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Geometric Theory of Heat:
Gibbs Diagrams sculpted by James Clerk Maxwell

THEORY OF HEAT, J. Clerk Maxwell 207
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I Jean-Marie Souriau (1922-2012): New way of thinking Physics

El

« Il est évident que I'on ne peut définir de valeurs
moyennes que sur des objets appartenant a un
espace vectoriel (ou affine); donc - si bourbakiste
que puisse sembler cette affirmation - que I'on
n’observera et ne mesurera de valeurs moyennes
que sur des grandeurs appartenant a un ensemble
possédant physiquement une structure dffine. Il est
clair que cette structure est nécessairement unique
- sinon les valeurs moyennes ne seraient pas bien
définies. » -

« Il n'y arien de plus dans les théories physiques que les groupes de symétrie si ce n'est la
construction mathématique qui permet précisément de montrer qu'il n'y a rien de plus » -

[There is nothing more in physical theories than symmetry groups except the
mathematical construction which allows precisely to show that there is nothing more]

Les Houches 27th-31¢ July 2020

Joint Structures and Common Foundations of Statistical Physics, OPEN I H A I E S
Information Geometry and Inference for Learning (SPIGL20)



Gaston Bachelard - Le nouvel esprit scientifique

« La Physique mathématique, en incorporant a sa base la notion de groupe,
marque la suprématie rationnelle... Chaque géométrie — et sans doute plus
généralement chaque organisation mathématique de [I'expérience - est
caractérisée par un groupe spécial de transformations.... Le groupe apporte la
preuve d’'une mathématique fermée sur elle-méme. Sa découverte clét I'ere des
conventions, plus ou moins indépendantes, plus ou moins cohérentes » -

, Le nouvel esprit scientifique, 1934

« Sous cette aspiration, la physique qui était d’abord une science des “agents”
doit devenir une science des “milieux”. C’est en s’adressant a des milieux
nouveaux que l'on peut espérer pousser la diversification et I'analyse des
phénomeénes jusqu’'a en provoquer la géométrisation fine et complexe, vraiment
infrinséque... Sans doute, la réalité ne nous a pas encore livré tous ses modéles,
mais nous savons déja qu’elle ne peut en posséder un plus grand nombre que
celui qui lui est assigné par la théorie mathématique des groupes. » —
, Efude sur I'Evolution d'un probleme de Physique
La propagation thermique dans les solides, 1928

9782711600434&seorch bock &editor back=%&page=2
Les Houches 27th-31¢ July 2020
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http://www.vrin.fr/book.php?title_url=Etude_sur_l_evolution_d_un_probleme_de_physique_La_propagation_thermique_dans_les_solides_9782711600434&search_back=&editor_back=%25&page=2

Jean-Marie Souriau Seminal Paper - 1974

Statistical Mechanics, Lie Group and Cosmology - 1st part: Symplectic Model of Statistical Mechanics
Jean-Marie Souriau

Abstract: The classical notion of Gibbs' canonical ensemble is extended to the case of a symplectic
manifold on which a Lie group has a symplectic action ("dynamic group"). The rigorous definition
given here makes it possible to extend a certain number of classical thermodynamic properties
(temperature is here an element of the Lie algebra of the group, heat an element of its dual), notably
inequalities of convexity. In the case of non-commutative groups, particular properties appear: the
symmetry is spontaneously broken, certain relations of cohomological type are verified in the Lie
algebra of the group. Various applications are considered (rotating bodies, covariant or relativistic
statistical Mechanics). [These results specify and complement a study published in an earlier work (*),
which will be designated by the initials SSD].

(*) Souriau, J.-M., Structure des systemes dynamique. Dunod, collection Dunod Université, Paris 1969.
http://www.jmsouriau.com/structure_des_systemes_dynamiques.htm

Souriau, J-M., Mécanique statistique, groupes de Lie et cosmologie, Colloques Internationaux
C.N.R.S., n°237 - Géométrie symplectique et physique mathématique, pp.59-113, 1974
English translation by F. Barbaresco:

hitps.//www.academia.edu/42630654/Statistical Mechanics Lie Group and Cosmolo

t Symplectic Model of Statistical Mechanics
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https://www.academia.edu/42630654/Statistical_Mechanics_Lie_Group_and_Cosmology_1_st_part_Symplectic_Model_of_Statistical_Mechanics

Souriau SSD Chapter IV: Gibbs Equilibrium is not covariant with respect
to Dynamic Groups of Physics

" MECANIQUE STATISTIQUE COVARIANTE _ J.M. Souriau, Structure des

- Le groupe des translations dans le temps (7.9) est un sous-groupe du SySte_rn €s dynarr”qu_es’
groupe de Galilée ; mais ce n’est pas un sous-groupe invariant, ainsi que le Ch ap|tre IV « Mecanlque

montre un calcul trivial. Si un systéme dynamique est conservatif dans uns s -
repére d’menw il en résulte qu 'il pcut ne plus érre coru'ervanf dans un auire i; Stat I Stl q ue »

devenir compatlblc avec la relativité galiléenne.
Nous proposons dong le principe suivant :

. Si un systéme dynamique est invariant par un sous-groupe de Lie Gig

(17.70) | du groupe de Galilée, les équilibres naturels du systéme constituent P'eni

semble de Gibbs du groupe dynamique G . p: _

- . et Trompette de Souriau
celle de G, notéc @ ; un équlhbre du systéme sera caractérisé par -un élé-ﬂ X
ment Z de @', donc de # ; on pourra écrire ‘|l Lorsque le fait qu'on rencontre est en
i@ B ] . [l opposition avec une théorie régnante, il

(17.78) ‘ z=| 0 0 = .l faut accepter le fait et abandonner la

o o0 o . W théorie, alors méme que celle-ci,
]

on utilisant los notations (13.4) ; Z parcourt 'ensemble @ défini en (16.219):% IV INeleI@e[=Ne (e oo EY s ToTs =TS
a chaque valeur de & est associé un élément M du dual 4% de ¥’, valeur g&

moyenne du moment u; on peut appliquer les formulea (16.219), (16.220),; i1 generqlement qdoptee
qui. généralisent les relations thermodynamiques (17.26), (17.27), (17. 28)." b =

(17.79)  On voit que c’est Z (17.78) qui généralise la « tempéramre »; le théoréme: »;
d’isothermic (17.32) s’é¢tend immédiatement : 1'équilibre d’un systéme: v
composé de plusicurs parties sans mteracuons s'obtient en attribuant a
chaque composante un équilibre correspondant d' la méme valeur de Z 3

I’entropie s, le potentiel de Planck z et le moment moyen M sont additifs. W %

| 6 Joint Structures and Common Foundations of Statistical Physics, OPEN N I H A I E S
Information Geometry and Inference for Learning (SPIGL20)



Main references for Souriau « Lie Groups Thermodynamics »

SUPPLEMENTO AL NUOVO CIMEN m ~. 1, 1966 ]974 Colloques Internationaux CN.R.S.
VOLUME IV

N* 237 — Géoméwic symplectique et physique mathématique

MECANIQUE STATISTIQUE,

Définition covariante des équilibres thermodynamiques. GROUPES DE LIE ET COSMOLOGIE
J.-M. SOURIAT
Faoulté des Sciences - Marseille Jean-Marie SOURIAU (D

(ricevuto il 5§ Novembre 1965)

ContexTs. — 1. Un probldme variationnel. — 2. Mécanique statistique
classique. — 3. Equilibres permis par un groupe de Lie. — 4. Exemples, —
5. Localisation de la température vectorielle.

Premiére partie
FORMULATION SYMPLECTIQUE DE LA MECANIQUE STATISTIQUE

Référence to Blanc-Lapierre Book in Souriau Book

{7] A. Blanc-Lapierre, P. Casal, and A. Tortrat, Méthodes mathéma-
tiques de la mécanique stafistiqgue, Masson, Paris, 1959,
Les Houches 27th-31¢t July 2020
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Souriau Quinta Essentia (Quinte Essence)

> “l'y a un théoréeme qui remonte au XXeme siécle. Si on prend une orbite coadjointe d’'un
groupe de Lie, elle est pourvue d’une structure symplectique. Voici un algorithme pour
produire des variétés symplectiques : prendre des orbites coadjointes d’'un groupe. Donc cela
laisse penser que derriere cette structure symplectique de Lagrange, il y avait un groupe
caché. Prenons le mouvement classique d’'un moment du groupe, alors ce groupe est tres
«grosy pour avoir tout le systéeme solaire. Mais dans ce groupe est inclus le groupe de Galilée,
et tout moment d'un groupe engendre des moments d’'un sous-groupe. On va refrouver
comme cela les moments du groupe de Galilée, et si on veut de la mécanique relativiste, cela
va étre celui du groupe de Poincaré. En fait avec le groupe de Galilée, il y a un petit probleme,
ce ne sont pas les moments du groupe de Galilée qu’on utilise, ce sont les moments d’une
extension centrale du groupe de Galilée, qui s’appelle le groupe de Bargmann, et qui est de
dimension 11. C’est a cause de cette extension, qu'il y a cette fameuse constante arbitraire
figurant dans I'’énergie. Par contre quand on fait de la relativité restreinte, on prend le groupe
de Poincaré et il n'y a plus de problemes car parmi les moments il y a la masse et I'énergie
c’est mc2. Donc le groupe de dimension 11 est un artéfact qui disparait, quand on fait de la
relativité restreinte.”

Les Houches 27th-315" July 2020

Joint Structures and Common Foundations of Statistical Physics, OPEN I H A I E S
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SOURIAU: Affine Group and Thermodynamics

> « Les différentes versions de |la science mécanique peuvent se classer par la
géométrie que chacune implique pour I'espace et le temps ; géométrie qui se
détermine par le groupe de covariance de la théorie. Ainsi la mécanique
newtonienne est covariante par le groupe de Galilée; la relativité restreinte par le
groupe de Lorentz-Poincaré ; la relativité générale par le groupe « lisse » (le
groupe des difféomorphismes de I'espace-temps). Il existe cependant une partie
des énoncés de la mécanique dont la covariance appartient d un quatrieme
groupe —rarement envisagé : le groupe affine. Groupe qui figure dans le

diagramme d'inclusion suivant : Galillée \

affine ———p lisse

Poincaré
> Comment se fait-il qu'un point de vue unitaire, (qui serait nécessairement une

véritable Thermodynamique), ne soit pas encore venu couronner le tableau 2
Mystere... »

Les Houches 27th-31s July 2020

Joint Structures and Common Foundations of Statistical Physics, OPEN I H A I E S
Information Geometry and Inference for Learning (SPIGL20)



Fundamental Equation of Geometric Thermodynamic: Entropy
Function is an Invariant Casimir Function in Coadjoint Representation

S R oD . 0S
TR 5 =(8,Q)-0(p),0=22V) v 5-BQ
01> S(Q) op oQ

New Definition of Entropy

Invariance of Entropy as Invariant Casimir Function in Coadjoint Representation
Under the action of the Group

Q(Ad, (8)) = Ad; (Q) +6(g) ad83Q+®(§gj 0

oo - 2B A58

@(X,Y)z(@(X),Y)zJ[X’Y]—{JX,JY}:—<d6’(X),Y>
10 THALES




Lie Groups Thermodynamic Equations and its extension (1/3)

Q . Heat, element of dual Lie Algebra IB . (Planck) température element of Lie algebra

Q(Ad,(B))=Ad;(Q)+6(g)

(D : Massieu Characteristic Function

O(B) =—log je‘w’”é”di
M

9(9) : Souriau Cocyle

J : Souriau Moment Map
*
J:M —>nq

S :Enfropy Legendre Transform

S(Q)=(8,Q)-d(B) with Q:@q;;m * _35(Q)

| : Fisher Information Metric @ZCD
1(B)=——
1 5,8 THALES




Lie Groups Thermodynamic Equations and its extension (2/3)

Entropy Invariance under the action of the Group ! Entropy Solution of Casimir Equation
#
S(Ad;(Q))=5(Q) oS
asQ+® =0
oQ
Souriau cocycle an

Adg (Q) = Ady(Q)+6(9)

Souriau characteristic of the foliation

O(X) =T,0(X (e))

(Q.[8.2])+6(B8.2)=0 0(9)=Q(Ad,(8))-Ad, (Q)
[ Bracket 0S5 oH
Entropy & Poisson {S, H }(Lj (Q < [(’QQ Q —‘\ E@Q @Q )

(:)(X’Y):<@(X)’Y>:‘][x,v] —{Jxdy f=—(dO(X),Y) THALES

12



Lie Groups Thermodynamic Equations and its extension (3/3)

Nniro ~ 8H nd principle is related to dS = /aH
Pric;rucp’r)ién dS = ®,3 (% ) ﬁ] dt éosﬁivi’ry g:c Fishelr ’rTen(:oTr E — ®,3 % J ﬁj >0
\

Metric Tensor related to Fisher Metric éﬂ a—H : ﬁ = @ a—H,ﬂ + Q, a—H y ,B
oQ oQ | 0Q

Time Evolution of Heat d—Q = {Q’ H }@ = ad :;H Q ’ ®(%j

wrt fo Hamiltonian H dt
0Q

| . oH S " OH.
siochastic dQ +| ady, Q+©| — | |dt+ ) [ad,, Q+6| — |lodW,(t)=0
o) oQ 1| oQ

Equation
oQ oQ

s ] THALES




Euler-Poincaré Equation in case of Non-Null Cohomology

« Ayant eu I'occasion de m’occuper du mouvement de rotation d’un corps solide
creux, dont la cavité est remplie de liquide, j’ai été conduit a mettre les équations

générales de la mécanique sous une forme que je crois nouvelle et qu’il peut
étre intéressant de faire connaitre » - Henri Poincaré, CRAS, 18 Février 1901

SEANCE DU LUNDI 18 FEVRIER 1901,
PRESIDENGE DE M. FOUQUE.

MEMOIRES ET COMMUNICATIONS
DES MEMBRES ET DES CORRESPONDANTS DE L'ACADEMIE,
MECANIQUE RATIONNELLE. — Sur une JSorme nouvelle des éguations
de la Mécanigue. Nole de M. H. Poixcang.

« Ayant eu l'occasion de m’oceuper du monvement de folaL[on d'un
corps solide creux, dont la cavité est remplie de liquide, j'ai été conduit
4 mettre les équations générales de la Mécanique sous une forme que je
crois nouvelle et qu’il peut &ire intéressant de faire connaitre,

+0®.
j d dT dT
Zi dn. = Zfsﬁia—_'ﬂ.ri—ﬂs-

« Elles sont surtout intéressantes dans le cas ou U étant nul, T ne dépend que
des 7 » - Henri Poincaré

de Saxcé, G. Euler-Poincaré equation for Lie groups with
non null symplectic cohomology. Application to the
mechanics. In GSI 2019. LNCS; Nielsen, F., Barbaresco,

F., Eds.; Springer: Berlin, Germany, 2019; Volume 11712 opEN "'I" H A L E S

L TTormaToTGeomeTTy anorrerernce Tor cearnmgSFIG T 20T



Souriau Model Variational Principle : Poincaré-Cartan Integral
Invariant on Massieu Characteristic Function

Extension of Poincaré-Cartan Integral Invariant for Souriau Model

o=(Q,(Bdt))-S.dt=((Q, #)-S).dt = D(B).dt

9 eG  AM)=gM®) gt es | [o@a= [op)a
Variational Model for arbitrary path 77(1:) 1/
5B =n+8.n] "
ty 7 .
5J(I)(18(t))dt = O B such that dB = gdt
ty t
15 S THALES




Legendre Transform as Reciprocal Polar with respect to a paraboloid

@(p) Reciprocal Polar with respect to
the Paraboloid Q* = 25(Q)

Darboux Lecture on Legendre Transform based on Chasles remark

178. La méthode de Legendre est élégante et irréprochable.
Elle consiste a remplacer les variables z, y, z par p, g et

D(B)={p,0)-S©)

V=px+qy—=,

en considérant v comme une fonction de p et de ¢; ce qui revient,
suivant une remarque de Chasles, a substituer a la surface sa
polaire réciproque par rapport au paraboloide ayant pour équation

22 = 2+ )L,

Les Houches 27th-315" July 2020
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Koszul Book on Souriau Work:
The Little Green Book

¥’

MR E@RL S

o~

Les Houches 27th-31¢ July 2020

| 17 Joint Structures and Common Foundations of Statistical Physics, OPEN I H A L E 5

Information Geometry and Inference for Learning (SPIGL'20)



Koszul Book on Souriau Work:

The Little Green Book Jean-Louis Koszul
Yiming Zou

Jean-Louls Koszul - Yiming Zou

Introduction to Symplectic Geometry
Forewords by Michel Nguiffo Boyom, Frédéric Barbaresco and Charles-Michel Marle

This introductory book offers a unique and unified overview of symplectic geomet-
ry, highlighting the differential properties of symplectic manifolds. It consists of six
chapters: Some Algebra Basics, Symplectic Manifolds, Cotangent Bundles, Symplectic
G-spaces, Poisson Manifolds, and A Graded Case, concluding with a discussion of the
differential properties of graded symplectic manifolds of dimensions (o,n). It is a useful

®
reference resource for students and researchers interested in geometry, group theory, | nt rOd u Ct I O n to
analysis and differential equations.
Symplectic

JI0D) Science Press

&4 Beijing @ Springer




Massieu Potential versus Gibbs Potentials
Joseph Louis Francgois Bertrand gave to Frangois

GIBBS Potential: Free Energy Massiev abad advice:

Dans le mémoire dont un extrait est inséré aux Comptes rendus de I dcadémie

h
des sciences du 18 octobre 1869, ainsi que dans ia Note additionnelle insérée le
. N . . - H U
22 novembre suivant, j'avais adopté pour fonction caractéristique T ou S — 53
— c'est dlaprés les _bons conseils de M. Bertrand que j'y ai substilué la fonction H.
dont l'emploi réalise quelques simplifications dans les formules.

MASSIEU Potential : characteristic function

E:EE S:>CD b,E)—S

T T 'B:_ Legendre Duality

[X] Roger Balian, Francois Massieu and the thermodynamic potentials, Comptes Rendus Physique
Volume 18, Issues 9-10, November-December 2017, Pages 526-530
https://www .sciencedirect. com/soence/or’ncle/pu/s1 631070517300671

1T FMTN\NL DO

JOMTSTroCTores ana- ComimorT Founaarons or STarsTicarPRySICS
1g (SPIGL20)
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I Preamble: Souriau Lie Groups Thermodynamics

| Lie groups are in common use in robotics, but still seem to be little used in
machine learning.

| We present a model from Geometric Mechanics, developed by Jean-Marie
Souriau as part of Mechanical Statistics, allowing to define an invariant
Fisher-type metric and covariant statistical densities under Lie group action.

| This new approach makes it possible to extend supervised and un-
supervised machine learning, jointly:

> to elements belonging to a (matrix) Lie group

> to elements belonging to a homogeneous manifold on which a group acts
transitively.

| Other models are under study also using the theory of representations of Lie
groups [see Tojo keynote].

Les Houches 27th-31¢t July 2020

Y
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I Preamble: Souriau Lie Group Statistics & Machine Learning

| It could be applied for Lie Groups Statistical Analysis for:

» Rigid Objects Trajectories via the SE(3) Lie group
» Articulated objects via the SO(3) Lie group
2 Moving parts Dynamics via the SU(1,1) Lie group

| The Souriau model makes it possible in particular to define:

» a Gibbs density of Maximum Entropy on the Lie group coadjoint orbits (in the dual

space of their Lie algebra)
2 with coadjoint orbits considered as a homogeneous symplectic manifold.

| These densities are parameterized via the Souriau “Moment Map” :

> map from the symplectic manifold to the dual space of Lie algebra

> tool geometrizing Noether's theorem
2 on which the group acts via the coadjoint operator

Les Houches 27th-31¢ July 2020
| THALES

| 2" Joint Structures and Common Foundations of Statistical Physics,
Information Geometry and Inference for Learning (SPIGL20)



I Preamble: New Geometric Entropy Definition

| This model is also very useful in control and navigation, because it makes it
possible to extend concept of “Gaussian” noises (in the sense of the
maximum Entropy) on the Lie algebra.

| In this new model, Entropy is defined as an invariant Casimir function in
coadjoint representation (this fact gives a natural geometrical definition to
Entropy via the structural coefficients).

| This Souriau Model of Lie Groups Thermodynamics:

2 Is developed in a MDPI “Entropy” Special Issue on “Lie Group Machine Learning
and Lie Group Structure Preserving Integrators”

> will be presented at Les Houches SPIGL'20 on “Joint Structures and Commun
Foundation of Statistical Physics, Information Geometry and Inference for Learning”

> Will be presented at IRT SystemX workshop on "Topological and geometric
el aom@zhes for siqhshcql learnin
|£2 Joint Struc prd(: mmol fST fistical Physic g OPEN T H A L E S

Information Geometry a dlf f L ning (SPIGL'20)
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Al/Machine Learning Evolution: ALGEBRA COMPUTATION STRUCTURES

¥ Calcul formel pour les méthodes de Lie en | Supervarieties, Sow. Math. Dokl. 16 (1975), 1218-1222.

