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Unbounded Kullback-Leibler divergence (KLD)

Also called relative entropy:

KL(p:q)=hx(p:q)—h(p),

Cross-entropy: hx(p : q)::/plog%dy,

Shannon’s entropy:  hi(p):= / plog %d‘u =hx(p:p),

(self cross-entropy)

Reverse KLD: KL*(P:Q):=KL(Q:P) = /qlog idy.
(KLD=forward KLD) P



Symmetrizations of the KLD

Jeffreys’ divergence (twice the arithmetic mean of oriented KLDs):

Resistor average divergence (harmonic mean of forward+reverse KLD)

1 1( 11 )
R(p;q)  2\KL(p:q) KL(g:p)

Question: Role and extensions of the mean?



Bounded Jensen-Shannon divergence (JSD)

N p—+4 h(p) + h(q) (Shannon entropy h is
I5(p;q) =1 2 p) strictly concave, JSD>=0)

JSDis bounded: 0 < JS(p:gq) < log2

: P+q 2p 2p
. KL T — | = | du < loe —“du = log 2.
Proof (p : ) /pogp+qy_/P0gp it = log

V]S :Square root of the JSD is a metric distance (moreover Hilbertian)




Invariant f-divergences, symmetrized f-divergences
Convex generator f, strictly convex at 1 If D 07 /Pf ( )

with f(1)=0 (standard when f'(1)=0, f’(1)=1)

f-divergences are said invariant in information geometry because they
satisfy coarse-graining (data processing inequality)
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COarse graining D(Hj H}E) 'i: D(H . H!)
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f-divergences can always be symmetrized: Reverse f-divergence for f*(x) = xf(+)

(u —1)logu,

1+ u
Jensen-Shannon f-generator: fis(#) = —(u+1)log 5 - ulogu.

Jeffreys f-generator: fr(u)




Statistical distances vs parameter vector distances

A statistical distance D between two parametric distributions of a same
family (eg., Gaussian family) amount to a parameter distance P:

P(0:6"):=D(po : po)

For example, the KLD between two densities of a same exponential family
amounts to a reverse Bregman divergence for the Bregman cumulant generator:

KL(pg : pgr) = BE(6: 0")|= Br(6": 0).

Br(6:6"):=F(0)—F(0")— (0 —6',VF("))

From a smooth C3 parameter distance (=contrast function),
we can build a dualistic information-geometric structure



Skewed Jensen-Bregman divergences

JS-kind symmetrization of the parameter Bregman divergence:

1 o+ o+ ¢
Bp(6:6) = §<BF<9: ; )+BF (9’: +2 ))

_ F(9)+F(#) F(9+9’

5 ) —=: Jr(0:6")




J-Symmetrization and JS-Symmetrization

J-symmetrization of a statistical/parameter distance D:
JIb(p:q):=(1—a)D(p:q)+aD(q:p)| a<[01]

JS-symmetrization of a statistical/parameter distance D:
JSp(p:q) = (I—a)D(p:(1—a)p+aqg)+aD(q:(1—a)p+ag)

= (1—=a)D(p:(pq)a) +aD(q:(pq)a)-

Example: J-symmetrization and JS-symmetrization of f-divergences:

Flu) = (1= a)f(u) +af(u), Ie(p:q) = T7(p:q) = 11(q: p)
(p:q):=1—a)Ie(p: (pg)a) +ale(q: (pq)a) o )

1—«
AS(u):=(1 — o) flan+1 — &) + af (H _ ) |




Generalized Jensen-Shannon divergences:
Role of abstract weighted means, generalized mixtures

Quasi-arithmetic weighted means for a strictly increasing function h:

My (x,y):=h"" (1 — a)h(x) + ah(y))

Definition 1 (M-mixture). The My-interpolation (pq)M (with a € [0,1]) of densities p and q with respect
to a mean M is a a-weighted M-mixture defined by:

(pq)a! (x):—MfBZ(?x),:q(x))

When M=A
Arithmetic mean,
NormalizerZis 1

where

Zprq) = | Mulp(t)q()dp(t) = (Mu(p,0))" (45)

is the normalizer function (or scaling factor) ensuring that (pq)M € P. (The bracket notation (f) denotes the
integral of f over X.)



