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Problem: Define fast principled distances between multivariate normal distributions
Fisher metric:ds?,, .. = dp' X7 1du + %tr ((E’le)z)

T) 2 z—p) SN z—
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N(d)={N(Q) : A= (1,%) € A(d) = R% x Sym, (d,R)}

Some closed form formula for specific cases:
e In 1D PN(N07N1) = \/ilog (w)
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Fisher-Rao geodesic Riemannian distance: with Mébius distance A(a, b ¢, d) = % o > 4
prr(No, N1) = inf " e(t) {Len(c)} e Same mean: pu, (N (i, Xo), N(p, X1)) = \/5 El log? N (2 i2125%)
c(V)=Ppg,=
C(l):pu(l),z(l]
Geodesic equation: Invariance under the positive affine group:
/U‘_ Szflﬂ = 0 Aﬁ+(d,R):{(a,A) a & Rd,A (S GL+(d,R)}
{ E +,u,uT o 22712 = 0. pFR((a,A).NO : (a,A).Nl) = PFR(Nole)

Solving with initial conditions: Use natural parameterization (§ =31y, == 2_1)
Initial conditions: (a = £(0), B = £(0)) = 44" (Ny, vo; 0)
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Let B = —Z(0)"2 £(0)2(0)~2,a = E(0)~2£(0) + BE, ® (0),G = (B® + 2aa")z.

Then we have Z(t) = E(0)2 R(t)R(t)T Z(0)7,£(t) = 22(0)7 R(t)Sinh (1Gt) GTa + Z(t)E71(0)£(0)
with R(t) = Cosh (3Gt) — BG'Sinh (3Gt)
Solving with boundary conditions:
Fisher-Rao geodesic N; = N (u(t), 2(t)) = W& (No, N1;t):
e For i € {0,1}, let G; = M; D; M,", where
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e Consider the Riemannian geodesic in Sym, (2d + 1,R) with respect to the trace metric: G(t) = Gé (
e Retrieve N(t) = va% (No, Ni;t) = N(u(t), (1)) from G(t):

S(t) = [G(0)] 1,100 () = 2(t) [G(8)]1:0,041 Where

[Gl1:4,1:a denotes the block matrix with rows and columns ranging from 1 to d extracted from (2d + 1) x (2d + 1) matrix G, and
[G1:d,d+1 is similarly the column vector of R? extracted from G

Approximate Fisher-Rao distance by pr(Ng, N1) = ZiT;Ol Dj <N%,Ni;l> ~ prr(No, N1) where Dy is

the symmetrized Kullback-Leibler distance: D j(Ny, N2) = If, (N, Na) = tr (w — I) + (2 — )Tﬁ(uz — 1)

Embed N(p,Y) into SPD matrix of dim d + 1: Consider the Hilbert projectice dlstarllce on the SPD cone:
Npsyt=| —>" pritbort (P P)-]og(mdx(PPlpz))
Ja(N(p, 2))"" = —MTE_l MTZ_lu + % Hilbert120- 71 Amin(Py, 2P1P, ?) Applications to clustering;:
When a = 1 isometric embedding: — log ( Amax (Py 1Pl))
Totally geodesic submanifold, get lower bound: — fast C;I‘éfllfatllcj)lrib only extreme eigenvalues
pco(No, N1) = prr(N(0, f(No)), N(0, f(N1))) Y &

Vo=t T dimension d + 1

pp(P.P1) = J5|logB DR
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