P.V. Koseleff, X/CMLS PhD, 1993 (P. Cartier) A B '[
Souriau Exponential Map Algorithm for X = {C D] A I_G E B RA

Machine Learning on Matrix Lie Groups

Frédéric Barbaresco, Springer GSI'19, 2019 Ber(X) = det(A) det(D — CA™'B)~
- - Berezian Determinant

s  ALGEBRA
Computer Algebra

’ mplechcm’regro’rors non- -commutative Group- Scratchpad,

, IBM,1971
ALGEBRA

Vectors space, commutative

maftrix operations, eigen-analysis cO
z ALGEBRA [l
i |

Boolean logic digital circuits
using electromechanical relays
s the switching element.

Les Houches 27th-31s Ju\y 2020
4 Joint Structures and Common Foundations of Statistical Physics,
I_ Information Geometry and Inference for Learning (SPIGL20)



GEOMSTATS: PYTHON Library for Lie Group Machine Learning

IO EIIl hitps://github.com/geomstats/geomstats
(Coverages for: numpy, tensorflow, pytorch)

Geomstats is an open-source Python package for computations and statistics on manifolds. The package is organized into two
main modules: geometry and learning .

The module geometry implements concepts in differential geometry, and the module 1earning implements statistics and
learning algorithms for data on manifolds.

/'77'\ To get started with geomstats , see the examples directory.

= \ For more in-depth applications of geomstats , see the applications repository.
e ,’1 The documentation of geomstats can be found on the documentation website.
\\_// If you find geomstats useful, please kindly cite our paper.

Install aeomstats via nin3

Video: https://m.youtube.com/watchev=Ju-Wsd84uGO0

pip3 install geomstats

= 'f d - - \ % - —> inheritance Manifold
hal-02536154, version 1 ’ https://hal.infia.fr/hal-02536154 ‘/;/ ™
7, :

Geomstats: A Python Package for Riemannian Geometry in Machine / .“fa”::i ‘ \

Learning \ \

Nina Miolane 1, Alice Le Brigant , Johan Mathe 2, Benjamin Hou 2, Nicolas Guigui %, Yann Thanwerdas # ° , Stefan Heyder © , Olivier Hyperbolic
Ve
Peltre , Niklas Koep , Hadi Zaatiti 7 , Hatem Hajri 7 , Yann Cabanes , Thomas Gerald , Paul Chauchat 8 , Christian Shewmake , Bernhard

Discretized
H curves

SPD matrices

Stiefel Hypersphere
manifold

Kainz , Claire Donnat ? , Susan Holmes ', Xavier Pennec 43 Détails

Information Geometry and Inference for Learning (SPIGL20)




I Motivation for Lie Group Machine Learning : Data as Lie Groups

| Geolocadlization and Navigation :

Visio-Inertial SLAM: Visio-Vestibular Brain System

Membeane oroithes  ciides

Canaux semi-
circulaires

on Foundations of Statistical Physics,
Inference for Learning (SPIGL'20)

Coding of
Homogeneous
Galileo Group

By Vestibular
System and
Otolithes

otolthique

SINES
fRREAR

‘?Fa o

G

VINet: Visual-
Inertial
Odometry as a
Sequence-to-
Sequence
Learning
Problem

To T T T,

4 4 4 4
‘SE(S)(D P‘SE[sJea }_p‘ SE(3)d }—D‘SEG]EB ‘
AT,,T ATy AT, AT,

: 1
‘RNN H RNN ‘4.‘ RNN ‘4% RNN ‘

Tllustration of the SE(3) composition layer - a ,
parameer-free layer which concatenates transformations be- |
tween frames on SE(3).




Motivation for Lie Group Machine Learning: Data as Lie Groups

Zhiwu Huang, Chengde Wan, Thomas Probst, Luc Van Gool, Deep
Learning on Lie Groups for Skeleton-based Action Recognition, Computer
Vision and Pattern Recognition, CVPR 2017

Input RotMat RotMap RotPooling RotMap RotPooling

. . C . LogMap Output
L L . 3 (@) rh () (-1 (0]
| £ £ A 5 f 5 f
l s y > L - — ]
o 1 -2
:

R} = WiRD B? = max((RL..}) R} = WIR? R} = max((R}...})

http://ravitejav.weebly.com/rolling. h’rml

ﬁﬁ?ﬁfﬁﬁ

SE(3) X ... x SE(3)

SO(3) :{Q/QTQ:QQT =1,det’Q 21} Vectors of SE(3):
2] [Q t][z] [QeSO@)
1|7 o 1|1

Q t Q,
0 1 e SE(3) .~ 1€ S0O(3)x...xSO(3)

Les Houches 27th-315" July 2020 ! 2
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Path Signatures on Lie Groups

Path Signatures on Lie Groups

Darrick Lee LDARRICK@SAS.UPENN.ED
Department of Mathematics

University of Pennsylvania

Philadelphia, PA 19104, USA

Robert Ghrist GHRIST@SEAS.UPENN.ED
Departments of Mathematics and Electrical & Systems Engineering
University of Pennsylvania

Philadelphia, PA 19104, USA
Editor:

Abstract

Path signatures are powerful nonparametric tools for time series analysis, shown to form
a universal and characteristic feature map for Euclidean valued time series data. We lift
the theory of path signatures to the setting of Lie group valued time series, adapting these

tools for time series with underlying geometric constraints. We prove that this generalized o
path signature is universal and characteristic. To demonstrate universality, we analyze 0

the human action recognition problem in computer vision, using SO(3) representations for
the time series, providing comparable performance to other shallow learning approaches,
while offering an easily interpretable feature set. We also provide a two-sample hypothesis
test for Lie group-valued random walks to illustrate its characteristic property. Finally we =
provide algorithms and a Julia implementation of these methods.

Keywords: path signature, Lie groups, universal and characteristic kernels
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Figure 5: Numbering of the primary pairs of body parts
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S0(3) Null Distribution (H, false)
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Euchdean Nl Disirbution M, falsel Figure 8: Averaged absolute §% matrices for all actions in G3D dataset
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: The von-Mises Fisher density on S? with mean direction z = (0,0,1) and x = 0.1.
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Extension of Mean-Shift for Lie Group (e.g. with SO(3))

YJ = IOQ‘-X_?Xi}

The neighborhood of X is
transformed to neighborhood
of & by [eft multiplication by
inverse.

Points on the Lie group are
mapped to Lie algebra by
“log” operator,

#is mappedto 0.

Lie group

Lie algebra

sy won (151°)
S on (11317

The mean shift vector is the
average of the points
weighted by derivative of the
kernel

The computed average is a
first order approximation to
the true mean.

gl =

Lie group The mean shift vector is on

the Lie algebra.

(1)

(2)

Lie algebra

eXp(my(x))

X' = Xexp(my(x))

The exponential operator
maps the mean shift vector to
the Lie group.

Right multiplication of vector
with 2 updates the location of
Ao X

Lia group

=log(X*'X})

The process is iterated until
T,JUI"I\I'EI{.']&I'H,Z:

Li=z group

d(X,Y) = [[log(X 'Y

kn(s) = e %s
. Chd o |, log(X—1X;) ||
TX) = Tha *‘N( —
i=1
x; = log(X ' X;)

> o1 TigN (” 7 ||2)
21_] gN (” “ )

Algorithm: MEAN SHIFT ON LIE GROUPS

mplx) =

Given: Data points on Lie group {X;}=1 n
for j — 1..n
X — X
repeat
for all data points
— log(X —1X;)
=iz ([|5]°)
o [13]°)
X — Xexp(mp(x))
until mp(x) < =
Store X as a local mode.

mp(x) —

(3)

(4)

Report distinct modes.




Motivation for Lie Group Machine Learning: Data in Homogenous
Space where a Lie Group acts homogeneously

| Poincaré/Hyperbolic Embedding in Poincaré Unit Disk for NLP (Natural
Langage Processing)

0a
02 ]\
0.0 |
02
-0.4 (a) Karate.
-0.6
-0.8

(b) Polblogs.

(e) Adjnoun.

H. Hajri, H. Zaatiti, and G. Hébrail. Learning
graph-structured  data  using poincaré

2 _1 C embeddings and riemannian  k-means
=1, O, S algorithms. CoRR, abs/1907.01662, 2019

G =SU(L1) = ;‘

M. Nickel and D. Kiela. Poincaré embeddings
for learning hierarchical representatfions. In

D —_ Z —_ X _I_ Iy [ C / Z < 1 Advances in Neural Information Processing
Systems 30, pages 6338-6347. Curran

Associates, Inc., 2017

o e g(2)=(az+ Bl ( L7+ a*) THALES
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Image Processing by SE(2) Group:
hypoelliptic diffusion in SE(2): analogy with Brain Orientation Maps V1

| Image Processing with oriented gradient by SE(2)

. Z:R? - C,a=pe?r(a) ele(a) N .
Z . Q t Z Q € SO(Z) ws = —sin (#) dx + cos (#) dy Iexp{-xﬂ} = Z amy {ID}EZE i
B 2  pa) — » =1
1 O 1 1 t c R cos (#) (dy — pdx) = cos () l
A = ‘ X garg Zeyp(X)
Image "Cortical activation" Processed image

1 ‘ ; f’_# ‘

F:R2SR Lf: PTR? R FR2 SR

A scheme of the pri"mm- wrienal partav V1

f:]Ef—}[D._l Lf:PTR: &+ R

an| yT

SE(2) dou{&@)xwering of PTR?

Sy, 0) € PTR?




I Lie Group Machine Learning for Drone Recognition

| Drone Recognition on Micro-Doppler by SU(1,1) Lie Group Machine Learning

2 Verblunsky/Trench Theorem: all Toeplitz Hermitian Positive Definite Covariance
matrices of stationary Radar Time series could be coded and parameterized in @
product space with a real positive axis (for signal power) and a Poincaré polydisk (for
Doppler Spectrum shape).

> Poincaré Unit Disk is an homogeneous space where SU(1,1) Lie Group acts
transifively. Each data in Poincaré unit disk of this polydisk could be then coded by
SU(T,1) maitrix Lie group element.

> Micro-Doppler Analysis can be achieved by SU(1,1) Lie Group Machine Learning.
| Drone Recognition on Kinematics by SE(3) Lie Group Machine Learning

2 Trajectories could be coded by SE(3) Lie group time series provided through Invariant
Extended Kalman Filter (IEKF) Radar Tracker based on local Frenet-Seret model.

2 Drone kinematics will be then coded by time series of SE(3) matrix Lie Groups
characterizing local rotation/translation of Frenet frame along the drone frajectory.
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Drone Recognition by Lie Group Machine Learning: SU(1,1) & SE(3)

=d B o=
____________ i) ~
‘7’ “4 ___________________ L3 JJ S0(3) ={Q/Q'Q=00" =1,det’ Q=1}

fr ‘\\\/

oA AL

Om . . .‘0:3 Ql tl QZ 1:2 Qn tn
0o 10 1|7 o0 1

o .
So f ! 1 | ﬂ o

¢:THDP(n) — R"x D"
R, H(PO,,ul,...,,unfl)
D={z=x+iyeC/|z|<1]

SE(3) = {goz j/g € SO(3),t Rs}
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Motivation for Lie Group Machine Learning: Data in Homogenous
Space where a Lie Groups act homogeneously

SU(1,1) ={(; ﬂ]/a,ﬂeC,

s of -1 -
»:THDP(n) - R’ x D™

Ry (B ey 1)
R, =(h, s, tty ) €R"xD™

F. Barbaresco, Lie Group Machine Learning and Gibbs Density on
Poincaré Unit Disk from Souriau Lie Groups Thermodynamics and
1 SU(1.1) Coadjoint Orbits. In: Nielsen, F., Barbaresco, F. (eds.) GSI 2019.

Wlth (Dn—l =Dx..x D) / LNCS, vol. 11712, SPRINGER, 2019
i ) 0
dsgoincaré = ﬂg = (1—22*)d2 (1— Z*Z)dZ* C L
(1_\2\2) | ] |
¢ TBTHPD, , —»THPD,xSD"* . .
Ri> (R, AL, AT AS2 e =Tr[(| -72") dz(1-2'2) dZ*}

3 with SD =1{Z e Herm(n)/zZ* <1,} " THALES



Matrix Lie Group SU(1,1) for Doppler Data

> Lie Group structure appears naturally on Doppler data, if we consider time series
of locally stationary signal and their associated covariance matrix. Covariance
matrix is Toeplitz Hermitian Positive Definite. We can then use a Theorem due 1o
Verblunsky and Trench, that this structure of covariance matrix could be coded in
product space involving the Poincaré unit Polydisk:

@ THDP(n) > R" x D"
Ry > (Pos £y 1)

> where D is the Poincaré Unit Disk: D = {z =x+iyeC/|z| <1}
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Matrix Lie Group SU(1,1) for Doppler Data

» The Poincaré unit disk is an homogeneous bounded domain where the Lie Group
SU(T,1) act transitively. This Matrix Group is given by

SU@1) = {L? :*}/\af “bf=1abe c}
az+b

> where SU(1,1) acts on the Poincaré Unit Disk by: geSU(@,1)=g.z= A
+

2 with Cartan Decomposition of SU(1,1):

B E i(a/o‘a‘ a*?\a\]

with z = b(a*)_l, al = 1—\2\2)_1/2

+\—1
> We can observe that z = b(a ) could be co_rlmsidered as action of g€ SU([L1)
on the centre on the unit disk z=g.0= b(a*) :
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I Matrix Lie Group SU(1,1) for Doppler Data

| Coding Doppler Spectrum by data on SU(1,1) Lie group

«\-1

2 The principal idea is that we can code any point Z = b(a ) in the unit disk by an
element of the Lie Group SU(1,1). Main advantage is that the point position is no
longer coded by coordinates but intrinsically by transformation from 0 to this

point. Finally, a covariance matrix of a stationary signal could be coded by (Nn- 1)
Matrix SU(1,1) Lie Group elements: : |

THPD - R xD"* >R xSU@DH"

a., b
R, H(Pontﬁ’---'ﬂn-ﬁ'_)[l:)o{:i :ﬂ v{b*l a*l}j
1 Gha]) :
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Extension for Space-Time Processing: Siegel Disk

Y Z
z . _
F , R - R
“n1 RF R, ;
. Z=| i |=R=E[zz'|=| 1 ° . &
_ZN’M _
@ :TBTHPD, , — THPD, A =xSD"™ dsZ,, :Tr[(l _ZZ+)—1 dz(l _Z+Z)—1 dzﬂ
R (R, AL,...,A"}) i
with SD ={Z e Herm(n)/zZ* < 1, | dS2 e = S :(1— zz*)dz(l— z*z)dz*
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Matrix Lie Group SE(3) for Kinematic Data

» When we consider a 3D frajectory of a mobile target, we e
can describe this curve by a time evolution of the local Aoben ) SEE "\
Frenet-Serret frame (local frame with tangent vector, i Ao

normal vector and binormal vector). This frame evolution is : \F‘
described by the Frenet-Serrtet formula that gives the :
kinematic properties of the target moving along the

continuous, differentiable curve in 3D Euclidean space R3. ==
More specifically, the formulas describe the derivatives of  « . g
the so-called tangent, normal, and binormal unit vectorsin ..
terms of each other. *] \\//
— — - — 1 \/
£y [0 « 0]t LY
d| . . _ K @ curvature ] m
—|A|=|-x 0 |/ n]| with _ I S e
dt| _ . y . torsion :
b) LO -7 0]lb
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Matrix Lie Group SE(3) for Kinematic Data

2> we will consider motions determined by exponentials of paths in the Lie algebra.
Such a motion is determined by a unit speed space-curve 7(t) . Now in a Frenet-
Serret motion a point in the moving body moves along the curve and the
coordinate frame in the moving body remains aligned with the tangent t,

normal i , and binormal b , of the curve. Using the 4-dimensional representation
of the Lie Group SE(3), the motion can be specified as :

G(t) = (Rét) T(lt)j e SE(3)

> where 7(t) is the curve and the rotation matrix has the unit vectors t, i.,and b
as columns:

R(t):(f i 6)630(3)
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Matrix Lie Group SE(3) for Kinematic Data

> If we infroduce the Darboux vector @ = 7f+K6 that we can rewritte from Frenet-
Serref Formulas g4 dfi db R
=@ b

=—aoxt , —=axh |, = WX
dt dt dt
» Then, we can write with Q is the 3x3 anti-symmetric matrix corresponding to @
d—R =Q0QR
dt B
> We note that w:f and do _ dyf+dK6
dt dt dt dt

» The instantaneous twist of the motion G(t) is given by:

5, =260 - (Q “j
t 0O O

es Houches 27th-3 uly 2020
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Matrix Lie Group SE(3) for Kinematic Data

» This is the Lie algelbra element corresponding to the tangent vector fo the curve G(t)
.1t is well known that elements of the Lie algebra $€(3) can be described as lines
with a pitch. The fixed axode of a motion G(t) € SE(3) is given by the axis of S,
as t varies. The instantaneous twist in the moving reference frame is given by

S, =G (t)S,G(t), that is, by the adjoint action on the twist in the fixed frame. The

instantaneous twist S, can also be found from the relation:

5, =G(t) —det(t)

S_G_ld_G_ R -R'7)(QR t) (R'OR R
° dt 0 1 0 0 0 0
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Matrix Lie Group SE(3) for Kinematic Data

» We can observe that we could describe a 3D trajectory by a time series of SE(3)
Lie group elements:

SE(3) = {E j/ ReSO(3),z e RS}

with $O(3)={R/R"R=RR" =1,det’ R =1}
» Then, the trajectory will be given by the following time series :

{|:R1 Tl:|,|:R2 Z-2:|,“.’|:Rn Tn:|}ESE(3)n
0O 1(/0 1 0 1
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Structuring Principles for Learning : Calculus of Variations

_— \Hean-l\/lichel
: Bismut
Elie Jean- Marlew

Joseph Simeon I—_Ienri Cartan
Pierre Louis Denis Poincaré
i Lagrange Poisson
Pierre y Louis grang 7
de Fermat Vauperuis

Souriau
Moment
Poincaré Map,
Cartan Souriau
(Euler) Integral Symplectic
. Poincaré Invariant
(Euler) Poisson Equation Lii I;c;grlrjl .
: Lagrange Bracket, | pS |
Maupertuis's  Equation Poisson Geometry fhermodynamics
Fermat's principle principle of Structure \\ y,

Of |ea\SPt4t“I\r\nﬁe?’ﬂw 315t July IeaSt |ength
45 Joint §

Informatic

OPEN

Common Foundations of Statistica
(S

or Learn

Souriau

Random

Mechanics
W .

THALES



SOURIAU 2019 SOURIAU 2019

hitps://www.youtube.com/watch?v=beM2pUK1H70

> Internet website : hitp://souriau2019.1r

> In 1969, 50 years ago, Jean-Marie Souriau published
the book "Structure des systeme dynamiques’, in
which using the ideas of J.L. Lagrange, he formalized
the "Geometric Mechanics" in its modern form based
on Symplectic Geometry

» Chapter IV was dedicated to "Thermodynamics of
Lie groups" (ref André Blanc-Lapierre)

» Testimony of Jean-Pierre Bourguignon at Souriau'19
(IHES, director of the European ERC)

Jean-Marie SOURIAU
and
Symplectic Geometry

Jean-Pierre BOURGUIGNON Symp ectic Mechanics, Geometric Quantization, Relativity,
(CNRS-THES) Thermodynamics, Cosmolegy, Diffeology & Philosophy

_ $- :
PARIS Aix Marseille ONERA ol’) SOHERE
46 'DIDEROT s-‘&r ( lfhn e SR N\ 7 ety

Informatior netry and Inference for Learning (SPIGL20)



http://souriau2019.fr/
https://www.youtube.com/watch?v=93hFolIBo0Q&t=3s

Le Livre de J.M. Souriau « Structure des systémes dynamiques », 1969

J.-M. SOURIAU

structure
des
systémes
J.-M. Sourias dynamiques

Structure of maitrises de mathématiques

A Symplectic View of Physics
Doty C I Crnonunidn W
B Cudnn

G M Tuess
T [

Birkhduser . DUNOD UNIVERSITE W

http://www.imsouriau.com/structure des systemes dynamiques.htm
http://www.springer.com/us/book/9780817636951
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http://www.jmsouriau.com/structure_des_systemes_dynamiques.htm
http://www.springer.com/us/book/9780817636951

Lagrange 2-form rediscovered by Jean-Marie Souriau

r
2 Rewriting equations of classical mechanics in phase space ( j

d°r d q v
m—-—-—= F v = —r
e dt =F et v ot t
> Souriau rediscovered that Lagrange had considered the evolution space:y=|r |eV
mov—F&t =0 vV
or—vot=0

> A dynamic system is represented by a foliation. This foliation is determined by an
antfisymmetric covariant 2"9 order tensor o , called the Lagrange (-Souriau) form,
a bilinear operator on the tangent vectors of V.