Definitions: M-JSD and M-JS symmetrizations

Definition 2 (M-Jensen-Shannon divergence). For a mean M, the skew M-Jensen—Shannon divergence
(for o € [0, 1)) is defined by

(48)

When M, = A, we recover the ordinary Jensen—Shannon divergence since Ax(p : q) = (pq)a
(and Z2(p :q) = 1).

We can extend the definition to the |S-symmetrization of any distance:

For generic distance D (not necessarily KLD):

Definition 3 (M-]S symmetrization). Fora mean M and a distance D, the skew M-JS symmetrization of D
(for a € |0, 1]) is defined by

(49)

=(1=a)D (p: (pa)") +aD (q: (pg)2")




Generic definition: (M,N)-JS symmetrization
Consider two abstract means M and N:

Definition 5 (Skew (M, N)-D divergence). The skew (M, N)-divergence with respect to weighted means
My and Ng as follows:

(61)

The main advantage of (M,N)-JSD is to get closed-form formula
for distributions belonging to given parametric families

by carefully choosing the M-mean.

For example, geometric mean for exponential families,

or harmonic mean for Cauchy or t-Student families, etc.



(A,G)-Jensen-Shannon divergence for exponential families

Exponential family: & = {p,;(x)c'_;z —exp(0'x —F(0))du:6 € @}
Natural parameter space:  _ ;9: / exp(6Tx)dy < OO}
| Jx

Geometric statistical mixture:




(A,G)-Jensen-Shannon divergence for exponential families

Closed-form formula the KLD between two geometric mixtures in term of a
Bregman divergence between interpolated parameters: xI. (,;Q : (Pﬂlpﬂz)g’) — KL (P9  Porey) )

= BF((Qlez)a . 9).

1SS (Pe, = pe,) = (1—a)KL(pe, : (pa,pe,)s) +aKL(pg, : (Po,Pe,)s),
—_— (1—&:)BF((9]92)& :61)—|—HCBF((9192),¢ :92).

Theorem 2 (G-JSD and its dual ]JS-symmetrization in exponential families). The wa-skew
G-Jensen—Shannon divergence JS“* between two distributions pg, and pg, of the same exponential family
Er is expressed in closed form for « € (0,1) as:

]SGa(Pﬂl : pﬁ‘z) = (1 —=a)Bp ((6102)a : 01) +aBr ((0162)q : 62), (80)
ISgr. (poy  po,) = JBE(01:602) = JE (61 : 6,). (81)




Example: Multivariate Gaussian exponential family

Family of Normal distributions: {N(,Z): u € R",E = 0}. A=) = (w2

1 1
CA) = exp| —=(x— Ay Al —Ay) |,
) = e (—p AR )
Canonical factorization: ps(x;0) := exp ({t(x),0) —F(0)) = pr(x;A(0)),
SN S -1 1.4
6 = (6,,01) = (z o —5E ) —9(\) = (AM Af;,,—zAM)

Sufficient statistics: t(x) = (x, —xx ')

. . 1 1
Cumulant function/log-normalizer: F(6) = 5 (dlogﬁ—log|9M|+ ~0, 67 16@)

FA(A) = ;(/\T/\ A, +10g|/\M|+dlog2ﬁ) = %(;JTZ_1}£+10g|Z|+dlogZH).



