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Lattices: Integer lattice Zd and full-rank lattices
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� lattice basis of d column vectors, arranged in a matrix L � rl1 | . . . | ld s
� lattice Λ � ΛpLq � LZd :� tLz : z P Zdu
� full rank lattice: detpLq �� 0
� two lattices ΛpLq and ΛpL1q coincide i�. L � L1U for a unimodular matrix
U (= square matrix with integer entries and determinant �1)

L1 �

�
1 2
1 1

�
� U � L, L � I , U �

�
1 2
1 1

�
, detpUq � �1

� integer lattice Zd : one-hot basis vectors e1, . . . , ed .
L � Id ,d � re1 | . . . | ed s � diagp1, . . . , 1q



Lattice Gaussian distributions

� Lattice Gaussian random variable Xξ � NΛpξq has pmf:

pξplq �
1

θΛpξq
exp

�
2π

�
�
1

2
lJξ2l � lJξ1




, l P Λ

� Partition function expressed using the Riemann theta function θpω,Ωq:

θΛpξq :�
¸
lPΛ

exp

�
2π

�
�
1

2
lJξ2l � lJξ1




� θp�iLJξ1, iL

Jξ2Lq

� Riemann theta: holomorphic function [26], converging Fourier series:

θ : Cd �Hd Ñ C

θpω,Ωq :�
¸
zPZd

exp

�
2πi

�
1

2
zJΩz � zJω





Hd = Siegel upper space of symmetric complex matrices with
positive-de�nite imaginary parts [27].



Discrete normal distributions

Studied in [1]

� Probability mass function:

pξplq �
1

ZZpξq
exp

�
2π

�
�
1

2
lJξ2l � lJξ1




, l P Zd .

� Partition function ZZpξq � θRp�iξ1, iξ2q

� Proposition 3.5 [1]:

@α P GLpd ,Zq, αXξ � Xα�Jξ1,α�Jξ2α�1

� Parity (Remark 3.7 [1]):
X�ξ1,ξ2 � �Xξ

� But marginals of discrete Gaussians are not discrete Gaussians



Lattice Gaussians: A Discrete exponential family
� Lattice Gaussian distributions form a discrete (minimal regular)
exponential family GΛ � tpξ : ξ P Ξu:

pξplq � exp pxtpxq, ξy � FΛpξqq , FΛpξq :� log θΛpξq

� Natural parameter space: Ξ � Rd � Pd with Pd the open cone of
positive-de�nite matrices. Exp. fam. of order D � dpd�3q

2

� Su�cient statistics: tpxq �
�
2πx ,�πxxJ

�
� Compound vector-matrix inner product:

xζ, ζ 1y :� ζJ1 ζ
1
1 � trpζJ2 ζ

1
2q.

� Thus lattice Gaussians are maximum entropy distributions on the lattice
support Λ: maxp P Hppq such that E rtpxqs � η. Constraint E rtpxqs � η
is equivalent to the two constraints µ � EprX s and
Σ � CovprX s � EprpX � EprX sqpX � EprX sq

Js
� Prior work: Lisman and Van Zuylen [19] (1972), Kemp [18] (1997),
partition function with Jacobi theta function by Szablowski [28] (2001),
Riemann multivariate theta and complex-valued pmf with Ξ � Cd �Hd

by Agostini and Améndola [1] (2019)



Lattice Gaussian distribution NΛpξq

� Lattice: Λ � LZ2 with L �

�
1 1
0 1

�
(detpLq � 1)

� Natural parameter ξ � pξ1, ξ2q: ξ1 � p0, 0q and ξ2 � diagp0.1, 0.5q



Discrete normal distributions NZpξq
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� Symmetric distribution (left) or not (right) depending on the parameters

� Periodicity of Riemann θ with integer periods u P Zd :

θpω � u,Ωq � θpω,Ωq

� yields Xpa,Buq � Xpa,Bq � u for any u P Zd :

PrpXpa,Buq � lq � PrpXpa,Bq � l � uq



Discrete normal distributions: Bivariate examples

ξ1 � p0, 0q and ξ2 � diag
�
1

10
, 1

10

�
ξ1 � p0, 0q and ξ2 � diag

�
1

10
, 1
2

�

2D integer lattice Λ � Z2



Some applications of lattice Gaussian distributions

� Applications:
� Lattice-based cryptography [6]
� Machine learning:

� Di�erential privacy [30, 7]
� Boltzmann machines with continuous visible states and discrete hidden

states [8]

� Sampling discrete Gaussian distributions:
� in 1D [7]
� using simple rejection sampling [8]
� using Markov chain Monte Carlo [15]



MLE and dual moment parameterization η
� A set tv1, . . . , vmu of m IID variates sampled from pξ.
� Estimating equation for the maximum likelihood estimator (MLE):

η̂ �
1

m

m̧

i�1

tpvi q.

� Equivariance property of the MLE yields ξ̂ � ∇F �
Λ pη̂q

� MLE of lattice Gaussians using ordinary parameterization λ � pµ,Σq

η̂1 �
2π

m

ņ

i�1

xi � 2π µ̂

η̂2 � �
π

m

ņ

i�1

xix
J
i � �π pΣ̂ � µ̂µ̂Jq

� Dual moment/expectation parameterization of exponential families:
η � ∇F pθq � E rtpX qs and θ � ∇F �pηq with Legendre-Fenchel convex
conjugate

F �
Λ pηq :� xξ, ηy � FΛpξq

with ξ � ∇F �
Λ pηq.



Converting moment η to natural ξ parameters

� Solve a concave maximization program given η:

F �pηq :� sup
ξ

Lηpξq :� xξ, ηy � F pξq

Concave maximization ∇2Lηpξq � �∇2F pξq or equivalently convex

minimization �Lηpξq. Unique optimal solution ξ � ∇F �pηq . Then get

F �pηq � xη,∇F �pηqy � F p∇F �pηqq (negentropy)

� Solve iteratively [31, 20]: pψpxq :� exp
�
�
°D

i�0
ψi ti pxq

	
, with ψi � �ξi ,

and ψ0 � F pψq. Let Ki pψq :� Epξ rti pxqs � ηi and η0 � 1.

� Update iteratively:

ψpt�1q � ψptq � H�1pψptqq �

�
��

η0 � K0pψ
ptqq

...

ηD � KDpψ
ptqq

�
��

� Hijpψq � Hji pψq � �Epψ rti pxqtjpxqs (need to be approximated)



Statistical divergences

How to measure the dissimilarity between
bivariate discrete normal distributions?



Cross-entropy and Kullback-Leibler divergence

� Kullback-Leibler divergence [10] between two pmfs rpxq and spxq with
support X :

DKLrr : ss :�
¸
xPX

rpxq log
rpxq

spxq
.

� KLD also called relative entropy DKLrr : ss � Hrr : ss � Hrr s with
Hrr : ss :� �

°
xPX rpxq log spxq and Hrr s � Hrr : r s is Shannon's

entropy

� Cross-entropy between two densities pξ and pξ1 of an exponential
family [23]:

Hrpξ : pξ1s � FΛpξ
1q � xξ1, ηy.

� When ξ1 � ξ, get from Fenchel-Young's inequality:

Hrpξ : pξs � Hrpξs � FΛpξq � xξ, ηy � �F �
Λ pηq.

ñ The convex conjugate is Shannon's negentropy [23] (convex)



Cross-entropy and Kullback-Leibler divergence

Proposition

The cross-entropy between two discrete normal distributions pξ � NΛpµ,Σq
and pξ1 � NΛpµ

1,Σ1q is

Hrpξ : pξ1s � log θΛpξ
1q � 2πµJξ11 � π tr

�
ξ12pΣ � µµJq

�

Proposition

The Kullback-Leibler divergence between two lattice Gaussian distributions

pξ � NΛpµ,Σq and pξ1 � NΛpµ
1,Σ1q is:

DKLrpξ : pξ1s � log

�
θΛpξ

1q

θΛpξq



� 2πµJpξ11 � ξ1q � π tr

�
pξ12 � ξ2qpΣ � µµJq

�

Note that µ :� Epξ rX s and Σ :� Covpξ rX s � Epξ rpX � µqpX � µqJs need to
be computed from pξ or ξ be calculated from λ � pµ,Σq



Computing expectations with approximations of θ
� In practice, computing expectations like means or covariance matrices
require approximating Riemann θ function [12, 13]

� Replace in�nite sums by �nite sums on integer lattice points
Rξ :� Eξ X Zd , where Eξ is theta ellipsoid (with θ̃pξ;Zdq � θpξq):

θ̃pξ;Rq :�
¸
zPR

exp

�
2π

�
�
1

2
zJξ2z � zJξ1




.