St 5't
o(H)S'y)=(m&—F&,&'r—vs't)—(mS'V-—F3't,of —v&) sy=|sr| et 5'y=|5'r
oV o'V

2 In the Lagrange-Souriau model, o is a 2-form on the evolution space V, and the
differential equation of motion implies: & € €

o' 0 v5 oy)=0 ou oy eKker
o o (5y}§ y) y a(8y)=0 ou 5y eker(o) i

1d Infe e for \eq (SPIGL2



Evolution space of Lagrange-Souriau

Evolution Space V Space of Motion U
\_f?
/ ........
&
...................... - ) -

Space-Time
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Gallileo Group & Algebra & V. Bargman Central extensions

X'=RX+Ut+WwW X' R U wi| X
t'=t+e t'|=10 1 et
X0 and weR% ecr* 1] [O O 11
R e SO(3) w 17 ) _ 4 N
1 | of 0 0 « {71 and gefa eeR
R ¥ 0 w 0 0 O @ecS0(3): X wxX
0 1 0 e B -
Ja
—U'R —7 1 f
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Souriau Work Roots: Frangois Gallissot Theorem

> Gallissot Theorem: There are 3 types of differential forms generating the equations of
a material point motion,|invariant by the action of the Galileo group

( 3
S = ziZ(mdvi — Fdt)’

m i=1 IF. Garvissor, Les formes extérieures en Mécanique (Thése), Durand,

Chartres, 1954.
m

A<

e=—
2 5

M

"

3
f=> 5;(dx —v,dt)(mdv - Fjdt) with 5; kronecker symbol
1

C: a)—i (mdv, — Fdt) Aldx; —v,dt)

> do= Ocons’rromed the Pfaff form 5 Fdx to be closed and to be reduced to the
differential of U : C = @ =md;dy, /\dx ZdH Adt with H=T-U and T = 1/2> m(v,

» It proves that @ has an ex’rerlor dlfferenhol dw generating Poincaré-Cartan Ihfegral
invariant: 3

27th-315' July da)zszdX—Hdt
5] Joint Structures and cOnwmFouadgmm of Statistical Physics = | ] T H A L E S
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LES FORMES EXTERIEURES EN MECANIQUE
par F. GALLISSOT.

1952

INTRODUCTION

La mécanique des systémes paramétriques développée tradition-
nellement d’aprds les idées de Lagrange s'est toujours heurtée & des
difficultés notables lorsqu'elle a désiré aborder les questions de frot-
tement entre solides (impossibilité et indétermination) ou la notion
générale de liaison (asservissement de M. Béghin), d’autre part la
forme lagrangienne des équations du mouvement ne nous donne
aucune indication sur la nature du probléme de I'intégration.

Dans ces célébres lecons sur les invariants intégraux Elie Cartan
a montré que loutes les propriétés des équations différentielles de ls
dynamique des syt®mes holonomes résultaient de l'existence de
Pinvariant intégral (v, w=pdg'— Hd!. Ainsia tout systéme holo-
nome dont les forces dérivent d'une fonction de forces est associé
une forme w, les équations du mouvemenl étant les caractéris-
tiques de la forme extérieure dw. Au cours de ces dix dernidres

S’affranchir

de la servitude
des coordonnées

(EYQ2—=0

Francois Gallissot Work in 1952 based on Elie and Henri Cartan works

Pour atteindre ces divers objectifs il m'a semblé utile de reprendre
dans le chapitre 1 I'étude des bases logiques sur lesquelles est édifide
la mécanique galiléenne. Je montre ainsi dans le § 1 que lorsqu’on
se propose de trouver des formes génératrices des équations du
mouvement d'un point matériel invariantes dans les transforma-

tions du groupe galiléen, la forme la plus intéressante esl une forme

extérieure de degré deux définie sur une variété V., = E @E®,T

(E, espace euclidien, T droite numérique temporelle)(*). Dans
le § 11 on montre qu'a loul systtme paraméirique holonome & n
degrés de liberté est associé une forme () de degré deux de rang 2n
définie sur une variété différentiable dont les caractéristiques sont les
équations du mouvement (). Gette forme s'exprime si l'on veul au

moven de an formes de Pfaff et de df, la forme hamiltonienne

n'étant qu'un cas particulier simple. Dans le § 3 j'indique

sommairement comment on peut s'affranchir de la servitude des
coordonnées dans 1'étude des sysitmes dynamiques et le rble impor-
tant joué par l'opérateur i( ) antidérivation de M. H. Cartan (%), le

champ caractéristique E de la forme {) étant défini par la relation

(E)2—o.

(') M. Knavrcmexxo a présenté celle conception an VIL® Congrés de Mécanique.

(%) Dis 1ghh M. Licunerowicz au Bulletin des Sciences Mathémaligues tome LXX,
p- go & déjh introduit les formes aslérieuras pour la formation des équations des systimes
holonomes et lindairement non holonomes.

(*) M. H. Canran, Collogue de Topologic, Bruxelles, 1950, Masson, Paris, 1931,

années, sous l'influence des topologistes s'est édifiée sur des bases
qui semblent définilives la théorie des formes exiérieures sur les
variétés différentiables. Il est alors naturel de se demander si la méca-
nique classique ne peut pas bénéficier largement de ce courant
d'idées, si elle ne peut pas étre construite en placant & sa base une
forme extérieure de degré deux, si griice i la notion de variélés, la
notion de liaison ne peut pas étre envisagée sous un angle plus intelli-
gible, si les indéterminations et impossibilités qui paraissent para-
doxales dans le cadre lagrangien n'ont pas une explication natu-
relle, enfin s'il n'est pas possible de considérer sous un jour nouveau
le probleme de l'inlégration des équations du mouvement, ces
derniéres étant engendrées par une forme (! de degré deux.

F. Garussor, Les formes extérieures en Mécanique (Thése), Durand,

Chartres, 1954.
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Interior/Exterior Products and Lie derivative

53

> iva) is the (p-1)-form on X obtained by inserting V (X) as the first argument of @ :
Interior product : Iva)(V2 , o -Vp) — a)(V (X),VZ,- . ,Vp )
> O A @ isthe ([p+ 1)-formon X where @ is a p-form and @ is a 1-form on X:

p .
. , . [ ~
Exterior product: @ A a)(vo’. . .,Vp) = Z(_]_) Q(Vi)w(vo" R ARY "Vp)
i=0
(Where the hat indicates a term to be omitted).
> Lva) is a p-form on X ,and Lva) = () if the flow of V consists of symmetries of @

d .-
Lie derivative : Lva)(vl,---,vp)zaetv a)(Vl,---,Vp)

t=0

THALES



Exterior derivative and E.Cartan, H. Cartan & S. Lie formulas

> dw is the (p+1)-form on X defined by taking the ordinary derivative of @ and
then anfisymmetrizing:

: ",
i O
Exterior derivative : da)(VO e ',Vp) = Z(— ) — (V )(VO, Vi, ,Vp)
=0
p:O,[da)] =0.w ; p= l[da)] = 0,0, — 0,0, ; P=2 [da)] = 0,0; + 0,0, + 0, w;
2 The properties of the exterior and Lie Derivative are the following:
L, o= d|va)-|— ivda) (E. Cartan)

i[u ,v]a) — iv LUa)— LU iva) (H.Cartan)

L[U,v]a): L, L,o—-L,L,o (. Le)
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Souriau Moment Map (1/2)

> Let (X . G) be a connected symplectic manifold.

» A vector field 77 on X is called symplectic if its flow preserves the 2-form :
Lo=0

2 If we use Elie Cartan's formula, we can deduce that .
Lo=do+ido=0

> bu’r as da 0 ’rhen d| o = (0. We observe that the 1-form| ¢ is closed.

2 When this 1-form is exact, ’rhere is a smooth function X+H— H o?q X with:

| o =—dH
n
> This vector field 77 is called Hamiltonian and could be define as s symplectic
gradient :
77 — vSymp H

LesH s th-31st July 2020
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Souriau Moment Map (2/2)

di,oc =0 i, o =—dH

n

> We define the Poisson bracket of two functions H, H "' by:
{H H } = 6(77,77 ):G(VsympH ,VsympH)

with ing = —dH oand in.o' =—dH"’
> Let a Llie group (G that acts on X and that also preserve g .

2 A moment map exists if these infinitesimal generators are actually hamiltonian, so
that a map exists:

D: X —>g* with iz O'=—dHZ where HZ =<(D(X),Z>

X

56 THALES



Souriau Model of Lie Groups Thermodynamics

an element of Lie Algebra

Legendre Transform of minus logarithm of Laplace Transform
Geometric Calorific Capacity (hessian of Massieu Potential)

Gunther’s Poly-
Symplectic Model (vector-valued model in non-equivariant case)

. s o
L |
] o o &
L
s *° o . .
. L]
° covariant
* . covariance of
le ® . ' Gibbs density wrt Dynamical Groups
J @ &
{1 ¥ 7 4 ® g



Lie Groups Tools Development: From Group to Co-adjoint Orbits

|58

Les Houches 27th-31¢ July 2020
Joint Structures and Common Foundations of Statistical Physics,
Information Geometry and Inference for Learning (SPIGL20)

OPEN

Lie Group & Statistical Physics

Jean-Michel Bismut — Random Mechanics

Jean-Marie Souriau — Lie Group Thermodynamics, Souriau Metric
Jean-Louis Koszul — Affine Lie Group & Algebra representation

Harmonic Analysis on Lie Group & Orbits Method
Pierre Torasso & Michéle Vergne — Poisson-Plancherel Formula
Michel Duflo — Extension of Orbits Method, Plancherel & Character
Alexandre Kirillov — Coadjoint Orbits, Kirillov Character

Jacques Dixmier — Unitary representation of nilpotent Group

Lie Group Representation

Bertram Kostant — KKS 2-form, Geometric Quantization
Alexandre Kirillov — Representation Theory, KKS 2-form
Jean-Marie Souriau — Moment Map, KKS 2-form, Souriau Cocycle
Valentine Bargmann — Unitary representation, Central extension

Lie Group Classification

Carl-Ludwig Siegel — Symplectic Group

Hermann Weyl — Conformal Geometry, Symplectic Group
Elie Cartan — Lie algebra classification, Symmetric Spaces
Willem Killing — Cartan-Killing form, Killing Vectors

Group/Lie Group Foundation

Henri Poincaré — Fuchsian Groups

Felix Klein — Erlangen Program (Homogeneous Manifold)

Sophus Lie — Lie Group

Evariste Galois/Louis Joseph Lagang.el; Substitution Gro& S
[



Lie Group

A set equipped with a binary operation with 4 axiom:s:

> Closure Va,beG thenaebeG

> Associafivity  Va,b,ceG then (aeb)ec=ae(bec)
> |dentity JeeG suchthateea=aee=a

> invertibility VaecG,IbeG suchthatbea=aeb=¢

v

A group that is a differentiable manifold, with the property that the
group operations of multiplication and inversion are smooth maps:

VX, Yy €G then ¢:GxG — G then ¢(x, y) = Xy is smooth

A Lie algebra g = TeG is a_vector space with a binary operation
called the Lie bracket [.,. IXQ@ — @ that satisfies axioms:

lax+by, z]=a[x,z]+b[y,z] ; [xx]=0; [x,y]=-[y,X]
Jacobi Identity: | x,[y,z] |+ z.[x y]|+| y.[z.x]]=0

OPEN

v
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Lie Group Notation

> Let G alie Group and T_Gtangent space of G atits neutfral element e

- AdAdjoint representation of G
Ad :G — GL(T,G) with i, :h+> ghg™
geGi— Ad, =T,

ad Tangent application of A d af neutral element € of G

ad =T_Ad : T.G — End(T.G) X,Y eT.Grad, (Y)=[X,Y]
> For G = GL,, (K) with K=R or C .
T.G=M_(K) XeM,(K),geG Ad (X)=g9gXg"

X, Y eM_(K) ad, (Y)=(T.Ad), (Y)= XY -YX =[X,Y]

- Curve frome = I, = ¢(0) tangentto X = c(@): c(t) = exp(tX)
and fransform by Ad : ¥ (t) = Ad exp(tX)

ad, (Y)=(T_Ad), (Y) = % ry(Y = % exp(tX)Y exp(tX)™ = XY —YX

N + _ N



Coadijoint operator and Coadjoint Orbits (Kirillov Representation)

» the adjoint representation of a Lie group Adg is a way of representing its elements
as linear tfransformations of the Lie algebra, considered as a vector space

¥:G — Aut(G)
g ¥, (h)=ghg™
ad =T,Ad :T,G — End (T,G)
X,Y eT,G > ad, (Y)=[X,Y]

Ad, :(dTg)e ‘o0
X - Ad,(X)=gXg™

2 the coadjoint representation of a Lie groupAd; , Is the dual of the adjoint
representation (g denotes the dual space to g ):

Vg eG,Y en,F eg’, then (Ad;F,Y)=(F,Ad_.Y)

RN JLV/—
6 '| Joint Structures and Comr - - — I H A I E S
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I Coadijoint operator and Coadjoint Orbits (Kirillov Representation)
| Co-adjoint Orbits as Homogeneous Symplectic Manifold by KKS 2-form

> A coadjoint orbit: 0, = {Ad;‘F, ge G} subset of o, F e’
carry a natural homogeneous symplectic structure by a closed G-invariant 2-form:

oo (K F Ky F) =B (X,Y)=(F,[X,Y]),X.Y eq

> The coadjoint action on O, is a Hamiltonian G-action with moment map Q —» &

| Souriau Foundamental Theorem « Every symplectic manifold is a coadjoint
orbit » is based on classification of symplectic homogeneous Lie group

actions by Souriau, Kostant and Kirillov o, (ad.X,ad.Y)= <|:,[x Y]>
geG mmm) O, ={Ad;F,geG,Fea’} mmmmd xvycgFeq
Lie Group Coadjoint Orbit Homogeneous Symplectic Manifold
(action of Lie Group on dual Lie algebra) (a smooth manifold with a closed

differential 2-form o, such that doe=0,
where the Lie GrogF acts transitivel

HALE

Les Houches 27th-31¢t July 2020
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Elementary Structures of Information Geometry

Seminal work of Elie Cartan

Geometry of Jean-Marie Souriau
Study of homogeneous symplectic
Symplectic manifolds geometry with the action of
Ganmatry dynamical groups. Introduction of the

Information Geeometny Lagrange-Souriau 2-form and Lie
- Groups Thermodynamics.

o =ig,,0z% A dz”
do=0
g,, = 00U

Geometry of Jean-Louis Koszul
Study of homogeneous bounded
domains geometry, symmetric
homogeneous spaces and sharp

Geometry of cafJ IH_L< mogeneous
B

RiemanB ;
_J@@n_@@._ omg r}ﬁme convex cones. Infroduction of an
Geometry invariant 2-form.

Geometry
Geometry of Erich Kahler

Study of differential manifolds geometry
equipped with a unitary structure

~ satisfying a condition of integrability.

Les Houches 27131 July 2020 - The homogeneOUS Kdahler case studied

| by André Lichnerowicz.




Fisher Metric and Fréchet-Darmois (Cramer-Rao) Bound

16)
_ Yo AV 4 | &%log p,(2)
R, ~[lo-d)o-0) |17 o)), -—E{ o, }
ds? = Kullback _ Divergence(p,(z), py.q0(2))
2 Po.as(2) W=W(0)
ds; :—_[ p,(z)log o (@) dz _ ds? = ds?

ds;_~ >9;d0d] = > [1(0)];d6,dg; =do™.1(6).d6
aylor i ’

s : ) = THALES



Distance Between Gaussian Density with Fisher Metric

- _
— 0 T 1
1(0) = ‘; % avec E[(@—@)(G—@) ]zue) et 9:@)

B o
2 Fisher matrix induced the following differential metric

2

. 2
ds? =do".1 (0).do =" 299" _ 2 Kdmj +(d0)2}

2 2 2 \/E

O o) O

» Poincaré Model of upper half-plane and unit disk
2o e w27 (] <1)
J2 Z+i
da|”

66



1 monovariate gaussian = 1 point in Poincaré unit disk

Fisher Metric in
Poincaré Half-Plane

Poincaré-Fisher metric e = 2
. . e 1+ 5(0)(1) a)(z))
2 . y
In Unit Disk : d*({my,0.}.{m,,0,}) = 2.(Iog 50" &9)
dw ’
ds® =8. | |2 with §(o®,0®) = Kol
Lol O o




Machine Learning & Gradient descent

2 Information geometry has been derived from invariant geometrical structure
involved in statistical inference. The Fisher metric defines a Riemannian metric as
the Hessian of two dual potential functions, linked to dually coupled affine
connections in a manifold of probability distributions. With the Souriau model, this
structure is extended preserving the Legendre tfransform between two dual
potential function parametrized in Lie algebra of the group acting transitively on
the homogeneous manifold.

> Classically, to optimize the parameter @ of a probabilistic model, based on a
sequence of observations Y, . is an online gradient descent with learning rate n, ,
and the loss function |, =—log p(y,/ ¥,) :

ol (y.)
. (U7

Les Houches 27th-31s July 2020
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Information Geometry & Machine Learning

2 This simple gradient descent has a first drawback of using the same non-adaptive
learning rate for all parameter components, and a second drawback of non
invariance with respect to parameter re-encoding inducing different learning
rates. S.I. Amari has infroduced the natural gradient to preserve this invariance to
be insensitive to the characteristic scale of each parameter direction. The
gradient descent could be corrected by 1(8)™* where | is the Fisher information
matrix with respect to parameter g , given by: T

ol (y.)

0, < 6, —nl (‘9t—1)_1 e

| (‘9) :[gij] 06
. o*logp(y/@ ologp(y/&)ologp(y/6o
with 9i :{_Eyzp(ylﬁ){ ( ):“ :{Eyzp(ylﬂ){ ( ) ( )
i i

06,00, 00 00,

! J
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Natural Gradient & Stochastic Gradient: Natural Langevin Dynamics

2 To regularize solution and avoid over-fitting, Stochastic gradient is used, as Langevin
Stochastic Gradients

2 Yann Ollivier (FACEBOOK FAIR, previously CNRS LRI Orsay) and Gaétan Marceau-
Caron (MILA, previously CNRS LRI Orsay and THALES LAS/ATM & TRT PhD) have
proposed to coupled Natural Gradient with Langevin Dynamics: Natural Lcmgevm
Dynamics (Best SMF/SEE GSI'17 paper) e ae

o1 (n) -5 toga(a)]
b1 (0.)" : @) N )

00

» The resulting natural Langevin dynamics combines the advantages of Amari's
natural gradient descent and Fisher-preconditioned Langevin dynamics for large
neural networks

Les Houches 27th-315" July 2020
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Dual Entropic Natural Gradient

L(m/@f
00
0=vs(n)=h(n)  n=ve(6)=9(6)

al, ( y. /h (77t—1))T
ol

.0
0, < 6_,—nl1(0_,) '

N <1,

S ()= Sup {{0,1)~ @ (0)}

=0

V1 (h(1)=V,h()Vl (h())= Vb () =[V,h(m)] V1 (h(7))

2ol (v, Ih(my))
on

N, <1, — [VZS (Ut_l)]

/1

Natural Dual Entropic Gradient

THALES



I Information Geomeiry & Machine Learning : Legendre structure

+ D(8) Slopg
ad(A) _ o@)-S (1])

| Legendre Transform, Dual Potentials & Fisher Metric % 6

2 S.I. Amari has proved that the Riemannian metric in an
exponential family is the Fisher information matrix

defined by: .
Classical Geometry Plicker Geometry
) [CU?‘IG is g\'v?n by T(1) (curvelis g_\'ver'n by the
a @ <0 confinuum of points envelop ofits fangents)
_ i __ ~0.y)

9i = |:86’86’ with ©(0) = Iogje dy S(7)=(0.7)-D(0)

I I T R oS

1) . with ﬂ;@ and M:n

» and the dual potential, the Shannon entropy, is given
by the Legendre transform:

S(n) =(0,n)-D(0) with 7, =

oD(0) and O — oS (n)
o0, on,

Les Houches 27th-31¢t July 2020
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Fisher Metric and Koszul 2 form on sharp convex cones

> J.L. Koszul and E. Vinberg have infroduced an affinely invariant Hessian metric on
a sharp convex cone through its characteristic function

@, (0) =-log j e-<9,y>dy =—logy,(6) with 8 € Q) sharp convex cone € ?
o

4
1

W, (0) = I e‘<9’y>dy with Koszul-Vinberg Characteristic function .
J BAS
> 15t Koszul form «: a =d®,(6) =—-d logy,, (0) i _. - |
> 2nd Koszul form y: ¥ = Da = Dd logy, () JCCliH B Al
(Ddlogya () W)= tu){ [ Feyae G(&)de—( [ F(é)-G(f)dé‘] ] 20 with F@)=e " and G(&)=e 2 (u,e)
Q o o o <§,9>
. e
> Diffeomorphism: n=a=-dlogy, (@)= .[ Ep,(E)dE with p, (&) =+
J‘e <§’9>d§

> Legendre ’rrcmsform S o(7)=(0,m) - CD o(0) with n=dd,(0) and 0= ds o (1)

th-31st July
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I Fisher Metric and Souriau 2-form: Lie Groups Thermodyamics

| Statistical Mechanics, Dual Potentials & Fisher Metric

2 In geometric statistical mechanics, J.M. Souriau has developed a “Lie groups
thermodynamics” of dynamical systems where the (maximum entropy) Gibbs
density is covariant with respect to the action of the Lie group. In the Souriau
model, previous structures of information geometry are preserved:

RO

|(B) =~z with @(f)==log[e"*Tda UM g
(50 o 0B _ - 35(Q)
SQ)=(5.Q)-0() with Q=2 g’ and f==Zea

Jean-Marie Souriau

» In the Souriau Lie groups thermodynamics model, g is a "“geometric” (Planck)

temperature, element of Lie algebra g of the group, and Q is a “geometric”
heat, element of dual Lie algebra g of the group.

