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Outline
I Fundamental dissimilarity between distributions in information

sciences [3] (Kullback-Leibler divergence and f -divergences) and
their usual Je�reys and Jensen-Shannon (JS) symmetrizations

I Jensen-Shannon divergence between Gaussian densities is not
available in closed-form

I De�nitions: JS-symmetrizations of any parameter distance and
of any statistical distance using abstract means, and properties

I Three cases studies with reported closed-form expressions:
I Geometric Jensen-Shannon divergence for multivariate Gaussians

(or any exponential family)

I Harmonic Jensen-Shannon divergence for Cauchy distributions

I Arithmetic (=ordinary) Jensen-Shannon divergence for mixture
distributions

I Conclusion
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The Kullback-Leibler divergence (KLD)

I Kullback-Leibler divergence [3] is the relative entropy:

KL[p : q]:=

∫
p log

p

q
dµ = h×[p : q]− h[p]

h×[p : q]:=

∫
p log

1

q
dµ, h[p] = h×[p : p]

I KLD unbounded and potentially ∞ when the integral diverges

I Asymmetric (non-metric): De�ne the reverse Kullback-Leibler
divergence

KL
∗[p : q]:=KL[q : p]
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Statistical distance and parameter distance
I KL[p : q] is a statistical distance between probability densities

(or measures), hence the bracket notation

I When p = pθ1 and q = pθ2 belong to the same parametric
family P of distributions, the statistical distance D amount to a
parameter distance DP :

DP(θ1 : θ2):=D[pθ1 : pθ2 ]

I For example, when p = pθ1 and q = pθ2 belong to the same
exponential family [11] E , we have

DE(θ1 : θ2):=KL[pθ1 : pθ2 ]

with parameter divergence

DE(θ1 : θ2) = B∗F (θ1 : θ2) = BF (θ2 : θ1)

where BF is the Bregman divergence [2] de�ned for a strictly
convex and di�erentiable convex generator F

BF (θ : θ′):=F (θ)− F (θ′)− 〈θ − θ′,∇F (θ′)〉
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Renown symmetrizations of the Kullback-Leibler divergence
I Je�reys divergence [8] symmetrizes KLD:

J[p; q]:=KL[p : q] + KL[q : p] =

∫
(p − q) log

p

q
dµ = J[q; p].

→ unbounded

I Jensen-Shannon divergence [6] also symmetrizes KLD:

JS[p; q] :=
1

2

(
KL

[
p :

p + q

2

]
+ KL

[
q :

p + q

2

])
=

1

2

∫ (
p log

2p

p + q
+ q log

2q

p + q

)
dµ.

→ always bounded:

0 ≤ JS[p : q] ≤ log 2

→
√
JS is metric distance [5]
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Symmetrizations of statistical f -divergences

I Class of f -divergences [4] for a convex function f strictly
convex at 1 (with f (1) = f ′(1) = 0):

If [p : q] =

∫
pf

(
q

p

)
dµ.

I KLD belongs to the f -divergences for f -generator
fKL(u) = − log u

KL[p : q] = IfKL [q : p]

I The Je�reys and Jensen-Shannon f -generators are

fJ(u) := (u − 1) log u,

fJS(u) := −(u + 1) log
1 + u

2
+ u log u.
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JS-symmetrization of parameter distances
I For any arbitrary parameter distance D(θ1 : θ2) and α ∈ [0, 1]:

JS
α
D(θ1 : θ2) := (1− α)D (θ1 : (1− α)θ1 + αθ2)

+αD (θ2 : (1− α)θ1 + αθ2)

= (1− α)D (θ1 : (θ1 : θ2)α) + αD (θ2 : (θ1 : θ2)α) ,

where (θpθq)α:=(1− α)θp + αθq to denote the linear

interpolation (LERP) of the parameters.

