the passive dynamics, G(z;) € R"*?is the control
matrix, u; € RP are the control variables and &; € RPis the
Gaussian white noise with variance matrix ¢ .

e To this equation we have an associated cost function
which we want to minimize:

tN
where the first term represents the final cost and the

second one the integration of a instantaneous cost
specified below.

e Our objective is to draw a connection between this
stochastic model and the Schrodinger evolution of a
non-Hermitian Hamiltonian. Specifically we studied
this connection for 1D quadratic Hamiltonians.

2-THE H)B EQUATION

e Following [1], define the wvalue function as:
V(wtz) = IV}, = minut,-:tN b, [R(CFZ)]

which depends on the initial state ®¢, and on the time

interval I} . This function satisfies:

8,V = min [rt +(@:V)T Fy ot ST ((32,V) (GtZth))]

e (Considering an instantaneous cost of the form:
__ 1. T
Ty = q(a:t,t) + Eut Rut
one obtains the following equation [1]:

—0,V = dt — % (amV)T GtR_IG;F (awv) T

F @) o+ T ((22.V) (GRGT))

3 - SCHRODINGER

e By making a change of variables [1] of the form V; = —hlog_;
and assuming AR! — ¥ we can convert the above
equation to a linear equation of the Schrodinger form:

| ihdub, = Hab,
e, = %hQTr (02, (1) GeR'GT) + i fTh (0uthy) — iquidy

e The symbol of H is given by the Hamiltonian function H(x, p)
which is used to study the semiclassical dynamics of the
system.
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4 - SEMICLASSICAL EVOLUTION

e Using the Wigner function formalism, a given wave function
Is transformed into a real valued function that lives in phase
space.

e By considering gaussian wavepackets the corresponding
Wigner function will also be gaussian, of the form:

W(z) = a(t)(rh) ™™ exp [—l(z —7)-G(z— Z)] |

h
Z = (paQ), Z = (PaQ)
e The Schrodinger semiclassical evolution of the Wigner

function under { —= H — ¢TI is governed by the following
system for the centers and intrinsic geometry of the state [2]:

Z =QVH(Z) -G 'VI(2)
G = H"(Z)QG - GQH"(Z) +T1"(Z) — GT(Z)G

S = 2I‘(Z) — %Tr I (Z)G]

Q h

where Q is the usual symplectic form.

5 - QUADRATIC EXAMPLE

e Asasimple example, consider the 1D equation & = —ox + (u + 1)

with a cost function of the form r;, = ng + %%uz

e The complex Hamiltonian H = H — I is then:

s | B’ ah
2 ' 2 2

H=axp and I =

Time evolution of position (x(t))

e From this Hamiltonian
we obtain the time
evolution of the center _
of the gaussian, its & |
associated metric and of
the multiplicative factor
of the initial wave
function, as seen on the
figures on the right.

quadratic _
Hamiltonians the | s
underlying metric of the E
phase space tends to a |20
finite value, whereas ;
both the multiplicative | ©°5
factor and the center’s '
position tend to zero.

Figure: Time evolution of the position of wave

packet’s center and on the multiplicative factor for

a gaussian wave function, in terms of a.
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