Les Houches 27th-31s July 2020
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Fisher-Souriau Metric and its invariance

2 In Souriau’s Lie groups thermodynamics, the invariance by re-parameterization in
information geometry has been replaced by invariance with respect to the
action of the group. When an element of the group g acts on the element S eg
of the Lie algebra, given by adjoint operator Adg . Under the action of the group
, Ad,(B) . the entropy S (Q) and the Fisher metric | (,B) are invariant:

s[Q(Ady(8))]=5(Q)

pea—> Ady ()=
I[Ad,(B)]=1(B)
1(5) = 82(1) with @(5) =-log Ie (BUE) g 2

75
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Fisher-Souriau Metric Definition by Souriau Cocycle & Moment Map

» Souriau has proposed a Riemannian metric that we have identified as a
generalization of the Fisher metric:

- [gﬂ} with 95 ([,B, Zl] ’ [,6’, Zz]) - (:)ﬂ (le [ﬂ’ Zz])
with ©,(2,,2,)=6(Z,,2,)+(Q,ad, (Z,) ) where ad,(Z,)=[Z,,Z,]
> The tensor ® used to define this extended Fisher metric is defined by the

moment map J(x) . from M (homogeneous symplectic manifold) to the duall
Lie algebra ¢ , given by:

O(X,Y) = JXY] {35,3y} with J(x):M — g such that J, (x) =(J(X), X) X en

2 This tensor G) is also defined in tangent space of the cocycle H(g) eq (this
cocycle appears due to the non-equivariance of the coadjoint operator Ad

action of the group on the dual lie algebra): (Ad (ﬁ)) Ad;(Q)+6(9)

O(X,Y)axg >R with ©(X)=T,0(X (e))
76 XY - (0(X),Y )™ THALES



Fisher-Souriau Metric as a non-null Cohomology extension of KKS 2
form (Kirillov-Kostant-Souriau 2 form)

Souriau-Fisher Metric I(ﬁ):[gﬂ} with gﬁ([,B,Zl],[ﬁ,zz])=C:)ﬂ(zl,[,3,zz])
with ©,(2,,2,)=0(2,,2,)+(Q.[2,.2,] )

Non-null cohomology: aditional term from Souriau Cocycle Equivariant KKS 2 form

O(X,Y)=Jiy y;={JIx, dy} with J(x):M —g" suchthat I, (x) =(J(x),X), X €@

O(X,Y):axg >R with @(X)=T,0(X(e)) O(8.2)+(Q,[8.2] )=
XY 5 (O(X),Y) BekKerd,
Les Ho Equ»ahoni?llj.lr::g;rl:::; ?::::;I:Iynamlcs Q(Adg(’B )): Ad;(Q)+(9(g)

77 J“MT es and Co 1 Foundations of Statistic nPr OPEN THALES
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Fundamental Souriau Theorem

G

Lie Group Lie Algebra

-
-
-

Dual Lie Algebra !
R /
IB . (Planck) température Ad/g Q

element of Lie algebra

Q ; feat elementof dual Q" Q =Q(Ad, (8))=Ad; (Q)+6(g)
resena Comony THALES

Les Houches 27th-315" July 2020
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Non-equivariance of Coadjoint operator

» Non-equivariance of Coadjoint operator:
Q(Ad,(8))=Ad;(Q)+6(9)

2 This is the action of Lie Group on Moment map:

I, (x))=a(g, () = Ad; (3(9)+6(g)
2 By noting the action of the group on the dual space of the Lie algebra:

Gxa —q,(s,&) > séE=Ad E+0(s)

> Associaftivity is given by:

(5,8,)¢ = Ad,, £+0(s;s,) = Ad; Ad; &+6(s)) + Ad, 6(s,)

(5,8,)¢ = Ad, (Ad:2§+9(32))+6’(51) =5,(5,¢) , Vs,5,€G,Een
79 THALES
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Souriau Cocycle

*
> @ g) € I is called nonequivariance one-cocycle, and it is a measure of the
lack of equivariance of the moment map.

O(st) = J((st).x) — AdgJ (x)

O(st) =| J(s.(t.x)) - Ad{J (t.X) |+] Ad;J (t.x)— Ad{Ad; I (x) |
O(st) = 0(s) + Ad; | J (t.x)— Ad; I () |

6(st) = 6(s) + Ad6(t)

80 THALES



Souriau one-cocycle and compute 2-cocycle
O(X,Y):axg >N with ©(X) =T,0(X(e))
XY = (0(X),Y)

> We can also compute tangent of one-cocycle @ at neutral element, to
compute 2-cocycle @ :

Sen, g(s)=<6(s),4>=<J(s-x) £)—-(Ad;3 (x).¢)
-(5)=(3(sx),¢)=(3(x). Ad,.<)

e;(cf) < Jg (x),£)+(J(x),ad.¢) with =Xy s
T, 4(5): (3(%),€) [<J(X) §>] < (X)’[§’§]>
T.0,(£)=-{(3.).(3.)}+ (30 [6.¢T) =0(¢)

81 THALES



Souriau Tensor
O(X,Y) =Ty~ 13x: Iy ==(dO(X),Y) , X,Y eu
O([X.Y].Z)+6([X,Y].Z)+O([X,Y],Z)=0, X,Y,Zeg

2 By differentiating the equation on affine action, we have:

TJ(&,())=-ad;J(x)+O(£&,.)
dJ(Xx)=ad,J(x)+dO(X) , xeM,X eq
(dI(Xx),Y)=(ad, J(x),Y)+(dO(X),Y), xeM,X,Y eg
(dI(Xx),Y ) =(I 00, [ X, Y] +(dO(X),Y) ={{3,X),(I,Y)}(x)
(300X Y ={(3, X)), (3, Y )} (x) ==(dO(X),Y)

82 THALES



Souriau-Fisher Metric & Souriau Lie Groups Thermodynamics:
Bedrock for Lie Group Machine Learning

TEMPERATURE HEAT
In Lie Algebra G In Dual Lie Algebra
gﬂ([ﬁ,zl],[ﬁ,zz]F(:)ﬁ(Zl,[ﬂ,Zz])zo

Gibbs canonical Q8 82 |Og Ie—<ﬂrU (§)>di
M

ensemble 52

a Q

Ad, () Ad,(@+0(g) 1) =1(Ad(8))=-

B = Q
Entropy invariant under the
s(Q)=(8,Q) - () action of the group

s(Q)=(£.Q)—®(8)=(0*(Q).Q) - »(®@*(Q))

op? o

Logarithm of Partition Function _1
(Massieu Characteristic Function) Q=0(B) = o _ ot P=0 (Qex

| 83 Joint Structures and Common Foundations of Statistical Physics, OPEN / I H A I E S
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I Link with Classical Thermodynamics

| We have the reciprocal formula:

oD 0S
°"% s

oS

5(Q) = < o5 ﬂ> WIHE <Q 6Q>

| For Classical Thermodynamics (Time translation only), we recover the
definition of Boltzmann-Clausius Entropy:

(. 05
) dQ

] = ds=—

1
\ﬂ_T

Les Houches 27th-31s! July 2020
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Souriau Model of Covariant Gibbs Density

2 Souriau has then defined a Gibbs density that is covariant under the action of the

group: oS oV A
Painss (£) =€ = J‘e_<u (5),/3>d/1w
M
with @®(B)=—log j e Vg
M
(&)e Y,
_0D(p) _ J _

> We cgg)e §>ress The Gibbs density with respect to Q by inverting the relation
®(ﬂ) U(£)e7Q) _
('B . Then Paibbs.o (&)= | ) with =0 1(Q)

as = THALES



Souriau Lie Groups Thermodynamics: Geometric Calorific Capacity

Nous prenons désormais 2 dans C . La valeur moyenne du moment Pix) * * *
dans 1'état de Gibbs est égal a la derivee Souriau-Fisher Metric

Q=20 is a Geometrization
I >R estun difféomorphieme snalytique de C sur un ouvert convexe of ThermOdynqmiqu
de ‘gt; la transformée de Legendre s de z : «Calorific Capacity»
s(@) = 62— (Pierre Duhem has
y est convexe et verifie 1 = s71\): la dérivée seconde: deep'y deve|oped
K ==7D this idea of
est un tenseur positif. dont 17inverse est égal & 57 (B). _ « generdlized
? ? u i i i i t 17ac=- oge
P b RN Rretasg s ottt capacities »)

antihermitienne.

? . > - . -
L appl:l.cat:nn fz ! définie pa.l'l B Dans le cas classique, on ne considére que le groupe de dimsigﬂ 1 des
translations temporelles (qui n'est défini qu'aprés avoir choisi un réfé-
rentiel - par exemple celui de la bofte qui contient le gas), Alors, avec
¥ ’ 2y des unités convenables, 7 est 17inverse de la TEMPERATURE PPSOLUE; =z
i » Z e est le POTENTIEL THERMODYNAMIGUE DE PLAMEK; -s est 1’ENTROPIE: & est
I’ENERGIE INTERME: K caractérise la CAPACITE CALORIFIQUE. |

£,12°,27) = k{cz,2°3,2°7)

#st un cocycle symplectique, cohomologue a ¢  [formule (2,7 C)13 son
noyau est 1°orthogonal de 17orbite adjointe de I pour la structure rie~

mannienne de C . THALES
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Souriau Lie Group Thermodynamics: Geometric Calorific Capacity

11 faut bien entendu que cette intégrale soit convergente ; nous

définirons 1|'enserble cannnigue de Gibbs L corme le plus grand cuvert

(dans 1'algebre de Lie) ou cette intégrale est localement normalement conver-

cente {en (O ). On montre que {L  est convexe, et que 3z est une

fonction C“ sur (1 ; que .a dérivée Q: B2
. )
val moyenne de 1'énergic E éntralise d e

coincide avec la
hal

tenseur gﬁ est syrétrique et positif (i1 géndralise la capacité calo-
rifique). 1? en résulte que == est fonction convexe de @ : la trans-

formation de Legendra luf associe une fongtion coﬁva, 4 savoir

(7.3) Qh—v g = Z-QG}

s est T'entropie.

OPEN
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Souriau-Fisher Metric based on cocycle

pour chaque “température O , définissons un tenseur fe s SOmme
du cocycle £ (¢éfini en (3.2)) et du codord de la chalevr :

(7.4) fo(Z,2) = 'F(?-.‘x’-')’fc?[lrl']

FC) jouit alors des proprittés suivantes :

) fia est un cocvcle symplectigue ;

b) Oe ker fgy
5) c) Le tenseur symétrique g<> s GEfini sur 1'ensemdle de valeurs de ad(C))
par

3sll@,2),l0,11) = folz,l@.2")

est positif (et méme défini positif si 1'action du groupe est effective).

Ces formules sont universelles, en ce sens qu'elles ne mettent pas en jeu
Ta variété symplectigue U - mafs seulement le groupe G , son cocycle

Les Houches 271
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I Sovuriau Lie Groups Thermodynamics: General Equations

Ces formules sont universelles, en ce sens qu'elles ne mertent pas en jeu

la variété symplectique U - mals seulement
sytplectique f et les ccuples

@.0.

des groupes ce Lic® a-t-elle un fntérét mathiématicue.

Fourier: Analytical Theory
of Heat

THEORIE MECANIQUE

LA CHALEUR

nnnnnnnnnnnnnnnnnnnnn

189

Information Geometry and Infer orLe

g (SPIGL20)

THEORIE

DE LA CHALEUR:

= 5 D PomsOw

s .u_...., e e

lllllll

SOURIAU GEOMETRIC THEORY OF HEAT

Clausius: Mechanical Poisson: Mathematical
Theory of Heat Theory of Heat

=)

le groupe G , son cacycle
Peut-étre cotte "thermoldynamique

structure
des
systémes
dynamiques

maitrises de mathématiques

Souriau:
Geometric Theory of Heat in
Chapter IV « Mécanique
Statistique »

| DUNOD UNIVERSITE !\

THALES



Multivariate Gaussian Density as 1st order Maximum Entropy in

Souriau Book (Chapter 1V)

%: - Exemple : (loi normale) :
x
i  Prenons le cas ¥ = R", 1 = mesure de Lebesgue, ¥(x) = :
¥ x & x

un élément Z du dual de E peut se définir par la formule
ZiFx))=a.x ++x.H.x

[t e B"; H = matrice symétrigue]. On vérifie qué la convergence de 1"inté-
grale Iy a lieu si la matrice*H est positive (') ; dans ce cas la loi de Gibbs
: 's'appelle loi normale de Gauss ; on calcule facilement [y en faisant le chan-
i, germnent de variable x* = H'? x 4 H~Y2 4 (*); il vient )

e

s

| z=%[@E.H '.a — log (dét (H)) + nlog (2 n)]

Z alors la convergence de f; a lieu également ; on peut donc calculer A, qui
& est défini par les moments du premier et du second ordre de la loi (16.196) ;
- le calenl montre que le moment du premier ordre est égal &4 — H ™', a
et gque les composantes du tenseur varignce (16, 196) sont égales aux
éléments de la matrice A ~* ; le moment du second ordre s’en déduit immgé-
diatement. _
La formule (16.20057) donne "enrropic :

Lo
4

o

e

i

B

log (2 me) — -% log (dét (1)) | .

5 =

n
2

(%) Woir Calcw! lindaire, tome II-
(*) |[Cest-d-dire en recherchant Pimage de la loi par Papplication x s x*®.
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STRUCTURE
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SYSTEMES
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Afnrined o sl rior i

A-bef SOl
e i Fi— Sl —
d i S Lo =T

http://www.[msouriau.com/structure

des systemes dynamigques.htm



http://www.jmsouriau.com/structure_des_systemes_dynamiques.htm

Example of Multivariate Gaussian Law (real case)

1 —E(z—m)T R (z-m)
P = o ety ¢
%(Z -m)' R*(z—-m) = % [ZT R*'z-m'R*z-z'R™m+m’ R‘lm] Gaussian
Density i

ZEZTR_lz_mTR_IZ-i—EmTR_lm ets y s

2 2 a 1st order

p(é:) _ 1 : e_[_mTRler;ZTRlZ} _ ie_<§ﬁ> quimum
95 7mT 71m °

(27)"2 det(R)"2e2" z Entropy Density !

z -R™m| [a
5:{ T} and ,B:[ lRl}z{ } with <§,,B>:aTz+zTHz=Tr[zaT+HTzzT]
7z 5 H
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SOURIAU ENTROPY AS
INVARIANT CASIMIR

FUNCTION IN COADJOINT
REPRESENTATION
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I Gromoyv question: Are there « entropies » associated to moment maps

. ) ) o )
| Bernoulli Lecture - What is Probability? What is

!
3 <

Misha

> 27 March 2018 - CIB - EPFL - Switzerland GROMOY "ﬁ"-

2 Lecturer: Mikhail Gromov
> https://bernoulli.epfl.ch/images/website/What is Probability v2(2).mp4
> http://forum.cs-dc.org/uploads/files/1525172771489%-alternative-probabilities-2018.pdf

Fisher Metric. Recall (Archimedes, If, accordingly, we take the "in-
287-212 BCE) the real moment map verse Hessian" — a kind of double
from the unit sphere 5™ c R"*1 to integral " [ [ ds®" for the definition
the probability simplex A" c R?*!  ontrony — We Arrive :
for Question 2. Are there interest-
(20.occn) = (po = ,(3' oy Py = ,;),) ing "entropies" associated to (real

and complex) moment maps of gen-

and observe following R. Fisher that : S
eral toric varieties? Is there a mean-

the spherical metric (with constant
curvature +1) thus transported to
An call it ds? on A" is equal, up
to a scalar multiple, to the Hessian

ingful concept of "generalised prob-
ability" grounded in positivity en-
countered in algebraic geometry?

of the entropy
ent{po. ....pn} = - Xipilog p;.

12 o .’(')?’( nt(p;i) _ - A T -
IE s e (!p,dpl ' ), H A L E S

cib.epfl.c



https://bernoulli.epfl.ch/images/website/What_is_Probability_v2(2).mp4
http://forum.cs-dc.org/uploads/files/1525172771489-alternative-probabilities-2018.pdf

Souriau Entropy Invariance

» We conclude the paper by a deeper study of Souriau model structure. We
observe that Souriau Entropy S (Q) defined on coadjoint orbit of the group has a

property of invariance :
5(Ad5(@)=5(Q)

> with respect to Souriau affine definition of coadjoint action:

Adg(Q) =Ad;(Q)+6(9)
> where 9(g) is called the Souriau cocyle.

Q ( Adg (ﬂ)) = Ad; (Q) + 9 ( g ) Function in Coadjoint:

Representation Invariant
under the action of the

S(Q(Ad,(8)))=5(Q) Group

H.B.G. Casimir, On the Rotation of a Rigid Body in
Les Houches 271h-31% July 2020 Quantum Mechanics, Doctoral Thesis, Leiden, 1931.

94 Joint Structures and Common Foundations of Statistical Physics
Information Geometry and Inferen or Learning (SPIGL'20)

Hendrik Casimir
(Thesis supervised by

Niels Bohr & Paul Ehrenfest)
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Entropy as Invariant Casimir Function in Coadjoint Representation

(5.H},(Q)=0] [ad, 0+ @(jgj

0

Q

sm@-{ag ) g S

(88

,|=Cie, . Cif structure coefficients

s H@-(0] 2

oS oH
0Q Q

oS ¢oH _* .
}> ®£6Q GQ] 0, VH:a >R, Qenqn

O(X,Y)=Jry;—{Ix,Jy} where J, (x) =(J(x),X)
O(X,Y)=(0(X),Y) with ©(X)=T,0(X(e))
THALES



I Souriau Entropy and Casimir Invariant Function

| Geometric Definition of Entropy

2 In the framework of Souriau Lie groups Thermodynamics, we can characterize the
Entropy as a generalized Casimir invariant function in coadjoint representation,

| Geometric Definition of Massieu Characteristic Function

2 Massieu characteristic function (or log-partition function), dual of Entropy by
Legendre transform, as a generalized Casimir function in adjoint representation.

| Casimir Function Definition

2 When M is a Poisson manifold, a function on M is a Casimir function if and only if
this function is constant on each symplectic leaf (the non-empty open subsets of
the symplectic leaves are the smallest embedded manifolds of M which are
Poisson submanifolds)

Les Houches 27th-31¢t July 2020
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Entropy Invariance under the action of the Group (1/2)

Bea— Ady(B)= W (Ad,(B)) = j g,
‘P(Adg(ﬁ)):je_ g_l’>dﬂ :Je<( g‘lﬂ) oo )’ﬂ>d/1

w(ad, (p) =e" V' w (p)

0(9™)=-Ad’.6(g) = ¥(Ad,(B)) = o 12008)

O (f)=-log¥(p)

=0 (44,9)=0(8)-(0(*) f)-0(p)+ (A 00)p) |

¥ (/)



Entropy Invariance under the action of the Group (2/2)
S(Q)=(Q.8)-®(8) = $(Q(Ad,B))=(Q(Ad,B), Ad,3) - @(Ad, )
Q(Ad,(8))=Ad;(Q)+6(g)
@ (Ad, (8)) =~log ¥(Ad, (/3»=—< (g‘l),ﬂ>+®(ﬁ)
:S(Q\Adgﬂ) =(Ad;(Q)+6(g),Ad B >+<9 > (8)
= $(Q(Ad,3))=(Ad;(Q)+6(g), Ad,B)- <Ad 0(g), ,B> ® ()
(9).5
B)-

9

= 5(Q(Ad,p)] <Ad Ad;(Q)+Ad .0(g > <Ad 0(9), ,B> ®(p)

Ad.Ady(Q) =Q = S(Q(Ady4))=(Q.5) -0 (8) =S (p)
s THALES



Souriau Entropy and Casimir Invariant Function

> Classically, the Entropy is defined axiomatically as Shannon or von Neumann
Entropies without any geometric structures constraints.