I For example, Jensen-Bregman divergence [10] JBF amounts
to a Jensen (gap) divergence JF (for a strictly convex
generator F : Θ→ R)

JBF (θ : θ′) :=
1

2

(
BF

(
θ :

θ + θ′

2

)
+ BF

(
θ′ :

θ + θ′

2

))
,

=
F (θ) + F (θ′)

2
− F

(
θ + θ′

2

)
=: JF (θ : θ′)
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JS-symmetrization of distances and f -divergences

I In particular, the JS-symmetrization of a f -divergence

Iαf [p : q]:=(1− α)If [p : (pq)α] + αIf [q : (pq)α],

with (pq)α = (1− α)p + αq is obtained by taking the
f -generator

f JSα (u):=(1− α)f (αu + 1− α) + αf

(
α +

1− α
u

)
.

I (pq)α(x) = (1− α)p(x) + αq(x) is a statistical mixture
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Jensen-Shannon divergence between Gaussians
I Jensen-Shannon divergence interpreted as a statistical Jensen

gap divergence for the negative entropy F = −h:

JS[p; q] :=
1

2

(
KL

(
p :

p + q

2

)
+ KL

(
q :

p + q

2

))
=

1

2

∫ (
p log

2p

p + q
+ q log

2q

p + q

)
dµ

= h

[
p + q

2

]
− h[p] + h[q]

2
= J−h[p; q]

I p+q
2

is a statistical mixture

I Kullback-Leibler divergence between Gaussian mixtures is
provably not analytic [14, 13]
→ no closed-form formula for the JSD between Gaussians

I Goal is to bypass this computational tractability issue by
de�ning novel kinds of Jensen-Shannon divergences
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Abstract means and generalized statistical mixtures

I Abstract mean [7] M: continuous bivariate function
M(·, ·) : I × I → I on an interval I ⊂ R satifying the
in-betweenness property:

inf{x , y} ≤ M(x , y) ≤ sup{x , y}, ∀x , y ∈ I .

I Weighted mean Mα(p, q) (with α ∈ [0, 1]) using the unique
dyadic expansion [7] such that M0(p, q) = p and M1(p, q) = q.

I α-weighted M-mixture (pq)Mα (with α ∈ [0, 1]) of densities p
and q de�ned by:

(pq)Mα (x) :=
Mα(p(x), q(x))

ZM
α (p : q)

ZM
α (p : q) =

∫
t∈X

Mα(p(t), q(t))dµ(t)
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Examples of means M and M-mixtures

I For x , y > 0,
I arithmetic mean Aα(x , y) = (1− α)x + αy , (h(u) = u)

I geometric mean Gα(x , y) = x1−αyα, (h(u) = log u)

I harmonic mean Hα(x , y) = xy
(1−α)y+αx , (h(u) = 1

u )

I quasi-arithmetic means [9] for h is a strictly monotonous
function h

Mh
α(x , y):=h−1 ((1− α)h(x) + αh(y))

I Statistical M-mixtures and their normalization coe�cients:

(pq)Aα(x) := (1− α)p(x) + αq(x), ZM
α (p : q) = 1

(pq)Gα(x) :=
p(x)(1−α)q(x)α

ZG
α (p : q)

, ZG
α (p : q) =

∫
p(x)(1−α)q(x)αdµ(x)

(pq)Hα(x) :=
1

ZH
α (p : q)

p(x)q(x)

(1− α)q(x) + αp(x)
, ZH

α (p : q) =

∫
p(x)q(x)

(1− α)q(x) + αp(x)
dµ(x)
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Statistical M-Jensen-Shannon divergences

I De�nitions of M-JS D-symmetrizations

JS
Mα
D [p : q] := (1− α)D

[
p : (pq)Mα

]
+ αD

[
q : (pq)Mα

]
JS

Mα [p : q] := (1− α)KL
[
p : (pq)Mα

]
+ αKL

[
q : (pq)Mα

]
I Key property: The M-JSD is upper bounded by log ZM

α (p,q)
1−α

when M ≥ A.

