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Problem: Define fast principled distances between multivariate normal distributions

Fisher-Rao geodesic Riemannian distance:
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Some closed form formula for specific cases:
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Invariance under the positive affine group:
Aff+(d,R):=

{
(a,A) : a ∈ Rd, A ∈ GL+(d,R)

}
ρFR((a,A).N0 : (a,A).N1) = ρFR(N0, N1)

Geodesic equation:{
µ̈− Σ̇Σ−1µ̇ = 0,

Σ̈ + µ̇µ̇> − Σ̇Σ−1Σ̇ = 0.

Solving with initial conditions: Use natural parameterization
(
ξ = Σ−1µ,Ξ = Σ−1

)
Initial conditions: (a = ξ̇(0), B = Ξ̇(0)) = γ̇Fisher
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Then we have Ξ(t) = Ξ(0)
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Solving with boundary conditions:
Fisher-Rao geodesic Nt = N(µ(t),Σ(t)) = γNFR(N0, N1; t):

• For i ∈ {0, 1}, let Gi = MiDiM
>
i , where
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• Consider the Riemannian geodesic in Sym+(2d+ 1,R) with respect to the trace metric: G(t) = G
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• Retrieve N(t) = γNFR(N0, N1; t) = N(µ(t),Σ(t)) from G(t):
Σ(t) = [G(t)]−1

1:d,1:d, µ(t) = Σ(t) [G(t)]1:d,d+1 where
[G]1:d,1:d denotes the block matrix with rows and columns ranging from 1 to d extracted from (2d + 1) × (2d + 1) matrix G, and
[G]1:d,d+1 is similarly the column vector of Rd extracted from G

Approximate Fisher-Rao distance by ρ̃T (N0, N1) =
∑T−1
i=0

√
DJ

(
N i
T
, N i+1

T

)
≈ ρFR(N0, N1) where DJ is

the symmetrized Kullback-Leibler distance: DJ(N1, N2) = IfJ (N1, N2) = tr
(

Σ−1
2 Σ1+Σ−1

1 Σ2

2 − I
)

+ (µ2 − µ1)>
Σ−1

1 +Σ−1
2

2 (µ2 − µ1)

Embed N(µ,Σ) into SPD matrix of dim d+ 1:

fa(N(µ,Σ))−1 =

[
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a

]
When a = 1 isometric embedding:
Totally geodesic submanifold, get lower bound:
ρCO(N0, N1) = ρFR(N(0, f(N0)), N(0, f(N1)))

Consider the Hilbert projectice distance on the SPD cone:
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→ fast calculations: only extreme eigenvalues

Applications to clustering:

Fisher-Rao

Hilbert pullback

dimension d+ 1