Example: Multivariate Gaussian exponential family

Dual moment parameterization:

= (1o, 1]m) = E[t(x

)| = VE(6)

Conversions between ordlnary/natural/expectatlon parameters:

Oar(A) = 1AM1 =1y-1

10(0) = 20,6,
nm(0) = —%9 1

Ao() =10 = H
Am(i) = —nm —

{ 6o(A) = AtA, = =1y

— 1(0:,00)(0505) "

Nolly, = %

=

~

\

4

| Om(7)

Ao(0) = 165, 193 =y
Ay (0) = 293;4 =

00(17) = —(nm + 170 )11
= —Y(pm + 1oy )1

f’]z;r()t) — )LU — ‘”

M(A) = =AM —Aody = X —pup!

Dual potential function (=negative differential Shannon entropy):

1

Pg’,‘('fv]) =3 (log(l +?]J?]1{41?]U) +log | —nm| +d(1 +log2;¢)) )



Corollary 1 (G-JSD between Gaussians). The skew G-Jensen—Shannon divergence ]Sf and the dual skew
G-Jensen—Shannon divergence ]S*&G between two multivariate Gaussians N(pq,X1) and N(pp, o) is

]SGR(F’(MZﬂ Pooz) = = OKL(Pg, 5 Pouza) T KLz * Pz

1
(1 —a)Br((6162)a : 61) + aBr((6162)a : 62),

% (tr (Z;l((l — )2 + a:ZQ)) + log o

24|
1—« |Zz|¢t

(1= )KL(P(,x,) * Pugzy) T OKL(P(2) * PO12s) ),
(1 — r.l’)Bp(Ql : (916’2)&) + aBr (92 : (9192)&.),

Jr(61: 62),

1
2

PR S B, O B O B [Za ' [Z* 19
(1= a)pr Ty g+ a2 Ty g2 = o T phaFlog —-—— |, (112)

where

-1
Yo = (Z5) = ((1 —a)z7! +.:x22—1) , (113)

(matrix harmonic barycenter) and

o = (map2)li = T (1= )27y + 025 g2 (114)



More examples: Abstract means and M-mixtures

Weighted mean

M,, & € (0,1)

Arithmetic mean
Geometric mean
Harmonic mean

Power mean

Quasi-arithmetic mean
M-mixture

Ag(x,y) = (1 —a)x +ay
Ga(l’,}f) — I]—ilyil
Hy(x,y) = %
( )= ((1-a)x? +ay?)7, peR\{0}, lim,_o P =G
( ) =f (1 —a)f(x)+af(y)), f strictly monotonous
z¥(p, 7) = Jrcx Ma(p(t),q(1))dp(t)
with Z3'(p, ) = Jiex Ma(p(£),4(£))dp (1)

JsMe Mean M Parametric Family ZM(p: q)

]S4 arithmetic A mixture family ZM;:6,) =1

JSCa geometric G exponential family ZG(9 ; 92) = exp(—J§(61: 62))
]SH“ harmonic H = Cauchy scale family (9192)913391}1_[1

https://www.mdpi.com/1099-4300/21/5/485
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Summary: Generalized Jensen-Shannon divergences

e Jensen-Shannon divergence (JSD) is a bounded symmetrization of the Kullback-
Leibler divergence (KLD). Jeffreys divergence (JD) is an unbounded symmetrization
of KLD. Both JSD and JD are invariant f-divergences.

* Although KLD and JD between Gaussians (or densities of a same exponential
family) admits closed-form formulas, the JSD between Gaussians does not have a
closed expression, and these distances need to be approximated in applications.

(machine learning, eg., deep learning in GANs)

* The skewed Jensen-Shannon divergence is based on statistical arithmetic mixtures.
We define generic statistical M-mixtures based on an abstract mean, and define
accordingly the M-Jensen-Shannon divergence, and the (M,N)-JSD.

* When M=G is the geometric weighted mean, we obtain closed-form formula for
the G-Jensen-Shannon divergence between Gaussian distributions. Applications
to machine learning (eg, deep learning GANS) https://arxiv.org/abs/2006.10599

Code: https://franknielsen.github.io/M-JS/
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