Z2

Approximating θZd pξq by �nite sum of p̃ξ on the integer lattice points Rξ
falling inside an ellipsoid Eξ



KLD via Rényi α-divergences
� Rényi α-divergence [29]:

Dαrr : ss :�
1

α� 1
log

�¸
xPX

rpxqαspxq1�α

�

� For two pmfs pξ and pξ1 of a discrete exponential family with
log-normalizer F pξq with αξ � βξ1 P Ξ, we have

Iα,βrpξ : pξ1s :�
¸
lPΛ

pξplq
αpξ1plq

β

� exp
�
F pαξ � βξ1q � pαF pξq � βF pξ1qq

�
Proposition

The Rényi α-divergence between two Gaussian lattice distributions pξ and pξ1

for α ¡ 0 and α �� 1 is

Dαrpξ : pξ1s �
α

1� α
log

θΛpξq

θΛpαξ � p1� αqξ1q
� log

θΛpξ
1q

θΛpαξ � p1� αqξ1q



Bhattacharyya and Hellinger divergences
� Bhattacharyya divergence:

DBhattacharyyarr , ss :� � log

�¸
xPX

a
rpxqspxq

�
�

1

2
D 1

2
rr : ss

� Bhattacharyya coe�cient ρBhattacharyyarr , ss :�
°

xPX
a
rpxqspxq,

� Squared Hellinger divergence (DHellinger is a metric distance):

D2

Hellingerrr , ss �
1

2

¸
xPX

p
a
rpxq �

a
spxqq2 � 1� ρBhattacharyyarr , ss.

Proposition

The squared Hellinger distance between two lattice Gaussian distributions pξ
and pξ1 is

D2

Hellingerrpξ, pξ1s � 1�
θΛ

�
ξ�ξ1

2

	
a
θΛpξqθΛpξ1q

.



Approximating the KLD via Rényi α-divergences

Proposition

The Kullback-Leibler divergence between two lattice Gaussian distributions pξ
and pξ1 can be e�ciently approximated by the Rényi α-divergence for

α � 1� ε and ε �� 0 close to 0:

DKLrpξ : pξ1s � DαKLrpξ : pξ1s �
1

ε
JFΛ,1�εpξ : ξ1q �

1

ε
log

θΛpξq
1�εθΛpξ

1qε

θΛpp1� εqξ � εξ1q

� Rényi α-divergences are non-decreasing with α [29]: obtain both lower
and upper bounds of the KLD.

� When αÑ 1, JF ,αpξ : ξ1q Ñ BF pξ
1 : ξq and Dαrpξ : p1ξs Ñ DKLrpξ : p1ξss

(see [22])



Approximating KLD via γ-divergences

� γ-divergences proposed for robust estimation [14, 9] (γ ¡ 1):

Dγrp : qs :�
1

γpγ � 1q
log

�
p
°

xPX pγpxqq p
°

xPX qγpxqqγ�1

p
°

xPX ppxqqγ�1pxqqqγ

�
, pγ ¡ 0q

� γ-divergences are projective divergences: Let ppxq � p̃pxq
Zp

and

qpxq � q̃pxq
Zq

. Then we have:

Dγrp : p1s � Dγrp̃ : p̃1s.

� Let Iγrp : qs :�
°

xPX ppxqqpxqγ�1. γ-divergence can be written as

Dγrp : qs � Dγrp̃ : q̃s �
1

γpγ � 1q
log

�
Iγrp̃ : p̃s Iγrq̃ : q̃sγ�1

Iγrp̃ : q̃sγ



.



Approximating KLD via γ-divergences

� Let Ĩγ pξ : ξ1q :� Iγ
�
p̃ξ : p̃ξ1

�
.