2 Entropy could be built by Casimir Function Equation:

. 0S Y B
(adgng+ (anj =C;a [anQk+® =0

O(X,Y)=(O(X),Y) =T,y —1Ix, Iy} =—(dO(X),Y) , XY eq
O(X)=T,0(X(e))
0(9)=Q(Ad,(8))-Ad;(Q)

nference for Learning (SPIGL20)




Souriau Entropy and Casimir Invariant Function

» if we consider the heat expression Q = o® , that we can write 50 —(Q,&ﬁ} =0.

» Foreach of tangent to the orbit, and S%Bgenerq’red by an element Z of the Lie
algebra, if we consider the relation (I)(Adg (,B)) = (D(ﬂ)—<6?(g‘1),,8> , we
differentiate it at g =€ using the property that:

O(X,Y)=—(do(X),Y) , X,Y exg

> we obtain : (Q,[3.Z2])+©(8,Z)=0 .
> From last Souriau equation, if we use the identities f=—, ad,Z = |8,Z] and

©(8.2)=(0(8).2) * 55
» Then we can deduce that: ad@Q—I_@ % ,Z)=0, VZ
> So, Entropy S(Q) should verify®

ad’;SQ+®(§j=o (S,H}_(Q)=0 VH:r' >R, Qe
x Q

oS oH ~( S oH
100 {S’H}@(Q)_<Q’L%’%}>+®(%’%j_oTHI\LES



Souriau Entropy and Casimir Invariant Function

511 (@ (0] 228 )+{o[ 2] 22 -0
{S,H}@(Q)=<Q adgg><®(§3 a—g>
(2 Z5{e(F) %)

VH,{S,H}@(Q)—<adaSQ @[asj ag>:0:>ad;SQ+®(§g]:O

=0
=0

oQ oQ

101 THALES



Souriau Entropy and Casimir Invariant Function

> Souriau property: S € Ker®, = <Q,[,B,Z]>+(:)(IB,Z) -

=(Q,ad,Z)+6(8.2)=0=(ad,Q,Z)+0(8,2)=

0
0S 0S 0S
B = 8Q:><ad§éQ Z>+®(8Q Zj < SSQ @(an Z>—O,VZ

oS
= ad Q+®[ j 0
= 6Q

102 THALES



Souriau Entropy and Casimir Invariant Function

2 The dual space of the Lie algebra foliates info coadjoint orbits that are also the
level sets on the entropy.

2 The information manifold foliates into level sets of the entropy that could be
interpreted in the framework of Thermodynamics by the fact that motion
remaining on this complex surfaces is non-dissipative, whereas motion transversal
to these surfaces is dissipative, where the dynamic is given by:

dQ oH
Hi. =ad +0O| —
a ~ (@M =adnCr 3
2 with stable equilibrium when:
dQ 0S
H=S St.=ad +0© 0
—= at {Q } asQ [an

Q

Les Houche 1-3151 July 2020
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Entropy Production and 2"d Principle

> We can observe that: dS = (Zg ,Bj dt
> Where:

o (520)-5(28 0)-{ol 5]

2 showing that Entropy production is linked with Souriau tensor related to Fisher

metric: 45 . (6H
—=0 sl = p1=0
dt 0Q
2 It allows to infroduce the stochastic extension based on a Stratonovich
differential equation for the stochastic process given by the following relation by

mean of Souriau’s symplectic cocycle

dQ{adaHQJr@(aQ ﬂdHZl: ad,, Q+ @[%HQ ﬂodw, (t)=0

Q
Les Houches 27th-315" July 2020
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Entropy Production and 2nd Principle

o ) Lo dQ . o
S(Q)—(Qﬁ) q)(,B) with it adaHQ+®(an

Q

8 /0 88\ [aar oref ) 5V 92 /o 4B, [ o oH) S\ do
t _<Q, " >+<angQ+®£an"B> " <Q, it >+<angQ"B>+<®[8Q]"B>
S _[o 98 oH 5 H 5] 9P _ /o 4B\ g [OH 4] (0P dS
dt _<Q’ t>+<Q’{aQ’ﬂ}>+®[aQ’ﬂ] dt <Q’ dt>+®ﬂ(aQ’ﬂj <8,B’ dt>
9 _[o 98\ o (SH 5 (0@ dB\ . o0
dt‘<Q’ dt>+®ﬂ(aQ’ﬂj <8ﬁ’ dt> o O
Cclj—f = (:)ﬁ (Z—H , ﬂj >0,VH (link to positivity of Fisher metric)
if H=S = d—Széﬂ(,B,ﬂ)zo because 3 € Ker®,
105 %=Q L THALES
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I Geometric (Planck) Temperature in the Lie Algrbra

| Let a Group G of a Manifold M with a moment map E , the Geometric
(Planck) Temperature g is all elements of Lie Agebra g of G such that the
following integrals converges in a neighborhood of 5 : | (B) = J‘e AU

>(B,U) notes the dudlity of g and g’
>dA is the Liouville density on

| Theorem: The function |, is infinitly differentiable C* in Q (the largest
open proper subset of g) and is n" derivative for all g<Q, the tensor
integral is convergent: | (B) = J‘e (BYy®" g4

| To each temperature p.owe can associate probability law on M with
distribution function (such that the probability law has a mass equal to 1):

e®W~HAUE) with@(B) =-log(l,)=~log [e "V dA and Q(B) = [erroney Ud/1—|—1
> The set of these probadlities law is GibBs Ensemble of the Dyna"fhlc Group, @ is the °

Thermodynqmlc Potential and Q is the Geometric Heat Qeg’ .
107 e I AALEDS



I Geometric Fisher Metric: Geometric Heat Capacity

| We can observe that the Geometric Heat Q is C* function of Geometric
Temperature g in Dual Lie Algebra g : fearsQen’

Q(ﬂ) _ J‘eq)(ﬂ)—wvu (§)>Udﬂ _ Il_l
M 0

, oD
| We have: Q=— o)
op ®(B) =—log [e""*“d2
M
|Its derivative is a 2"d order symmetric tensor:%::—z—llf>§I II -Q®Q
0 0
ey _qleu-Qiz Q. Q_ &
5,3 M op op  op?

| This quatratic form is positive, and positive definite for each x € M unless
there exist a non null element z eg such that (U -Q,Z)=0(means that the
moment U varies in an affine sub-manifold of ¢” )

Les Houches 27th-315 Ju \y2020
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Distribution of probability by Group action

o =05 )=0-(0(gt)p) £ =Ad()

" = d+(6(g), Ad, B) 0(g™) =—Ad,6(9)
) @(B) =-log j e PV @)g

,u* :e®*_<ﬂ*’u>

¥, (ﬂﬂ ) = Had,(p)

oD

%

5D —(Q,58)=0

0(8,2)+(Q.[8.2])
O(X) =T,0(X(e))

0

@)(X,Y):gxg—)iR
X, Y 5 (0(X),Y)
109 THALES



Geometric (Planck) Temperature
O(s.2)+(Q[p2] )=0

O(X,Y) Symplectic Cocycle of Lie algebra «
J

O(X,Y) =iy~ {3x. dy } with {,.}Poisson Bracketand J the Moment Map

. L , , : a—>C"(M,R)
» where J, linear application from & to differential function on M:

X >
and the associated differentiable application J called moment(um) map: X

J:M —>g with xt— J(x) suchthatJ, (x)=(J(x),X), X eq
O(X,Y) 0
o(Xx.Y]z)+o(Y,z]l X)+6(z,x]Y)=0
©0,(2,,2,)=0(2,,2,)+(Q.ad, (Z,) ) with ad,(Z,)=[z,,Z,]

peKero, 0,(8,8)=0 , VBex
110 THALES



Associated Riemannian Metric: Geometric Fisher Meftric

Q" =Ad;(Q)+6(g)

/ eq
_R5y
op
6,(z.p.2)-8(z[p.2)+@z[5.2])20
0, 0
o(Xx.Y]2)+o(Y.z] X)+6(z,x]Y)=0
symmetric tensor g, ad,(Z)

g,b’([ﬁ’ Zl]’ [131 Zz]) = (:jﬁ(zl’ [:B’ Zz])
lo-(olg")p) o

[(Ad, ()=~ LB ST
s|Q(Ad, (8))]=s(Q(B)) op op
1M THALES




Fisher Metric of Souriau Lie Group Thermodynamics

gﬂ([ﬂ’ Zl]’ [18' Zz]): é:)ﬂ(zl’ [:B’ Zz]) P € Ker éﬂ
0,(2,,2,)=6(2,,2,)+(Q.ad, (Z,) ) with ad, (Z,)=[z,,Z,]
extension of Fisher metric, an hessian metric

Q(Ad, (8))= Ad: (Q)+6(g)
R (17, 8)=8(z,,[8.)+(Q Ad, [8.D)=6,(z..[5.)

op
5 3
(2. 812,)=6(2.18.2,)+(. A0, (5.2.))=8, (2. [5.2.)
5’ ~
=== =9,0821(8.2.)=8,(z.[5.2.)
generalization of “Heat Capacity”
p=r K:_@:_aq(a(l/mj‘ k2R T K a7 with Rocp
KT op  oT\ aT oT & C.D

112 THALES



I Continuous Medium Thermodynamics

| For Continuous Medium Thermodynamics, « Temperature Vector » is no
longer constrained to be in Lie Algebra, but only conirained by
phenomenologic equations (e.g. Navier equations, ...).

| For Thermodynamic equilibrium, the « Temperature Vector » is a Killing
vector of Space-Time.

| For each point X, there is a « Temperature Vector » IB(X) , such itis an
infinitesimal conformal transform of the metric of the univers J;; :

0.3, +0; 5, = 19, 0,.: covariant derivative

Ko _
0ipj+0 ,-,Bi_ —_ZFU. P = _/Igij B; :component of Temperature vector
A =0 = Killing Equation
| Conservation equations can be deduced for components of Impulsion-
Energy tensor T and Entropy flux S7: 0T =0 0.5'=0

Les Houches 27th-31¢ July 2020
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I Poincaré-Cartan Integral Invariant of Lie Group Thermodynamics

| Analogies between Geometric Mechanics & Geometric Lie Group
Thermodynamics, provides the following similarities of structures

{q < B (L) o o(B) ”q dg _oH op-B
pQ {H(p)eSOQ) < dt  op Q
H=pg-LeS=(Q,B)-@ 5; Q_a%

| We can then consider a similar Poincaré-Cartan-Souriau Ptaffian form:

= pdg-H.dt & o=(Q,(Adt))-S.dt 4 Q,)-S).dt = ®(p).dt
| This analogy provides an associated Poincaré-Cartan Integral Invariant:

j pdg-H.dt = j pdg—H.dt transformsin [ @(B)dt = [(B).dt

C, Cy L R
| For Thermodynamics, we can then deduce an Euler-Poincaré Variational
Principle: The Variational Principle holds on g , for variations 58 =7 +[8,7] .
where 7(t) is an arbitrary path thq’r vanishes al the endpoints, p(a)=n()=0:
IﬂA' joxr:srrugmrzrnz]cim‘qyrfgsioundoﬁons of Sfafisical Physics, 5J.(I) ﬁ(t) dt - T H ,.\ L E S
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Souriau Gibbs states for Hamiltonian actions of subgroups of the

Galilean group
» Galilean Transformation on position and speed:

—

iU (A b dYF v) (AfF+tb+d AV+b
t 1]/=|0 1 et 1|=| t+e 1
1 0) 0 0 1)1 0 1 0

> Souriau Result: this action is Hamiltonian, with the map J, defined on the evolution
space of the particle, w’rh volue in the c{uol g* of the Lie algebra G, as momentum

map Y
JFtym)=mr-tv 0 o:m{rxv,r—tv,v,luvuz}eg*

_ 1.2 2
5 Counll | vV o
ouplling formula: 2 )
<J(F,t,\7,m),,8>:<m{F><\7,F—t\7,\7,1H\7H2},{“,07,5,5}> j@ a o )
2 Z=| 0 1 ¢ :{*,07,5,8}eg
(3(F,4,9,m) ﬁ>:m(@.rxv_(rxm.az+v.5_luvuzgj 0 00
2 THALES
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Sovuriau Gibbs states for Hamiltonian actions of subgroups of the

Galilean group

> Souriau Result: Action of the full Galilean group on the space of motions of an
isolated mechanical system is not related to any Equilibrium Gibls state (the
open subset of the Lie algebra, associated to this Gibbs state, is empty)

» The 1-parameter subgroup of the Galilean group generated by g element of Lie
Algebra, is the set of matrices

Az) b(z) d(z)

exp(zf)=| O 1 TE
0 0 1
i@ a 6
= 0 1 ¢|en
O O 0

GGO‘“WET 1d Infel e for \e SP\O O

with <

( .
o0 |

A(r) = exp(j(@)) and b(z) = (Zj—!(j(@))”]&

Ms

\a(r){g (()1j [Izz%l(a)) )

OPEN
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Souriau Thermodynamics of butter churn (device used to conver’r
cream into butter) or “La Thermodynamique de la crémiere”

> 8 S — S _ “The angular momentum is imparted to the gas when
=g, ,a=0and 6=0 the molecules collide with the rotating walls, which

w» changes the Maxwell distribution at every point, shifting
Rotation speed had its origin. The walls play the role of an angular
) c momentum reservoir. Their motion is characterized by a
certain angular velocity, and the angular velocities of
2 2 the fluid and of the walls become equal at equilibrium,
fi (ﬁo ) He X T 0 H exactly like the equalization of the temperature
2 through energy exchanges'. — Roger Balian

with A =g, x| distance to axis z

2
1 1 m (w

(B)=——=expl-(J;, cst.exp| ———||P N

P) = 5o, ) =cstexpl ~ o+ (2

2 the behaviour of a gas made of point particles of various
masses in a centrifuge rotating at a constant angular velocity —
(the heavier particles concentrate farther from the rotation €

Qxis ’rhon the lighter ones)

Les Houches 27th-315" July 202!
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I Roger Balian Computation of Gibbs density for centrifuge

| Balian made the remarks that “The angular momentum is imparted to the
gas when the molecules collide with the rotating walls, which changes the
Maxwell distribution at every point, shifting its origin. The walls play the role
of an angular momentum reservoir. Their motion is characterized by a
certain angular velocity, and the angular velocities of the fluid and of the
walls become equal at equilibrium, exactly like the equalization of the
temperature through energy exchanges”.

Les Houches 27th-31¢ July 2020
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Lie Group Thermodynamics: Centrifuge for Butter, U235 & Ribo acides

- Physiquement, 13 théorie donne de bons risultats si on 1'3opligue aux
divers sous-graupes du groupe de Galilée qui sont caractéristigues dos
apparcils thermodynamiquas : ainsi une boite cylindrique dans laquelle
on enferme un fluide lui laisse un sous-groupe d'invariance de direcsion 2
rotations autour de 1'axe, translations tcrmporelles. D'ad résultie un vectewr
température 3 deux dimensions, que 1'on peut "transmettre” 2u fluide par
1'4ntermédiaire de la hoite, {en la refroidissant, par exemple, et en ia
faisant tourner) ; les résultats de 1a théorie sont ceux-1d rére que 1'on
exploite dans les centrifugeuses (par esemple pour fabriguer du beurre,

de 1'uraniym 235 ou des acides ribonucléigques).

- n remarquera que le processus par lequcl une centrifugeuse réfrinérée
trarsme® son propse vecteur-température & son contenu Jorte deux noms
différents : corduction thermique et viscosité, selon la composante du
vecteur-terpbrature que 1'on consicére ; conduction et visccsite devraient
dong {42 unifites dans une théorie fondamentale ces processus irréversidbies
{théorie qui reste d construire}.

LSS 1HIUULIISS 27 111701+ JUly 2ULyU
‘| '| 9 Joint Structures and Common Foundations of Statistical Physics,

OPEN
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Poincaré Unit Disk and SU(1,1) Lie Group

> The group of complex unimodular pseudo-unitary matrices SU (]_, ]_):

G=SU(L1)= {(s :*j/|a|2 _bf =1 abe c}

> the Lie olgebro 0 =su (l 1) is given by:

—Ir
n Ir

with the following bases (ul,uz,u3 eq :

1(0 -l 1{0 1 1(-1 O
u1:_ . 1u2:_ 1u3:_ .
2{1 O 2{1 0 200 1

with the commutation relation:

[us,u] ul,[u3,u] UZ’[UZ’UJ —Us THALES
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Poincaré Unit Disk and SU(1,1) Lie Group

» Dual base on dual Lie algebra is named
(Ul,UZ,US)Eg

» The dual vector space g* =gu (l, l) can be idenfified with the subspace of
g[(2,C) of the form:

. Z X+ 1y 0 1 0 I 1 0
q = . = X +V] . +Z /X, y,2eR
{[—XHY —Zj (—1 Oj (' Oj (0 —J }

2 Coadjoint action of ge G on dual Lie algebra 5 e g* IS written g§

122 THALES



Coadjoint Orbit of SU(1,1) and Souriau Moment Map

10

e
0

> The torus K =

0

e—i@

feR

induces rotations of the unit disk

> K leaves 0 invariant. The stabilizer for the origin 0 of unit disk is maximal compact

subgroup K of SU

» B. Cahen has observed that ()
disk D = {ZEC/| |<1}

1)

> The is given by:

J:D—O(ru;)

Z>J(2)=r

123

7+7

\(1_|Z|2)

*

u, +

(FU ) ~ G |/ K andis diffeomorphic to the unit

XV, pp.19-43, (2004)

Benjamin Cahen, Contraction de
SU(1,1) vers le groupe de Heisenberg,
Travaux mathématiques, Fascicule

N
-2 . 4l

(1-f2f)

“2*( 1-[of ) )
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Coadjoint Orbit of SU(1,1) and Souriau Moment Map

J:D->O,

[ X \
n Z+7 . 1-1 . 1+|z|

u, +
2\ 1 . 2
2 (1) i) )
\

a b az +b

> Group G acton D byhomography: .2 =| Lz =— .
b a az+b

> This action corresponds with coadjoint action of (G on On :

Z—J(2) =

» The Kirillov-Kostant-Souriau 2-form of O is given by:

0, ()X ()Y ()~ (E[X V] XY exand £ O,

» and is associated in the frame by ¥/ with: W, = dz A dZ

124 = %|)THALES




Coadjoint Orbit of SU(1,1) and Souriau Moment Map

J(z)=r

/ *
Z+7

\(1—|z|2)

*

U, +

7—7

{11

*

u, +

S
1+|z|2 .

cO(ru;),zeD

(1_|Z|2)UB/

> J islinked to the natural action of (3 on D (by fractional linear transforms) but

also the coad

joint action of G on O(rU;) =G/K

-1
> J could be interpreted as the stereographic projection from the two-sphere
S?onto ClU :

The coadjoint action of

G=SU (1, l) is the upper
sheet X3 > O of the
two-sheet hyperboloid

)
* * * . 2 2 2 2
125{5 = XU, + XUy + XUy T =X, = X5 + X5 =T }

Charles-Michel Marle, Projection
stéréographique et moments, hal-
02157930, version 1, Juin 2019
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Covariant Gibbs Density by Souriau Thermodynamics
» We can use Kirillov representation theory and his character formula to compute
Souriau covariant Gibbs density in the unit Poincaré disk.
> For any Lie group G , a coadjoint orbit O g* has a canonical symplectic form
given by KKS 2-form @y, .

> If is finite dimensional, the corresponding volume element defines a (G -invariant
measure supported on O, which can be interpreted as a tempered distribution.

» The Fourier transform :

—1 ,ﬂ 1 - *
I(X) = j e —dp? withleg” and xeg
. d!
Ocn
> is Ad G -invariant. When O C g* is an infegral coadjoint orbit, Kirillov has proved
that this Fourier transform is related to Kirillov character £o by:

sinh(ad (x/2))

ad(x/2)_ .

3(¥) = j(X) o (€*) where j(x) = det"?



Symplectic Metric of Unit Disk

> Let consider D = {z eC/|z| <1} be the open unit disk of Poincaré. For each p >0
, the pair (D, o, _Is a symplectic homogeneous manifold with:

where @, isinvariant under the action : SU (L1)xD — D

(9,2)—g.z= ?Z+b*
bz+a

2 This action is transitive and is globally and strongly Hamiltonian. Its generators are
the hamiltonian vector fields associated to the functions:

2 *
+1z| Z+7

) 1 . 2-17 .
Jl(z,z)zp—z,Jz(z,z)zﬁ =, 35(2,2)=—p

1-|z

I 1-|z

1-]2

= THALES




Moment Map for SU(1,1)

> The associated moment map J :D —su”(L1) defined by J(z)u, =J,(z,2°), maps

D info a coadjoint orbit insu”(1,1) .

