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      2 - THE HJB EQUATION
●  Following [1], define the value function as:

which depends on the initial state     and on the time 
interval      .  This function satisfies:

● Our objective is to draw a connection between this 
stochastic model and the Schrödinger evolution of a 
non-Hermitian Hamiltonian. Specifically we studied 
this connection for 1D quadratic Hamiltonians.

● Our goal is to study systems whose evolution is given by the 
following stochastic differential equation:

where                is the state of the system, 
describes the passive dynamics,         is the control 
matrix,   are the control variables and      is the 
Gaussian white noise with variance matrix    .

● To this equation we have an associated cost function 
which we want to minimize:

where the first term represents the final cost and the 
second one the integration of a instantaneous cost 
specified below.

● By making a change of variables [1] of the form              
and assuming                          we can convert the above 
equation to a linear equation of the Schrödinger form:

● The symbol of        is given by the Hamiltonian function       
which is used to study the semiclassical dynamics of the 
system.

● Considering an instantaneous cost of the form:

   one obtains the following equation [1]:

    4 - SEMICLASSICAL EVOLUTION
● Using the Wigner function formalism, a given wave function 

is transformed into a real valued function that lives in phase 
space. 

● By considering gaussian wavepackets the corresponding 
Wigner function will also be gaussian, of the form:

● The Schrödinger semiclassical evolution of the Wigner 
function under                           is governed by the following 
system for the centers and intrinsic geometry of the state [2]:

where Ω is the usual symplectic form. 

● As a simple example, consider the 1D equation                                
 with a cost function of the form    .

● The complex Hamiltonian                            is then: 

   5 - QUADRATIC EXAMPLE

Figure: Time evolution of the position of wave 
packet’s center and on the multiplicative factor for 
a  gaussian wave function, in terms of ɑ.
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● From this Hamiltonian 
we obtain the time 
evolution of the center 
of the gaussian, its 
associated metric and of 
the multiplicative factor 
of the initial wave 
function, as seen on the 
figures on the right. 

● For most quadratic 
Hamiltonians the 
underlying metric of the 
phase space tends to a 
finite value, whereas 
both the multiplicative 
factor and the center’s 
position tend to zero. 