I Arithmetic mean-Geometric mean-Harmonic mean inequality
(AGH):

A ≥ G ≥ H
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M-JS symmetrizations of D for parametric family:
A recipe to get closed-form formula

I Let P:={pθ(x) : θ ∈ Θ} denote a parametric family of
densities with convex parameter domain Θ

I Parameter distance DP from statistical distance D between
members of a family:

DP(θ1 : θ2):=D[pθ1 : pθ2 ]

I Find abstract mean M such that (pθ1pθ2)Mα = p(θ1θ2)α

I Then the M-JS symmetrization of D amount to the following
parameter divergence:

JS
Mα
D

[pθ1 : pθ2 ] = (1− α)DP (θ1 : (θ1θ2)α) + αDP (θ2 : (θ1θ2)α) = JS
α
DP

(θ1 : θ2)
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Example 1: G -JS symmetrizations of KL for exponential
families

I Exponential family [1] EF with log-normalizer F :

EF =
{
pθ(x)dµ = exp(θ>x − F (θ))dµ : θ ∈ Θ

}
I Geometric mixture, G -mixture, of exponential families:

(pθ1pθ2)Gα (x) :=
Gα(pθ1(x), pθ2(x))∫

Gα(pθ1(t), pθ2(t))dµ(t)
=

p1−αθ1
(x)pαθ2(x)

ZG
α (p : q)

,

= p(θ1θ2)α(x),

ZG
α (p : q) = exp(−JαF (θ1 : θ2)),

JαF (θ1 : θ2) := (F (θ1)F (θ2))α − F ((θ1θ2)α)

I KLD between Gaussians amount to a reverse Bregman
divergence [1] BF

∗

KLP(θ1 : θ2) = KL(pθ1 : pθ2) = B∗F (θ1 : θ2):=BF (θ2 : θ1)
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I G -Jensen-Shannon divergence (for KL):

JS
G
α [pθ1 : pθ2 ] := (1− α)KL[pθ1 : (pθ1pθ2)Gα ] + αKL[pθ2 : (pθ1pθ2)Gα ]

= (1− α)BF ((θ1θ2)α : θ1) + αBF ((θ1θ2)α : θ2).

I G -Jensen-Shannon symmetrization for reverse KL:

JS
KL∗ (p : q) :=

1

2

(
KL
∗
[
p :

p + q

2

]
+ KL

∗
[
q :

p + q

2

])
,

=
1

2

(
KL

[
p + q

2
: p

]
+ KL

[
p + q

2
: q

])
JS

Gα
KL∗ [pθ1 : pθ2 ] := (1− α)KL[(pθ1 pθ2 )Gα : pθ1 ] + αKL[(pθ1 pθ2 )Gα : pθ2 ],

= (1− α)BF (θ1 : (θ1θ2)α) + αBF (θ2 : (θ1θ2)α) = JB
α
F (θ1 : θ2),

= (1− α)F (θ1) + αF (θ2)− F ((θ1θ2)α),

= JαF (θ1 : θ2).

To summarize:

JS
Gα
KL

[pθ1 : pθ2 ] = (1− α)BF ((θ1θ2)α : θ1) + αBF ((θ1θ2)α : θ2) ,

JS
Gα
KL
∗ [pθ1 : pθ2 ] = JαF (θ1 : θ2).

→ Interpretation of the Jensen gap divergence JαF as a reverse KL
JS-symmetrization between members of the same exponential
family
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I Case study of G-JS: MultiVariate Gaussian/Normal density with λ:=(λv , λM ) = (µ,Σ):

pλ(x ;λ) :=
1

(2π)
d
2

√
|λM |

exp

(
−
1

2
(x − λv )>λ−1M (x − λv )