2> Then, we can write the moment map as a matrix element of Su*(l,l) :

I@)=3,(z.2")u; +3,(2, 2" )u; +3,(2. 2" )u,

J(2)=p

128

1+‘Z‘2 - 7
-l 1-ff
7 _1+‘Z‘2

-7 1=l
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THALES



Moment Map & Stereographic projection

» The moment map J is a diIfeomorphism of D onto one sheet of the two-
sheeted hyperboloid in su (1,1), determined by the following equation:

J-3:-32=p" , 3,2 p with Ju +J,u,+J,u; esu (1,1)

> We note O, the coadjoint orbit Adg, ., of SU (L1), given by the upper sheet of
the two- shee’red hyperboloid given by previous equation.

> The orbit method of Kostant-Kirillov-Souriau associates to each of these coadjoint
orbits a representation of the discrete series of SU 1,1) , provided that p isa
half integer greater or equal than 1: p=k/2,keN and p>1

> When explicitly executing the Kostant-Kirillov construction, the representation
Hilbert spaces H, are realized as closed reproducing kernel subspaces of L° gD,a)p)
.The Kostant-Kirillov-Souriau orbit method shows that to each coadjoint orbit of @
connected Lie group is associated a unitary irreducible representation of G

. OoHIbe’rs oceH
QQWJQIQ Noert Sp! THALES
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Gibbs state Equilibrium

2 Souriau has oberved that action of the full Galilean group on the space of motions
of an isolated mechanical system is not related to any equilibrium Gibbs state (the
open subset of the Lie algebra, associated to this Gibbs state is empty).

2 The main Souriau idea was to define the Giblbs states for one-parameter
subgroups of the Galilean group. We will use the same approach, in this case We
will consider action of the Lie group SU (1,1) on the symplectic manifold (M,w)
(Poincaré unit disk) and its momentum map J are such that the following open

subset is not empty:
P Aﬂ:{ﬂeg/je_mz)’md/l(z)<+oo}
D

> The idea of Souriau is to consider a one parameter subgroup of SU (1,1) .To
parametrize elements of SU (1,1) is through its Lie algebra. In the neighborhood of
the identity element, the elements of g e SU (1,1) can be written as the
exponential of an element B of ifs Lie algebra : g =exp(gB) with Seg

Les Houches 27th-315" July 2020
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Gibbs State Equilibrium

» We can then exponentiate g with exponential map to get :

< (8) (2.(B) b.(p)
9=exp(8ﬂ)=z(gﬁ) :[b*(ﬁ) a*(,ﬁ)]

o K!

» If we make the remark that we have the following relation

T )

> we can developed the exponential map :

cosh(gR)+irM UM
i R i 2 2
9 =exp(oh)= i : with R* =[n|" —r
”*M cosh(gR)_irM

R R
131 THALES



Gibbs State Equilibrium

> We can observe that one condition is that \77\2 -r*>0
2 Then the subset to consider is given by the subset
ir
Ay :{ﬂ:[ . 77 j,re R,ryeC/\n\z—r2 >O}
n —r
D

> The generalized Gibbs states of the full SU (1,1) group do noft exist. However,
generalized Gibbs states for the one-parameter subgroups exp(af). B € A, of
the SU (1,1) group do exist.

> The generalized Gibbs state associated to f remains invariant under the
restriction of the action to the one-parameter subgroup of SU (1,1)
generated by exp(&f).

‘| 32 Joint Structures and Common Foundations of Statistical Physics OPEN I H A I E S
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Souriau Gibbs density for SU(1,1)

2 We can the write the covariant Gibbs density in the unit disk given by moment map
of the Lie group SU (1,1) and geometric temperature in its Lie algebra feA;:
—(3(2).8) *
e : . dzadz
Paions (2) = =5 with dA(z) =2ip———
J'e (3( )’/3>d/1(z) (1_‘2‘2)

D
1+|z|2 27"
() (1) | i
P 27 1+|z|2 ’[77* —irJ
~{ p(2306"-Tr(300")1).5) (1) (-l
e (2)=°
P [ da(2) ("4 a(2)
D D
J(z) = p(2Mbb" ~Tr(Mbb") 1) with M {é O} and b= 2{12}
133 : T ruALES



27

(+-2F) (-2 [ ,7]

27 12 [\7 i

(+-2f) (-l
J'e—<3(2)ﬁ>d A(2)

Souriau Gibbs density

e

Paibbs ( Z) =

> To write the Gibbs density with respect to its statistical moments, we have to

express the density with respect to Q = E[J(z)] (ir g A
> Then, we have to invert the relo’rigcrf)i)egween Q and B, toreplace” |n" —ir /
by B=07(Q)eq where Q= 9vp) _ O(B)eg’ with @(p)=-log J'e'“(z)'ﬂ dA(z2)
deduce from Legendre_’rronform. % mean moment map is given by: P
1+\W\2 —2wW
(L-pf) (2= wf’)
Q=E[J(2)]=E|p . where we D
2W ~ 1+‘W‘
2 2
134 () () ) THALES
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Fourier/Laplace Transform and Representation Theory

2 Fourier analysis, named after Joseph Fourier, who showed that representing @
function as a sum of frigonometric functions greatly simplifies the study of heat
transfer and addresses classically commutative harmonic analysis. Classical
commutative harmonic analysis is restricted to functions defined on a topological
locally compact and Abelian group G (Fourier series when G = R"/I", Fourier
transform when G = R", discrete Fourier fransform when G is a finite Abelian

group).
2 The modern development of Fourier analysis during XXth century has explored the

generalization of Fourier and Fourier-Plancherel formula for non-commutative
harmonic analysis, applied to locally compact non-Abelian groups.

2 This has been solved by geometric approaches based on “orbits methods”
(Fourier-Plancherel formula for G is given by coadjoint representation of G in dual
vector space of its Lie algebra) with many contributors (Dixmier, Kirillov, Bernat,
Arnold, Berezin, Kostant, Souriau, Duflo, Guichardet, Torasso, Vergne, Paradan,
etc.)

Les Houches 27th-315" July 2020
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Dixmier/Kirillov/Duflo/Vergne Representation Theory

G=T"=R"/Z": Fourier series, G =R": Fourier Transform
y.G->U

G group character (linked to eikx)i{U {z C/|z| 1}
= = —

G={x/!1-1(9)=1(9)1(9)
p.G—>C $:G—>C
g 0(0)=[¢(rieydy ¥ ¢(2)=]e(@)2(9)dg

p(e)=[(x)dy
= G THALES
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Dixmier/Kirillov/Duflo/Vergne Representation Theory
> (Schwarz) Distribution on G Xu (g) = '[I‘U(p with U¢ — I(O(g)Ugdg
G

U;y ZIW(X)Uexp(X)dX
: X)) =trU, o, = j(X )" [ g (F
ZU (eXp( )) r exp(X) J( ) _..e /UO( )

O

(€779 11 (£) = JOXOU g
@)

j (X ) _ det eadX/2 _e—adX/2 2
ad, /2

THALES
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Covariant Gibbs Density by Souriau Thermodynamics

> The moment map is equivariant isomorphism( () coadjoint orbit for m2 > O, E>0

J ZWE(D,CUFV(Km/Z))H(p,E)Zm 2iw,1+|w|2)eO;

)

> Incase m > 1, the Kirillov character formula is aiven by:

el s

+
Om—1

where ¥ /2 /2 _
j(x) = det"?| sinh| ad / ad _ sinh(x)
—X/2 —X/2 X
which reduces to : 1+‘W‘2
mXx (m-1)x 5
1? 2X J(X) — J-e 1_‘W‘ 1 > dW/\ dW*

15 S @4Mﬁ THALES



THALES

EXTENSION:
GIBBS DENSITY FOR
SU(n,n) in Siegel Disk

www.thalesgroup.com




Symplectic Group(Carl-Ludwig Siegel) : Siegel Upper half space SH,

> Siegel Upper half Space]SH,, ={Z = X +iY € Sym(n,C)/Im(Z)=Y > 0]
» Isometries of SH, are given by quotient Group:
PSp(n,R) =Sp(n,R)/{=1,.} with  Sp(n, F)Symplectic Group:

A B) .
M = = M (Z)=(AZ +B)CZ + D)

\C D

(A B) A'CetB'D symmetric
M = e Sp(n,F) <

\C D) A'TD-C'B=1,

0] I
Sp(n,F)={M e GL@2n,F)/M"IM = J},J =[ | c;jeSL(Zn,R)
> Metric invariant by the automorpisms M (Z) :

dsZ.., = Tr(Y *(dz)y *(dZ)) Z =X +iY
141 OPEN
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Extension of homogeneous bounded symmetric domains: Siegel
Upper half-space and Siegel disk

P

=

Poincaré Upper half Plane W —
Cdx?+dy’  |dzf

Z— I
Z 4+

Poincaré Unit Disk

ds’ > > 2 ‘dw‘z
y y ds‘ = -
ds® = y*dzy 'dz’ (1_“"" )
with z=x+iy andy >0 ds® = (1—vvw*)_1dw(1—vwv*)_ldw*
Siegel Upper Half Space W =(Z il Z+il)™ Siegel Unit Disk

ds? = Tr(Y *dzy *dZ)
with Z = X +1Y
. X e Herm(n,C) and Y « HPD(n,C) THALES

ds? =Tr|(1 —ww - aw (1 -ww )\ aw* |



Extension of homogeneous Bounded symmetric domains: Siegel

Upper half-space and Siegel disk

Siegel Upper Half Space
SH,={7Z=X +iY € Sym(n,C)/Im (%) =Y > 0}
det(R7Y> R, R7V? — A0 )=

d2(R1,R2):Zlog2()Lk) Y >0

a*(2,.2.)= S tog* 1+ V2 )/ 1= 7))

£, (R W NOR)

ds? = Trace[(R_ldRy]

v ly ds* = 1r(y "(dz)y '(dZ))

C.L. Siegel

Z, —X iV
R(Zl Z ) (Z Z )(Zl Zz)_l(z *szz *Zz)_l

det(R(Z,,Z,) - AI)=0

' 0
o BN ON Foundations of Statistical Physics OPEN T H A I E S
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Cartan-Siegel Symmetric Homogeneous Bounded Domains

Q,=9" =0!" =9 = {z eCl/zz < 1}, K(z,w*)z ;*2
@—2w’)
Z : Complex Rectangular Matrix
IZZ+ <1 |(+:transposed — conjugate)
Type |: Q] , complex matrices with p lines and g rows Henri Poincare

Type Il :Q;,' complex symmetric matrices of order p
Type I11: 2" complex skew symmetric matrices of order p

] ; ; Elie Cart
Type IV : QY complex matrices with n rows and 1 line : |(en<j£)an
zzt| <11+ |2z —2zz" >0
Carl Ludwig Siegel
Type l: qu ,V=p+(Q
K(zw")= det(l —zw* )"  for {Typell: Q" ,v = p+1

u()

Type lll: Q' ,v=p-1

K(zw")= 1+zZWW*+ —2ZW")" for Type IV: Q¥ ,v =n

h (le( ) lid | f thed - Lookeng Hua
]4L|.W ere wu IS eucClidean voiume o e domain. T H A L E S



Extension for Gibbs density on Siegel Unit Disk

» To extend this approach for covariant Gibbs density on Siegel Unit Disk:
SD={ZeM,(C)/1,-2Z" >0

» that is a classical matrix extension of Poincaré unit Disk, we have proposed to
consider G=SU(p,q) unitary group and the homogeneous space :

G/K=8U(p,q)/S(U(p),U(a))

with K =S (U (p)xU () :{(/g gj/ AcU(p), D eU(q),det(A) det(D) =1}

) s27th-3 uly 2020
jctu nd Common Foundations of Statistical Physics OPEN I H A I E S
and Inference for Lea




Extension for Gibbs density on Siegel Unit Disk

> We can use the following decomposition for ( € GC

A B e |, BD®|(A-BD'C o) I, O
= (-~ , = _
°“lc b ““lo 0 D/{DC I,

> and consider the action of € GCon Siegel Unit Disk given by:
. . +
SD={ZeM(C)/1,-2Z" >0}

146 THALES



Extension for Gibbs density on Siegel Unit Disk

» Benjamin Cahen has study this case and infroduced the moment map by
identifing G-equivariantly § with § by means of the Killing form IB on @

n G-equivariant with g by Killing form 8(X,Y)=2(p + Q)TF(XY)
> The set of all elements of @ fixed by K is B : —q| 0
h={element of G fixed by K} , & b, &, = iﬂ[ 0 p ol j
q

= <§0,[z,z+]> =-2iA(p+q)'Tr(2z"),vZ eD
» Then, we the equivatiant moment map is given by:

VX €g®,ZeD, y(Z)=Ad (exp(-Z")¢(expZ expZ))¢,

g(epo+epo):£lc;’ Z(Iq—lz+z)

w(g.Z) Adgw(Z) w is a diffeomorphism from SD onto orbit O 50

J. Vg eG,ZeD then

q

HHALES
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Extension for Gibbs density on Siegel Unit Disk

2 To extend this approach for covariant Gibbs density on Siegel Unit Disk:
SD={ZeM,(C)/1,-2Z" >0

> that is a classical maftrix extension of Poincaré unit Disk, we have proposed to
consider G=SU(p,q) unitary group and the homogeneous space :

G/K=SU(p,q)/S(U(p),U(a))

with K =S (U (p)xU (q)) ={[§ [O)j/ AcU(p), D eU(q),det(A) det(D) =1}

> The moment map given by:
(1,-2z*) (-pzz"—q1,) (p+a)z(1,-2°Z)"

1(z)=iA ) )
~(p+a)(1,-22) 2°  (plg+9Z°Z)(1,-2°Z)
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GIBBS DENSITY FOR SE(2) LIE GROUP

» We will consider Souriau model for SE(2) Lie group with non-null cohomology
and then with infroduction of Souriau one-cocycle.

> We consider SE(2) =SO(2)xR?* :

R
SE(2) :{ i ﬂ/ R, €S0(2),7e RZ}
» The Lie algebra se(2) of SE(2) has underlying vector space R® and Lie bracket:

—¢3 U . 0 1
,U)ese(2)=RxR? se(2)with 3 =
(£u)ese() X{o o|<%() 10
> Coadjoint action of SE(2) is given by:
Ad(*Rw’T) (m, p)= (m +3R p.7, R¢p)

) s27th-3 uly 2020
jctu nd Common Foundations of Statistical Physics OPEN I H A I E S
and Inference for Lea




MOMENT MAP FOR SE(2) LIE GROUP

>Let 3, (X): R* - se’(2) be the moment map of this action relative to the
symplec’nc form, we can compute it from its definition:

ey (XY ==20((£:0) )
with a)(((f U).., y) =w(E3x—-Uu,y)
= dJ;, (X).y = —2(Ex+3u).y

3, (0= —2(%5“tz ; 5u.xj _ —2(%“tz ,_SXj.(g, 0)

J@,u)(x)=J<x>-(é,u):»J<x>=—2(%HxH2,—ij  xeR’

(&3x—u).Jy =(Ex+3u).y
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SOURIAU MOMENT MAP FOR SE(2)

> The moment map J:R* —se (2) of SE(2) is defined by:
J(g,u)(x) =J (X)(é U)
> with the right action of SE(2) on R* :

30 () =—2@§HXHZ +3u.xj:_26uxu2 ,—ij.(g,u)

J(au)(x)=J(X)-(§,U)=>J(X)=—2(%HXH2’—5XJ xR’

152 THALES



SOURIAU COCYCLE FOR SE(2) LIE GROUP & COADJOINT ORBITS

> We then compute the one-cocycle of SE(2) from the moment map

O((R,.))=3(0(R, 7)) - Ad, 3@ =3 (-R.r)

0((R,.)) =2 31l 3R e |2 31 o]

2

> Coadjoint orbit of SE(2) are generated by:

*

0 ):{Ad(Rw)(m,p)+¢9((R¢,7))/(R¢,1)eSE(Z)}

(m.p

O p) = {[x— R_Z pr—|[" R o~ 2R¢”r] /(R,.7)eSE (2)}

2
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SOURIAU-FISHER METRIC FOR SE(2) LIE GROUP

2 The KKS 2-form in non-null cohomology case is given by:

co(m,p)(m.,p.)(ad(’;,u)(m', p)-(0,23u),ad; , (m',p") (0, 23v)): p'.(~E3V+73u) +2u.3v

with (m',p") :[X— R ﬁp.r—Her R,p-2R ”r] €0, C R®
= 7
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GIBBS DENSITY FOR SE(2) LIE GROUP

> Considering the symplectic form on R?

o(¢,v)=¢.Jv with S:{O 1}

-1 0
» the action of SE(2) is symplectic and admits the momentum map:
1
J(X) :—(EHX ’ ,—ij , XxeR?

> For generalized temperature feQ = {(b,B) ese(2)/b<0,Be RZ} , Souriau Gibbs
density is given by :

1 2 ~
o300 o2 B

21d A(x) Ieibnqu—B-sx dA(x)

THALES




Gibbs density for SE(2)

» The Massieu Potential could be computed :
LpixP-B. o7 L
®(p)=log J' o2 - d/l(x) lo [ g[e 5o ]

2 By derivation of Masmeu potential, we can deduce expression of Heat:

. : IM[” [ 22(8) _[1_[B] 1
QeQ =i(mM)ese’(2)/m+ 5 <0:;Q= 33 b ot B |=0(p)

2 We can the inverse this relation to express generalized temperature with respect

oienech 5 ((m+l\/l ) (me )

> We can the express the Gibbs density with respect to the Heat Q which is the

mearn o] of moment map:
—||x|| —M.3x

ey e
Pases (X) = —— with T'= | "2 1) wih (m,M)=E(J(x)):[—E(HXHZ),ZSE(Q
156 v . THALE
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Gibbs density for SE(2)

%||x||2+2E(x).Ix

. (_E(||X||2)+2||E(X)||2)

Paibbs (X) =

%||x||2+2E(x).Ix

je(—E(x2)+2E(x)2) 42(x)

RZ
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Fisher Metric for SE(2)

2 Entfropy is given by:
S(Q)=(Q,8)-®(B)= 1+Iog(27z)+log(

> Fisher Metric is given by:
1 2 -
| = m+—|M
Flsher(Q) ( +2H H j |:MT _HMH _

> With (m,M)zE(J(x)):E{—( IX|F. —\sx

\'V'H

E (). 23E (0|

> Fisher Metric with respect to moments
| (23E(x))’

o (Q) = (2H|5(x)H2 - E(HXHZ)) LSE(X) 2| E)| + E(HXHZ)
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THALES

Conclusion & perspectives




Towards Lie Group & Symplectic Machine Learning
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I Supervised & Non-Supervised Learning on Lie Groups

Geodesic Natural Souriau-Fisher Metric

on Coadjoint Orbits

Extension of Fisher Metric for Lie

Gradient on Lie Algebra

Extension of Neural Network Group through homogeneous on Lie Alaebra
Natural Gradient from Information . . ; Exoonential Map for Geodesic
Geometry on Lie Algebra for Lie Symplectic Manifolds on Lie XP a1 ap - !
. . Group Co-Adjoint Orbits Natural Gradient on Lie Algebra
Groups Machine Learnin P !
P 9 based on Souriau Algorithm for
Matrix Characteristic Polynomial

Souriau Exponential Map

Souriau Maximum Entropy
Density on Co-Adjoint Orbits

Covariant Maximum Entropy
Probability Density for Lie Groups
defined with Souriau Moment
Map, Co-Adjoint Orbits Method &
Kirillov Representation Theory

Frechet Geodesic Barycenter

by Hermann Karcher Flow

Extension of Mean/Median on Lie
Group by Fréchet Definition of
Geodesic Barycenter on Souriau-
Fisher Metric Space, solved by
Karcher Flow

Mean-S$hift on Lie Groups

Lie
Group

Machine
Learning

Symplectic Integrator
preserving Moment Magp

Extension of Neural Network
Natural Gradient to Geometric
Integrators as Symplectic
integrators that preserve moment
map

)

with Souriau-Fisher Distance

Extension of Mean-Shift for
Homogeneous Symplectic
Manifold and Souriau-Fisher Metric
Space

THALES
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I Rational to Use Lie Groups for THALES Machine Learning Applications
Lie Group is

Simple ®
(natural principles

as foundations of
Geometry)

Lie Group
preserves
invariance wrt all
transformations

.

Lie Group uses
all Symmetries of
your problem

Lie Group is P
Coordinate Free

Lie Groups Time
Serie Captures
Intrinsic Time
Dynamic (e.g.
Movement)
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Esprit de finesse et esprit de géométrie

Pour la théorie de la connaissance mais aussi pour les sciences est fondamentale
la notion de perspective.