)
pθ(x ; θ) := exp (〈t(x), θ〉 − Fθ(θ)) = pλ(x ;λ(θ))

with θ = (θv , θM ) =
(

Σ−1µ,− 1

2
Σ−1

)
= θ(λ) =

(
λ−1
M
λv ,− 1

2
λ−1
M

)
, t(x) = (x,−xx>), and

〈θ, θ′〉:=θ>v θ
′
v + tr

(
θ′M
>θM

)
I Cumulant Fθ(θ) = 1

2

(
d log π − log |θM | + 1

2
θ>v θ
−1
M
θv

)
I Moment parameters η = (ηv , ηM ) = E [t(x)] = ∇F (θ):{

ηv (θ) = 1

2
θ−1
M
θv

ηM (θ) = − 1

2
θ−1
M
− 1

4
(θ−1

M
θv )(θ−1

M
θv )>

⇔
{

θv (η) = −(ηM + ηvη
>
v )−1ηv

θM (η) = − 1

2
(ηM + ηvη

>
v )−1

I Legendre convex conjugate F∗η (η) = − 1

2

(
log(1 + η>v η

−1
M
ηv ) + log | − ηM | + d(1 + log 2π)

)
I The Kullback-Leibler between p(µ1,Σ1) and p(µ2,Σ2) (with ∆µ = µ2 − µ1) is

KL[p(µ1,Σ1) : p(µ2,Σ2)] =
1

2

{
tr(Σ−1

2
Σ1) + ∆>µ Σ−1

2
∆µ + log

|Σ2|
|Σ1|

− d

}
= KL(pλ1 : pλ2 ),

= BF (θ2 : θ1) = BF∗ (η1 : η2) = AF (θ2 : η1) = AF∗ (η1 : θ2)

I Bregman divergence BF and canonical divergence AF :

BF (θ : θ′) := F (θ)− F (θ′)− 〈θ − θ′,∇F (θ′)〉
AF (θ1 : η2) := F (θ1) + F∗(η2)− 〈θ1, η2〉 = AF∗ (η2 : θ1)
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G -mixture of Gaussians: Normalization coe�cient

I For the Gaussian family, we have

pθ(x ; (θ1θ2)α) =
pθ(x , θ1)1−αpθ(x , θ2)α

ZG
α (pθ1 : pθ2)

,

with the scaling normalization factor:

ZG
α (pθ1 : pθ2) = exp(−JαF (θ1 : θ2)) =

pθ(0; θ1)1−αpθ(0; θ2)α

pθ(0; (θ1θ2)α)
.

I ... since pθ(0; θ) = exp(−F (θ)) provided that 〈t(0), θ〉 = 0.
Holds for Gaussians, t(x) = (x ,−xx>) (i.e., t(0) = 0)
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G -Jensen-Shannon divergences between Gaussians
Given two multivariate Gaussians N(µ1,Σ1) and N(µ2,Σ2):

JS
Gα [p(µ1,Σ1) : p(µ2,Σ2)] = (1− α)KL[p(µ1,Σ1) : p(µα,Σα)] + αKL[p(µ2,Σ2) : p(µα,Σα)]

= (1− α)BF ((θ1θ2)α : θ1) + αBF ((θ1θ2)α : θ2),

=
1

2

(
tr

(
Σ−1α ((1− α)Σ1 + αΣ2)

)
+ log

|Σα|
|Σ1|1−α|Σ2|α

+

(1− α)(µα − µ1)>Σ−1α (µα − µ1) + α(µα − µ2)>Σ−1α (µα − µ2)− d
)

JS
Gα
∗ [p(µ1,Σ1) : p(µ2,Σ2)] = (1− α)KL[p(µα,Σα) : p(µ1,Σ1)] + αKL[p(µα,Σα) : p(µ2,Σ2)],

= (1− α)BF (θ1 : (θ1θ2)α) + αBF (θ2 : (θ1θ2)α),

= JF (θ1 : θ2),

=
1

2

(
(1− α)µ>

1
Σ−1
1
µ1 + αµ

>
2

Σ−1
2
µ2 − µ>αΣ−1α µα + log

|Σ1|1−α|Σ2|α

|Σα|

)