Or, les expériences faites dans la géométrie algébriques, dans la théorie des
nombres, et dans |'algebre abstraite m'induisent & tenter une formulation
mathématique de cette notion pour surmonter dainsi au moyen de
raisonnements d’origine géométrique la géométrie. | me semble en effet, que la
tendance vers I'abstraction observée dans les mathématiques d’aujourd’hui,
loin d'éfre 'ennemi de I'intuition ait le sens profond de quitter I'intuition pour la
faire renaitre dans une alliance entre « esprit de géométrie » et « esprit de
finesse », alliance rendue possible par les réserves énormes des mathématiques
pures dont Pascal et Goethe ne pouvaient pas encore se douter.

Erich Kéhler - Sur la théorie des corps purement algébriques, 1952
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‘| 63 Joint Structures and Common Foundations of Statistical Physics, OPEN A S

Information Geometry and Inference for Learning (SPIGL20)



n
L
-
<
I
-

References



1165

Les Houc
Joint Strug

Informati

H entropy

IMPACT
FACTOR
2.419

an Open Access Journal by MOPI

Lie Group Machine Learning and Lie Group Structure Preserving

|ntﬂ‘gratﬂr5
Guest Editors:

Frédéric Barbaresco
irederic barbarescof
thalesgrovp.cam

Prof. Elena Cellodoni
elenacelledonig@ntrie.ng

Prof, Frangols Gay-Balmaz
francods. gay-balmacd lnd.ens.fr

Prof. Jo#l Benscam
bersoami@incam fr

Deadline for manuscript
submissione
& January 2020

Ed
of

medpienmysi 0856
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Maching/deep leaming explores use-case extensions for
mare abstract spaces as graphs and differential manifolds,
Recent fruithul exchanges between geomeltric science of
information and Lie group theory have openad new
perspectives to extend maching kkarming on Lie groups to
develop new schermes for processing structured data,

Structure-preserving integrators that preserve the Lie
group structure have been studied from many points of
view and with several extensions to a wide rangs of
situations. Structure-preserving integrators are numerical
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geometric properties of the low of the differential equation
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preservation, as well as the configuration manifold. They
also naturally find applications in the extension of machine
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contributions presented during the GSI'1% conference, but
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group machine learning and Lie group structure-presarving
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SOURIAU 2019 EAENISNCARIENTENG

https://www.youtube.com/w
atchev=uz69vWHXzZWY

>OURIAU 2017

hitps://www.youtube.com/watch?v=beM2pUK1H70

> Internet website : hitp://souriau2019.1r

> In 1969, 50 years ago, Jean-Marie Souriau published
the book "Structure des systeme dynamiques’, in
which using the ideas of J.L. Lagrange, he formalized
the "Geometric Mechanics" in its modern form based
on Symplectic Geometry

» Chapter IV was dedicated to "Thermodynamics of
Lie groups" (ref André Blanc-Lapierre)

» Testimony of Jean-Pierre Bourguignon at Souriau'19
(IHES, director of the European ERC)

Jean-Marie SOURTAU
and JEAN-MARIE SOURIAU

: fbroaking faria Souriau appaared ~Struct 80]Prime
Symplectic Geometry s ihesalis -~
miriat Dyamicues”. Wo vl cob, b 201, e g O
th & conference in hanour of the work of this great scients ;
; : o S D
Jean-Pierre BOURGUIGNON Symp ectic Mechanics, Geometric Quantization, Relativity, (’.’; p A& »
£ % 3 Bk 5 S L o -
(CNRS-THES) Thermodynamics, Cosmology, Diffeology & Philosophy
55:13
| oot .
B . o ey cnen o s
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http://souriau2019.fr/
https://www.youtube.com/watch?v=93hFolIBo0Q&t=3s

FGSI'19 Cartan-Koszul-Souriau
Foundations of Geometric Structures of Information

A MUSE
M ]

MONTPELLIER UNIVERSITY or EXCELLENCE

PRESENTATION

MAIN MENU
A seminar on Topological and Geometrical Structures of Information has been organized at CIRM in 2017, to gather

engineers, applied and pure mathematicians interested in the geometry of information. This year FGSI’19 conference

Speakers will be focused on the foundations of geometric structures of information. It is dedicated to the triumvirat Cartan -
Koszul - Souriau and their influence on the field.

Planning
Poster

Registration

List of Participants

Documents of the
conference

Practical information

Sponsors

HELP R\

ttps://fgsi2019.sciencesconf.org
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CIRM Seminar, August 2017
TGSI'17 « Topological & Geometrical Structures of Information »

Special Issue "Topological and
Geometrical Structure of
Information”, Selected Papers from
CIRM conferences 2017

z entropy
an open access journal by lﬁo;r; |

Talk on J(QszuI-Sourlau Charactens’rlc Function: '
ube.com/watch?v=VXxiMCn-tsE&feature=



https://www.youtube.com/watch?v=VXxiMCn-tsE&feature=youtu.be

foreign member of Sdo Paulo Academia of Sciences

IJean—Louis Koszul was

Jean Louis Koszul Lectures

at Sao Pavulo:
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« Variétés Kahlériennes

« Exposés sur les espaces homogenes

symétriques "
« Exposés sur les espaces
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FAp—
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2nd Workshop
Sao Paulo Journal of Mathematical Sciences

‘albl, ool ¢

Matficrrain) Sicionsss

Jean-Louis Koszulin S3o Paulo
His Work and Legacy
13-14 November 2019

Audithorium Antonio Gilioli. Institute of Mathematics and Statistics
University of Séo Paulo
Speakars: Scientific Committee
Dmitri Alekseevsky (IITP Moscow)™

Sao Paulo Journal of
Mathematical Sciences
SPRINGER
Editor-in-Chief: Claudio
..Gorodski

on rhttpsi Avwawsspringer.com/mathemati

s Imferenc for Ler%ngflaf’ﬁg@

Sﬁo 12101c ).
Guraal of
L a};l)cnwal.ical
Selences

WL

OPEN

Michel Nguiffo Boyom (Montpéllier) Claudza gg;'odski
tYBlira SRS Marcos M. Alexandrino
Rui Loja Fernandes (USP)
(UL, Urbana - Champaign)
Luiz Antonio Barrera San Martin Frédeéric Barbaresco
(Unicamp) (Thales)
e S lracinon 0 Michel Nguiffo Boyom
Dirk Toében (UFSCar) (Montpéllier)

I Round-table with the Editorial Board of the S&o Paulo Journal of Mathematics I

R FAPESP

*To be confirmed



https://www.springer.com/mathematics/journal/40863

GSI’13 Mines ParisTech

https://www.see.asso.fr/gsi2013

‘ | ettt "“‘ '
_‘; .

) (‘
GSI’17 Mines ParisTech

https://www.youtube.com/channel/lUCnE9-
LbfFRqtaes49cN2DVag/videos

17" http://forum.cs-dc.org/cateqory/135/gsi2017



https://www.see.asso.fr/gsi2013
https://www.youtube.com/channel/UC5HHo1jbQXusNQzU1iekaGA
http://forum.cs-dc.org/category/90/gsi2015
https://www.youtube.com/channel/UCnE9-LbfFRqtaes49cN2DVg/videos
http://forum.cs-dc.org/category/135/gsi2017

website :
https://www.see.asso.fr/en/GSI12019
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Fisher Metric by Misha Gromov (IHES)

> http://www.ihes.fr/~gromov/PDF/structre-serch-entropy-
july5-2012.pdf

> Lecture Slides & video:

http://www.ihes.fr/~gromov/PDF/probability-huge-Lecture-
Nov-2014.pdf

https://www.youtube.com/watch2v=hb4D8yMdov4

https://www.youtube.com/watch2v=v7QuYuoyLQc&t=5935s
(at time 01Th35min)
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Koszul Book on Souriau Work

Jean-Louls Koszul - Yiming Zou

Introduction to Symplectic Geometry
Forewords by Michel Nguiffo Boyom, Frédéric Barbaresco and Charles-Michel Marle

This introductory book offers a unique and unified overview of symplectic geomet-
ry, highlighting the differential properties of symplectic manifolds. It consists of six
chapters: Some Algebra Basics, Symplectic Manifolds, Cotangent Bundles, Symplectic
G-spaces, Poisson Manifolds, and A Graded Case, concluding with a discussion of the
differential properties of graded symplectic manifolds of dimensions (o,n). It is a useful
reference resource for students and researchers interested in geometry, group theory,
analysis and differential equations.

Jean-Louis Koszul
Yiming Zou

Introduction to
Symplectic
Geometry

JI0D) Science Press

&4 Beijing @ Springer




Books

hitps://www.mdpi.com/books/

ﬂ entropy

Differential
Geometrical
Theory

of Statistics

Frédéric Barbaresco and Frank Nielsen
Prints Editicn o the Spacial [sue Publishad in Entropy

www.mdplcomyournalirtropy

Signals and Communication Technology

Frank Nielsen Editor

Geometric

Structures of
Information

@ Springer

Q entropy

Joseph Fourier
250 Birthday

Modern Fourier Analysis and
Fourier Heat Equation in
Information Sciences for the
XXist Century

Eaimaty

Frédéric Barbaresco and Jean-Pierre Gazeau
Printed Edition of the Special Issue Published in Entropy

www.mdpl.com/journal fentropy

Iubey

https://www.mdpi.com/books/
pdfview/book/313

hitps://www.springer.com/u
s/book/9783030025199

https://www.mdpi.com/journal
/entropy/special _issues/fourier

pdfview/book/127
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https://www.springer.com/us/book/9783030025199
https://www.mdpi.com/journal/entropy/special_issues/fourier
https://www.mdpi.com/books/pdfview/book/127
https://www.mdpi.com/books/pdfview/book/313

Jean-Marie Souriau Geometric Theory
of Heat, 250 years after Joseph Fourier

> https://www.mdpi.com/journal/entropy/sp
ecial_issues/fourier

Joseph Fourier
250" Birthday

Modern Fourier Analysis and
Fourier Heat Equation in

Information Sciences for the » Barbaresco, F. : Higher Order Geometric
XXlst Century Theory of Information and Heat Based on
_ Poly-Symplectic Geometry of Souriau Lie
Frédéric Barbaresco and Jean-Plerre Gazeau Groups Thermodynamics and Their

Printed Edition of the Special Issue Published in Enfropy

Contextures: The Bedrock for Lie Group
Machine Learning. Entropy, 20, 840, (2018).

176 it comamelisdropy m\b\l’y oren FOURIER 250! THALES




Charles-Michel Marle Books
A\ 4 L |

w = id{l}n.ﬁ A dz;

Charles-Michel Marle

Géométrie symplectique
et géométrie de Poisson

v s

Calvage & Mounet

https://www.amazon.fr/gp/pro
duct/2916352708/ref=dbs a d
ef rwt bibl vppi i0
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Référence Book: Gery de Saxcé & Claude Vallée
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PEN

‘ This fitle proposes a unified approach to continuum

mechanics which is consistent with Galilean relativity.
Based on the notion of affine tensors, a simple
generalization of the classical tensors, this approach
allows gathering the usual mechanical entities — mass,
energy, force, moment, stresses, linear and angular
momentum — in a single tensor.

Starting with the basic subjects, and continuing through
to the most advanced topics, the authors' presentation is
progressive, inductive and bottom-up. They begin with
the concept of an affine tensor, a natural extension of
the classical tensors. The simplest types of affine tensors
are the points of an affine space and the affine functions
on this space, but there are more complex ones which
are relevant for mechanics — torsors and momenta. The
essential point is to derive the balance equations of a
contfinuum from a unique principle which claims that
these tensors are affine-divergence free.

https://www.wiley.com/en-

us/Galilean+Mechanicstand+Thermodynamics+of+Conti

NUG-D-9781848216426
THALES
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Poisson Geometry

Yvette mm Grundlehren der mathematischen Wissenschaften 347

Hestore des Mathématiques et des Sciences physiques A Series of Comprehensive Studies in Mathematics
-
SieonDenis POISSON | it auentGengouy
' ' N Anne Pichereau
e T Les mathématiques Pol Vanhaecke
¥ “ N au senv _—

Poisson Structures

Camiille Laurent-Gengoux

@ Springer
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Geometric Structures of Information, SPRINGER

Signals and Communication Technology

Frank Nielsen Editor

Geometric

Structures of
Information

180 @ Springer

> https://www.springer.com/us/book/978303002
5199

» Barbaresco, F., Jean-Louis Koszul and the
Elementary Structures of Information
Geometry, Geometric Structures of
Information, pp 333-392, SPRINGER, 2018

2 hitps://link.springer.com/chapter/10.1007%2F9
/8-3-030-02520-5 12
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\ GSI SPRINGER PROCEEDINGS Collection GSI'19 Springer

Proceedings:

GSI’17 Springer
Proceedings:

GSI'15 Springer
Proceedings:

GSI’13 Springer ' Geometric Science
Proceedings:

Geometric Science
of Information

~
v
)
=
b

. © Geometric Science

- Geometric Science

- tatistical Physics, OPEN
g ‘mg (SPIGL20)
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http://www.springer.com/us/book/9783642400193
http://www.springer.com/la/book/9783319250397
http://www.springer.com/cn/book/9783319684444
https://www.springer.com/gp/book/9783030269791

I Seminal Work of Muriel Casalis supervised by Gérard Letac
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Familles Exponentielles Naturelles sur ¢
Invariantes par un Groupe

Muriel Casalis

Lobaratoire de Statistigue, Université Pawl Sabatier, 118, rowse de Narbonne, 31062
Towlouse Cedex, France

Reévamé

La der Larmalier de R pw par un groape 4'afinidy donsd ont
fabte Gum wom can cola dan groupe compact, on pantialicr de gospe des rotatioes, il de pospe
hyperbeligue ¢t onfen el @en growpe g & La shopiie comsite b tradwre b
peopnést dimvariance de b pwmom-vhmwrwmlmm
o8 dermitees o8 cosséjecnie

1 Introduction

1l est courant en statstique denvisager un modéle (Q, o, (F)o0) tel qu'dl existe un
growpe G de permutations de Q préservant globalement la famdlle de probsbilaés
Fw P, 0e0), Cesti-dire que pour tout (8, g) de © x G, l'image g(Fy) de F, par g est
encore dass F (Bamdorfl-Nicken parle alors de modéle de transformations) On pourra
consulter Baradorfi-Nicksen ot al. (1982) et plus récemment le livre de Barmdorfl-Nielsen
(1968).

Un exemple célébre est celus des distnbutions de Fasher-Von-Mises pour leguel Q est
Ia sphere unité de U'espace euclidien E

Polds) = Li#) " exp (0, x )otdx),

o d habel o war Q et L(0O) le coefficient de normalisation, et pour
lequvl ('mllpmptdumumtuf)*l’
Dans cet exemple, (Fy, 0 ¢ 8) est une tamilie exponenticlle naturclle au sens suivant
Soit E un espace vectoriel de dimension finic, E* son dual et & (6, 1) est dams E* x E,
(8, x) désigne le crochet de dualité; soit, de plus, 4 une mesure de Radoa posstive ser £
on note alors L, la transformée de Laplace de p définie par

L,Euqmuyo~j¢m<a.wun.
L3

D, est Vessemble (66 E*, L (8) <=}, O(u) son mérieur ot k, Is fonction définie sur
N u) pas

k(0)=Log L.(7) n
On désigoe nusss par M(E) I'ememble dos mesures de Radon u positives telles que
(1) ; n'est pin wr un W affine stict de £

(1) &) est non vide

N* d'ordre &7
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rdsmide
L*UNIVERSITE PAUL SABATIER DE TOULOUSE (SCIEMCES)

PO e

DOCTORAT DE L 'UNIVERSITE PAUL SABATIER
Spéclalicd : MATHEMA TIQUES APPLIGUEES

Muriel BONNEFOY - CASALIS

FAMILLES EXPONENTIELLES NATURELLES
INVARIANTES PAR UN GROUPE

Soutenug le 11 Juin 1990, devant la Commission d'Examen ;

H. CAUSSINUS Professeur & I'Université Paul Sabatier
D. BARRY Professeur 4 I'Université Paul Sabatier
J. FARAUT Professeur & I'Université PARIS V1
¥, GUIVARC'H Professeur & 'Université PARIS V1
G, LETAC Professeur & I'Université Panl Sabatier

Laboratoire de Statistique et Probabilités
UNIVERSITE PAUL SABATIER
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Covariant Gibbs Density by Souriau Thermodynamics

» Jean-Marie Souriau, Structure des systemes dynamiques, Dunod, 1969

> Jean-Marie Souriau, Mécanique statistique, groupes de Lie et cosmologie,
Collogues int. du CNRS numéro 237. Aix-en-Provence, France, 24-28, pp. 59-113,

1974

> Frédéric Barbaresco; Francois Gay-Balmaz, F. Lie Group Cohomology and
(Multi)Symplectic Integrators: New Geometric Tools for Lie Group Machine
Learning Based on Souriau Geometric Statistical Mechanics. Entropy 2020, 22,

498,

> Frédéric Barbaresco ; Lie Group Statistics and Lie Group Machine Learning based
on Souriau Lie Groups Thermodynamics & Koszul-Souriau-Fisher Metric: New
Entropy Definition as Generalized Casimir Invariant Function in Coadjoint
Representation, MDPI Entropy, 2020

> Frédéric Barbaresco; Radar Processing based on Matrix Lie Groups Geometry &
Souriau Coadjoint Orbits Method, Preprint Academia, 2020
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Covariant Gibbs Density by Souriau Thermodynamics

> Charles-Michel Marle. From Tools in Symplectic and Poisson Geometry to J.-M.
Souriau’s Theories of Statistical Mechanics and Ther-modynamics. MDPI Entropy,

18, 370, 2016

» Charles-Michel Marle, Projection stéeréographique et moments, hal-02157930,
version 1, Juin 2019

» Jean-Louis Koszul, Introduction to Symplectic Geometry, SPRINGER, 2019
» Koichi Tojo, Taro Yoshino, Harmonic exponential families on homogeneous
spaces, preprint 2020

> Koichi Tojo, Taro Yoshino, On a method to construct exponential families by
representation theory. In: Nielsen, F., Barbaresco, F. (eds.) GSI 2019. LNCS, vol.
11712, SPRINGER, 2019

> Koichi Tojo, Taro Yoshino, A method to construct exponential families by
representation theory, arXiv:1811.01394v3.
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Covariant Gibbs Density by Souriau Thermodynamics

2 Y. Li, T. Guo, X. Liu and R. Xia, Skeleton-based Action Recognition with Lie Group
and Deep Neural Networks, 2019 IEEE 4th Inter-national Conference on Signal
and Image Processing (ICSIP), Wuxi, China, 2019, pp. 26-30

» Zhiwu Huang, Chengde Wan, Thomas Probst, Luc Van Gool, Deep Learning on Lie
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I Entropy Definition by Jean-Marie Souriau (1/4)

| Let E avector space of finite size, 11 a measure on the dual space E
then the function given by: o J‘eMalu(M )dl\/l
o

for all & € E such that the integral is convergent.

I This function is called Laplace Transform. This transform F of the measure u
is differentiable inside its definition set def (F). Its p-th derivables are
given by the following convergent integrals :

F(p)(a)= jl\/l ®M...®& Mu(M)dM
.
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Entropy Definition by Jean-Marie Souriau (2/4)

2 Let E avector space of finite size, £ a non zero positive measure of its dual
space E”, Fits Laplace fransform, then:

- F is a semi-definite convex function, F(a)>0,Va e def (F)
- f =log(F) is convex and semi-continuous
- Let a aninterior point of def (F) then:

~ D*(f)(@)=0
- D*(f)(@)=[e"[M - D(F)(@)]” u(M)dM

— D*(f)(e) inversible <= affine Enveloppe (support( & )) =E”
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Entropy Definition by Jean-Marie Souriau (3/4)

> Let X alocally compact space, Let 4 a positive measure of X , with X as
support, then the following function @ is convex:

d)(h):log'feh(x)/l(x)dx , YheC(X)

such that the integral is convergent.

2 The integral is strictly positive when its converges, insuring existence of its
logarithm (h

> Epigraph @ is the set of jsuch that Ie“(x)‘yﬁ(x)dxsl .
X

y
» Convexity of exponential prove that this epigraph is convex.
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Roger Balian Computation of Gibbs density for centrifuge

2 Balian has computed the Boltzmann-Gibbs distribution without knowing Souriau
equations. Exercice 7b of :

- Balian, R. From Microphysics to Macrophysics, 2nd ed.; Springer: Berlin, Germany,
2007; Volume |
2 Balian started by considering the constants of motion that are the energy and the
component J_ of the total angular momentum: _
’ J=)(rxp)
I

2 Balian observed that he must add to the Lagrangian parameter, given by
(Planck) temperature IB for energy, an additional one associated with J
He identifies this additional multiplier with —,Ba) by evaluating the mean velocity
at each point.

2 He then infroduced the same results also by changing the frame of reference, the
Lagrangian and the Hamiltonian in the rotating frame and by writing down the
canonical equilibrium in that frame. He uses the resulting distribution to find,
through integration, over the momenta, an expression for the particles density as

_Ihe function of the distance from the cylinder axis.
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Roger Balian Computation of Gibbs density for centrifuge

> The fluid carried along by the walls of the rotating vessel acquires a non-vanishing
average angular momentum ( J 2oround the axis of rotation, that is a constant
of motion. In order to be able fo & sign to it a definite value, Balian proposed to
associate with it a Lagrangian mulfi lier A, in exactly the same way as we
classically associate the multiplier with the energy in canonical equilibrium.
The average ‘st will be a funcfion of A . The Gibbs density for rotating gas is
given by Balian as:

D= le s _ exp > ,Bp, +i(x p, — yipxi)

VA VA ,
2> With the energy and the average angular momentum given by:
_ainz _ 1 (3,)=-2InZ
of KT : oA
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Roger Balian Computation of Gibbs density for centrifuge

2> The Lagrangian parameter A has a mechanical nature. To identify this parameter,
Balion compared microscopic and macroscopy descriptions of fluid mechanics. He
described the single-particle reduced density by:

f(f’p)ocexp{—ﬂzﬁl (xpy—ypx)} exp —ﬁ(p+ﬂ[ﬂxr]j +

ZIB (x2+y2)

» Whence Balian finds the velocity distribution at a point r to be proportional to:

m 1 :
expy ——— V—I—E[ﬂ,xl’]

Vo

y ) | ) 1
2 The mean velocity of the fluid at the point ris equal to: <V> = ——[l X I‘]

2 and can be identified with the veloci’ry[a)x I’] in an uniform rotation with angular
velochy (W . By comparison, Balian put o= —

]94 \”t Structul ‘ “/WVUFOL,Mdr,H:‘m;i' S‘Tm;mq ‘P?ﬂw\\t,'\ OPEN ﬂ T H A L E S

Infc nd Inferer rning (SPIGL20)




I Roger Balian Computation of Gibbs density for centrifuge

| Balian made the remarks that “The angular momentum is imparted to the
gas when the molecules collide with the rotating walls, which changes the
Maxwell distribution at every point, shifting its origin. The walls play the role
of an angular momentum reservoir. Their motion is characterized by a
certain angular velocity, and the angular velocities of the fluid and of the
walls become equal at equilibrium, exactly like the equalization of the
temperature through energy exchanges”.
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I Compatible Balian Gauge Theory of Thermodynamics

19

| Entropy S is an extensive variable g° = S(ql,...,q”)depending on ¢ (i=1..,n)
n independent extensive/conservative quantities characterizing the system

| The nintensive variables y; are defined as the partial derivatives:

, - 98(..0")
1 aq|
| Balian has infroduced a non-vanishing gauge variable which multiplies all
the intensive variables, defining a new set of variables: P, =—p,.% . i=1....n

| The 2n+1-dimensional space is thereby extended into a 2n+2-dimensional
thermodynamic space T spanned by the variables p;,q' with i=01,...,n
,where the physical system is associated with a n+1-dimensional manifold M
in T, parameterized for instance by the coordinates ¢',....q" and p, .
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I Compatible Balian Gauge Theory of Thermodynamics

| the contact structure in 2n+1 dimension: 5 =dq° _Zn:yi dg'
i=1
| is embedded into a symplec’ric structure in 2n+2 dimension, with 1-form, as
symplectization: ,, - Z p..dg’

| Then +1- dlmen5|onal thermodynamlc manifolds M are characterized by
: =0 .The 1-form induces then a symplectic structureon T : dw = de, Adq’
i=0
| The concavity of the entropy S(ql,...,q”) , as function of the extensive
variables, expresses the stability of equilibrium states. It entails the
existence of a metrlc structure in the n-dimensional space ¢;:
d? =’ =3 0’ _do'dg’

i,j=1 q q
| which deflnes a distance between two nelghborlng thermodynamic states:

" 9%S -
Les Houches 27th-31¢ Jul dyl N Z aqlaq dq] dSZ - _Zdyldql deldq
I]_98 Joxnrsrru;ruresonchmyr - J 1 , i=1 0 i=0 T H A L E S
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I Compatible Balian Gauge Theory of Thermodynamics

| We can observe that this Gauge Theory of Thermodynamics is compatible
with Souriau Lie Group Thermodynamics, where we have to consider the
Souriau vector :

71
,B = transformed in a new vector P, =—P,.%;
| 7n - =
— P21
P = =—Py.f
|~ Po?n_
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Multivariate Gaussian Density as 1st order Maximum Entropy in

Souriau Book (Chapter 1V)

%: - Exemple : (loi normale) :
x
i  Prenons le cas ¥ = R", 1 = mesure de Lebesgue, ¥(x) = :
¥ x & x

un élément Z du dual de E peut se définir par la formule
ZiFx))=a.x ++x.H.x

[t e B"; H = matrice symétrigue]. On vérifie qué la convergence de 1"inté-
grale Iy a lieu si la matrice*H est positive (') ; dans ce cas la loi de Gibbs
: 's'appelle loi normale de Gauss ; on calcule facilement [y en faisant le chan-
i, germnent de variable x* = H'? x 4 H~Y2 4 (*); il vient )

e

s

| z=%[@E.H '.a — log (dét (H)) + nlog (2 n)]

Z alors la convergence de f; a lieu également ; on peut donc calculer A, qui
& est défini par les moments du premier et du second ordre de la loi (16.196) ;
- le calenl montre que le moment du premier ordre est égal &4 — H ™', a
et gque les composantes du tenseur varignce (16, 196) sont égales aux
éléments de la matrice A ~* ; le moment du second ordre s’en déduit immgé-
diatement. _
La formule (16.20057) donne "enrropic :

Lo
4

o

e

i

B

log (2 me) — -% log (dét (1)) | .

5 =

n
2

(%) Woir Calcw! lindaire, tome II-
(*) |[Cest-d-dire en recherchant Pimage de la loi par Papplication x s x*®.

Les Houches 27th-31s July 2020
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Example of Multivariate Gaussian Law (real case)

1 —E(z—m)T R (z-m)
P = o ety ¢
%(Z -m)' R*(z—-m) = % [ZT R*'z-m'R*z-z'R™m+m’ R‘lm] Gaussian
Density i

ZEZTR_lz_mTR_IZ-i—EmTR_lm ets y s

2 2 a 1st order

p(é:) _ 1 : e_[_mTRler;ZTRlZ} _ ie_<§ﬁ> quimum
95 7mT 71m °

(27)"2 det(R)"2e2" z Entropy Density !

z -R™m| [a
5:{ T} and S = lR_1 ={ } with <§,,B>:aTz+zTHz=Tr[zaT+HTzzT]
7z 5 H
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Information Geomeiry for Multivariate Gaussian Density
m R

1 —(z-m) R (z-m)
e
27)"* det(R)"?

pm R(z) —
o

] , —R™"m 3
_ ~(£.8) : _ _ _
Q*

Duality bracket given by (&, 8)=a'z+2 Hz=Tr|za' +H zz' |

IogL Ie“’m.déJ =log(Z)=nlog(2x)+ % log det (R)+ % m' R™m
& - THALES
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Information Geomeiry for Multivariate Gaussian Density

—R™m .
vo(f)=]e " d¢ and =] 1 { }

®(B) =—logy,,(B) = %[—Tr[H “aa’ |+log| (2)"detH |-n |og(27z)]

0D(B) _ [ EE ][ om
W_g-!‘*épé(f)dg_é:__E[zzT] —{ }

with §=L;} and R=E[(i;m)(z‘mﬂzE[ZZTT};.D”\TES
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Information Geomeiry for Multivariate Gaussian Density

F\_(E oS (£ —R7m
S(&)=(&.B)-@(B) with Q: :{:}: L
ER
o6
;!-j ~{¢:h) dglog je<f,ﬂ>_d§'d§:_g£ Pz ($)logpz(S).dS

S(E)= % llog(2)" det|[H |+ nlog(27.¢)]= %[Iog det[R]+nlog(27.e)|
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I Souriau Book on « Calcul Linéaire » & Leverrier-Souriau Algorithm

T T T )

-
Y 4 .
i JEH MARIE SOURIAU

I U CALCUL
SRUAVEVIIRE LINEAIRE

* 1B P(A)=det(AI-A) Zk,»t""

k,=1 et By=I

-

A=B_4 . kl.=—l_n-[A!.}‘ i=1..n-1
i
|
B=A4+klI ou B =B _A—-tr(B_A)I
i

A?r:Bu—IA et kn:_ln.{“in:}
I

1 Souriau, J.-M..:Une méthode pour la
" décomposition spectrale et I'inversion des
‘ : matrices. Comptes-Rendus
ans;p;um?:;sé{““s 3 "Bsszggvgn?gmm 4 hebdomadaires des séances de
. I'’Academie des Sciences 227 (2), 1010-
. 1011, Gauthier-Villars, Paris (1948).
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Souriau Algorithm for Characteristic Polynomial Computation

P(1)=det(Al - Zk/i”' Q(A)=adj(Al - 2/1” B
k,=1 and BO_I

(A:BHA , ki:—%tr(A), i=1..,n-1

B=A+kl or B = Bi_lA—%tr(Bi_lA)l
L |

A =B A and k, =—1tr(A1)
N
208 THALES



Souriau Algorithm for Exponential Map Computation

[;u—A]1:%@[M—A]Q(A):P(;t)l
B,=1 and Bi:Bi_lA—MI
1) !
(=1 k=_TEBA) Gy

) Good Candidate due to its high
y integrated on [0,h] such that parallelization capability for
Exponential Map Computation
for « Lie Group Machine
with 7(0)=..=y"? =0 and »"(0)=1 Learning »

2) kyy™ +ky " 44k yP+ky=0

3) Computation of d(t) =e” = ni " (t)B; on [0,h]
4) Extension of Computation on [0, ph] by @ (pt)=(®(t))"
209 5) X(t)= D)X, with X, = X (0) THALES



Souriau algorithm to recover Lie Group Rodrigue’s formula
0 -w o,
SO(3):{R/R—1:RT} o= o, 0 -0 |=olL+ol,+ol es00)0=(a,0,n)ecl’

e* =y?B,+yYB,+yB,

B,=I1 and k, =1
Tr(l.o Tr(lo,
Blzl-a)x_ ( )|—0) and k__ (1 ):0 ewxzy(z)l-l-}/(l)a)x—i_ya)@w-r
B, =80, -y o fof 1 ang = TL2)
B, =w,.0,+|0] | =0®a K, =0 et = | +ism(Ha)Ht)
y(t) + Ha)HZ yP(t)=0 with y@(0)=1,7“(0)=0,7(0)=0 |
| . +1_COS(Ha)Ht)w2
P00 =—sin(Joft) and () =—(1-cos(Jlt)) > o

» @l | . THALES
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I Seminal work of Muriel Casalis (Institut Mathématique de Toulouse)

I Muriel Casalis PhD at Paul Sabatier Toulouse University supervised by Gérard Letac

| Reference of Muriel Casalis
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university, Toulouse, France, 1990

> Casalis, M.: Familles exponentielles naturelles sur R9 invariantes par un groupe. Int. Stat. Rev.,
59(2):241-262, 1991.

> Casdlis, M. : Les familles exponentielles a variance quadratique homogene sont des lois de Wishart
sur un cone symétrique, C. R. Acad. Sci. Paris Sér. | Math. 312, p. 537-540., 1991
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Theoret. Probab., 2(1):71{86, 1989

2> Letac, G.: Lectures on Natural Exponential Families and their Variance Functions, Instituto De
Matematica Pura E Aplicada, 1992
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Travaux précurseurs de Muriel Casalis
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Familles Exponentielles Naturelles sur ¢
Invariantes par un Groupe

Muriel Casalis

Lobaratoire de Statistigue, Université Pawl Sabatier, 118, rowse de Narbonne, 31062
Towlouse Cedex, France

Reévamé

La e Earmilien de 7 g par un groape 4'afinés donsd e
fakte Gum wom can cola dan groupe compact, umnmu-nwdnmn— el de powpe
Iypertrligue ¢t cntn crits @'en m. 1a whopate comsiste b tradwre b
peopnést dimvariance de b pwmom-vl«mwl’w'—bmm
o8 dermitees o8 cosséjecnie

1 Introduction

1l est courant en statstique & envisager un modéle (Q, o, (P )u.0) tel qul existe un
growpe G de permutations de Q préservant globalement la famdlle de probsbilaés
Fw P, 0e0), Cesti-dire que pour tout (8, g) de © x G, l'image g(Fy) de F, par g est
encore dans F (Barndorfl-Nielien parle alors de modéle de transformations). On pourra
consulter Barndorf-Niclsen et al. (1982) et plus récemment le livre de Bamndorfl-Nielsen
(19638).

Un exemple célibre est celut des distnbutions de Fasher- Von-Mises pour leguel Q est
Ia sphere unité de U'espace euclidien E

Poldr) = LiF) " exp (0, x )otdx),

o d babdité unad war Q et L(0) le coelficient de normalisation, et pour
leqwl(imkpmwdumuum-ﬁ(f)*F
Dans cet exemple, (Fy, 0 ¢ 8) est une tamilie exponenticlle naturclle au sens suivant
Soit E un espace vectoriel de dimension finic, E* son dual et & (6, 1) est dams E* x E,
(8, x) désigne le crochet de dualité; soit, de plus, 4 une mesure de Radoa posstive ser £
on note alors L, 1a transformée de Laplace do u définie par

L,Euqmuyo~j¢¢<a.wun.
L

D, est Vessemble (66 E*, L (8) <=}, O(u) son mérieur ot k, Is fonction définie sur
N u) pas

k(0)=Log L.(9) ()
On désigoe nusss par M(E) I'ememble dos mesures de Radon u positives telles que
(1) j n'est pan W um wpace sffine stnct de £

(1) & u) est non vide

N* d'ordre &7

THESE
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NEF (Natural Exponential Families): Letac & Casalis

E E” (0, x)
(6,x)e E"XE. u E
L, :E"—>[0,0] with 61> L,(0)= e u(dx)
kﬂ (0) O(u) |Enteriorof D, = {6’ cE’, L, < oo}

k,(8)=logL,(0)

F (1) = P(0. 1)) =€ u(dx), 6 € O(10)
k', (6) = [ XxP(0, 12)z4(dlx)
v, Mg —0(u) with M. =Im(k', (@(x)))

Ve (m) =Kk, (‘//u(m)): (‘”P(m))_l PSNEES

215



NEF (Natural Exponential Families): Letac & Casalis

F
F(u)=F(1') < 3(a,b) e E"xR,such that z'(dx) =e"**** u(dx)
E E U QX g, X+V,
g, €GL(E) E v, eE
o(F) = {p(P(0, 1)).0 € O(u)} E
o(u)
F G

E)itVoeG,o(F)=F: Vu,F(p(u)=F(u)
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NEF (Natural Exponential Families): Letac & Casalis

F =F(u) Eand G
E F G
Ja:G —> E,3b:G — R, such that:
a(pe)='g,"ale)+alp)

(e, ¢') e G5

blpg)=blp)+b(e)-(a(¢'). g,'v, )

Vo eG,p(u)(dx) =@ 14 (dx)
G b G. a

Cohomology of Lie groups

217 THALES



NEF (Natural Exponential Families): Letac & Casalis
G on E'by: gX='07X,0eG,xeE"
a(0,9,)=9,:a(9,) +a(g,)
a vn>0
G" o E" 3(G"E’)
d":3(G",E")— 3(G™,E")

n

an(gl’”" gn+1): gl'F(QZ’”" gn+1)+ (_l)i F(gl’ 920 GiGisn gn)
)

=)

+(-1)""F(9,,9,, ", 9,
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NEF (Natural Exponential Families): Letac & Casalis
Z"(G,E")=Ker(d")B(G,E")=Im(d™*). with 2"
H"(G,E")=2"(G,E")/B"(G,E")
Cohomology Group of G E
dO:E*—>S(G,E*) ZO:{XeE*;g.x:x,vQ eG}
X (g g.x—x)
d*:3(G,E")— 3(G% E")
Fi>d'F , d'F(g,,9,)= 6,.F(9,)—F(9,9,)+ F ()

ZlZ{F ES(G,E*);F(gng) gl-F(gz)+F(gl)1v(91’ 2)662}
B'={F e 3(G,E"}3xc E",F(g) = g.x—X]|
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NEF (Natural Exponential Families): Letac & Casalis
the Cohomology Group H 1((5, E*): 0 Zl(G, E*): Bl(G, E*)
= 3c e E", such that Vg € G, a(g) = (Id —tg‘l)c
F=F(u) G
vg € G, glu)dx) = e T Ly
vg <G, gl y(dx)): 2@ 1 (dx) with s, (dx) = e u(dx)
HY(G,E")=0 a
A:G — GA(E) v(g,9')eG? A = AA,
g A, , A(0)="g70+a(g) A(G)compactsub-group of GA(E)

Ifixed point = Vg € G, A (C)= g ‘c+a(g)=c=a(g) = ( t‘1)0
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Bargmann parameterization of SU(1,1)

> SU (1,1) isisomorphic to SL(Z, R) = Sp(2, R) through the complex

unitary matrix \\/ :

” b
SL(2,R):< g :(a OI]/detg =ad—bc=1}

( a b 0 +1
Sp(2,R)=<g:(C dj/ngTzJ,J:(_l Oj}

ot o -1 . : 1 i
—(W*) with w=e""*=—(1+i
— ] ( ) “ \/2( " )

1
W:ﬁ(
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Bargmann parameterization of SU(1,1)

> If we observe that W _1JW =—IM , the isomorphism is given explicitely by:

(‘Z‘ gj=g(U)=WUW1:{Tr§EZ:£; ‘F:(T((;__ﬁﬂ))]

5 Jruewean [T o)

W:i(“’1 wljz(w)l with @ =e™ = *

ﬁ(1+i)
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Bargmann parameterization of SU(1,1)

» We can also moke also a link with SO(Z 1) of “1+2" pseudo-orthogonal matrices:

(41 0 0)]
SO(2,1)=<I'eGL(3,3)/det(I')=LTKI" =T, K= 0 -1 0
L0 0 -1

4 \
E(az+b2+c2+d2) E(az—b2+c2—d2) —cd —ab
2 2

1 1
r'(g) = E(aZ+bZ—c2—o|2) E(aﬁ—bz—c%oﬂ) cd —ab
—bd —ac bd —ac ad +bc
\ ) )
204 with l_‘(gl)l_‘(QZ):1_‘(9192)’L"E(|): I’F(g_l):r(g)%HALES




Bargmann parameterization of SU(1,1)

> The matrix SO(Z,]_) corresponds to any SU (1, ]_) :

/|a|2 +|s 2Reap’ 2imap’

[(u)=| 2Reaf Re(a’+p?) Im(a®-p)
(—2Imap ~Im(a’ + §°) Re(az—,ﬁz)/

1

1 : i
a4 :iJE(F11+F12)+I(F12 _le)’ IB:Z(FW _IFZO)
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Bargmann parameterization of SU(1,1)

> The properties of connectivity of Sp(2, R) is described by its isomorphy with
SU (1,2)

2 Using unimodular conditfion:
o -] =1= o +af - p2 =1+ p? >1

with o =«a, +la, and S = S, +1,
> If /8| is fixed, (O(R y Q| ,,BR )ore constrained to define a one-sheeted revolution
hyperboloid, with its circular waist in the & plane.

) 27th-3 uly 2020
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Bargmann parameterization of SU(1,1)

> To SU (1, 1) , we can associate the simply-connected universal covering group,
using the maximal compact subgroup U (1) and corresponding to the
Iwasawa decomposition (factorization of anoncompact semisimple group into its
maximal compact subgroup times a solvable subgroup).

(

®=arga :%i In(c’a™)

VA S A 2‘ with {4 =|a| >0

f «a 0 e“ )\u i
“iw (04
p=e"p=—p
L a
A

,3=(9ia’,u,|05|2 —|,6’|2 = A° —|y|2 =150 |,u <
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Bargmann parameterization of SU(1,1)

2 Bargmann has generalized this parameterization for Sp (2N : R), more
convenient but difficult to generalize to N dimensions.

> For SU (1 1) Bargmann has used (a) 7/)

2L (<1, 2= ,
i Ve

> For SL(2 R) =Sp( 2, R) the Bargman, parameterization is given by this
decom-position of o non-singular matrix intfo the product of an orthogonal and a
positive definite symmetric matrix:

R e
o=arg[(a+d)-i(0—c)].u=e *[(a—d)+i(b+c)

>SU (l, 1) and SL(Z, R) = Sp (2, R) are described when is counted modulo2 7T
2 @=o(mod2r) THALES