Σα = (Σ1Σ2)Σ
α =

(
(1− α)Σ−1

1
+ αΣ−1

2

)−1
µα = (µ1µ2)µα = Σα

(
(1− α)Σ−1

1
µ1 + αΣ−1

2
µ2

)

The JS-symmetrization of the reverse Kullback-Leibler divergence
between densities of the same exponential family amount to
calculate a Jensen/Burbea-Rao divergence between the
corresponding natural parameters (→ Bhattacharyya distance).
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Example 2: Harmonic Jensen-Shannon divergence between
scale Cauchy densities

I Well-suited for the scale family C of Cauchy probability
distributions [9]:

CΓ:=

{
pγ(x) =

1

γ
pstd

(
x

γ

)
=

γ

π(γ2 + x2)
: γ ∈ Γ = (0,∞)

}
,

where γ denotes the scale and pstd(x) = 1
π(1+x2)

the standard

Cauchy distribution.

I H-mixture of Cauchy densities:

(pγ1pγ2)H1
2

(x) =
Hα(pγ1(x) : pγ2(x))

ZH
α (γ1, γ2)

= p(γ1γ2)α

where the normalizing coe�cient is

ZH
α (γ1, γ2):=

√
γ1γ2

(γ1γ2)α(γ1γ2)1−α
=

√
γ1γ2

(γ1γ2)α(γ2γ1)α
,

since we have (γ1γ2)1−α = (γ2γ1)α.
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H-Jensen-Shannon divergence between scale Cauchy
densities

I KLD between scale Cauchy densities:

KL[pγ1 : pγ2 ] = 2 log
A(γ1, γ2)

G (γ1, γ2)
= 2 log

γ1 + γ2
2
√
γ1γ2

I KLD is symmetric between Cauchy densities

I The harmonic Jensen-Shannon divergence between two scale
Cauchy distributions pγ1 and pγ2 is

JS
H [pγ1 : pγ2 ] = log

(3γ1 + γ2)(3γ2 + γ1)

8
√
γ1γ2(γ1 + γ2)
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Example 3: A-mixture of mixture families
I Mixture family [12] in information geometry [1]:

M:=

mθ(x) =

1−
D∑
i=1

θi pi (x)

 p0(x) +
D∑
i=1

θi pi (x) : θi > 0,
∑
i

θi < 1

 ,

I Mixture manifold is dually �at with canonical Bregman
divergence [12] for generator F (θ) = −h(mθ)

KL[mθp : mθq ] = BF (θp : θq)

I A-mixture belongs toM since
mθp+mθq

2
= m θp+θq

2

I A-Jensen-Shannon divergence between mixture members:

JS[mθp ,mθq)] =
1

2

(
BF

(
θp :

θp + θq
2

)
+ BF

(
θq :

θp + θq
2

))
.

This amounts to calculate the Jensen divergence (from JBD):

JS(mθp ,mθq) = JF (θ1; θ2) = (F (θ1)F (θ2)) 1
2
− F ((θ1θ2) 1

2
)
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Summary: Motivations and contributions

I Jensen-Shannon divergence (JSD) is a symmetrization of the
Kullback-Leibler divergence always upper bounded by log 2

I However, JSD does not admit a closed-form between Gaussian
densities

I Introduce abstract means M to de�ne statistical M-mixtures
and statistical M-Jensen-Shannon divergences

JS
Mα
D [p1 : p2] = (1− α)(D(p1 : (p1p2)Mα ) + αD(p2 : (p1p2)Mα ))

I Report closed-form expressions for (i) the G -JSD between
multivariate Gaussians, (ii) the H-JSD between scale Cauchy
densities, and (iii) the A-JSD between mixture densities.

I JS
Mα
D is upper bounded by log ZM

α (p,q)
1−α when M ≥ A (and we

have A ≥ G ≥ H). Thus this fails for G and H.
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Thank you!

https://franknielsen.github.io/M-JS/
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