� Notice that Ĩγ depends on θ [24]:

Ĩγ
�
ξ : ξ1

�
� exppFΛpξ � pγ � 1qξ1qq � θΛpξ � pγ � 1qξ1q

� Thus we have

Dγrpξ : pξ1s �
1

γpγ � 1q
log

�
θΛpγξq θΛpγξ

1qγ�1

θΛpξ � pγ � 1qξ1qγ




� Approximate Ĩγ pξ : ξ1q using theta ellipsoids (�nite sums)

Ĩγ,Rξ,ξ1 pξ : ξ1q :�
¸

xPRξYRξ1

p̃ξ p̃ξ1pxq
γ�1 � θΛpξ � pγ � 1qξ1q



Approximating KLD via γ-divergences

� When γ Ñ 1, Dγrp̃ : q̃s � DKL

�
p̃
Zp

: q̃
Zq

�
� γ-divergences are projective but not the KLD which is homogeneous of
degree 1: DKLrλp : λqs � λDKLrp : qs

Proposition

The Kullback-Leibler divergence between two lattice Gaussian distributions pξ
and pξ1 can be e�ciently approximated:

DKLrpξ : pξ1s � Dγrpξ : pξ1s �
1

γpγ � 1q
log

�
pĨγ,Rξpξ : ξq Ĩγ,R 1ξpξ

1 : ξ1qγ�1

Ĩγ,RξYRξ1
pξ : ξ1qγ

�
,

for γ ¡ 0 close to 1 (say, γ � 1� 10�5), where Rξ � Eξ X Zd and

Rξ1 � Eξ1 X Zd denote the integer lattice points falling inside the theta

ellipsoids Eξ and Eξ1 used to approximate the theta functions θΛpξq and θΛpξ
1q,

respectively.



Hölder and Cauchy-Schwarz divergences

� projective Hölder divergence [25], α ¡ 0, γ ¡ 0, 1

α �
1

β � 1:

DHölder
α,γ rr : ss :�

�����log

� °
xPX rpxqγ{αspxqγ{β

p
°

xPX rpxqγq1{α p
°

xPX spxqγq1{β

������
� generalize the Cauchy-Schwarz divergence [16] for α � γ � β � 2:

DCSrr : ss :� � log

°
xPX rpxqspxqa

p
°

xPX r2pxqq p
°

xPX s2pxqq
.

� Closed-form formula between lattice Gaussian distributions:

DHölder
α,γ rpξ : pξ1s �

�����log
θΛpγξq

1
α θΛpγξ

1q
1
β

θΛp
γ
αξ �

γ
β ξ

1q

����� .

DCSrpξ : pξ1s � log

a
θΛp2ξqθΛp2ξ1q

θΛpξ � ξ1q
.



Bayesian hypothesis testing: Cherno� information

� Cherno� information between pmfs rpxq and spxq:

DCherno�rr , ss :� � min
αPr0,1s

log

�¸
xPX

rαpxqs1�αpxq

�
.

� best exponent α�: α� � arg minαPr0,1s
°

xPX rαpxqs1�αpxq.

� Theorem: Cherno� information for pmfs of a discrete exponential family
amounts to a Bregman divergence [21]:

DCherno�rpξ, pξ1s � BF pξ : ξ�q � BF pξ
1 : ξ�q

where ξ� :� α�ξ � p1� α�qξ1

� Bregman divergence [5]: BF pξ
1 : ξq :� F pξ1q � F pξq � xξ1 � ξ,∇F pξqy

� Cherno� information can also used in information fusion tasks [17]



Cherno� information: Lattice Gaussian manifold

� GΛ � tpξ : ξ P Ξu equipped with the Fisher information metric [3]
gF pξq � ∇2Fλpξq (Hessian metric) yields dually �at structure
pGΛ, gF ,∇e ,∇mq with dual e-connection ∇e and m-connection ∇m

� De�ne exponential geodesic (wrt ∇e connection) and mixture bisector
(wrt ∇m connection):

γeξ,ξ1 :� tpλξ�p1�λqξ19p
λ
ξ p

1�λ
ξ1 : λ P p0, 1qu

Bimpξ, ξ
1q :� tpω P GΛ : DKLrpω : pξs � DKLrpω : pξ1su

� Cherno� point is characterized by

pξ� � γeξ,ξ1 X Bimpξ, ξ
1q

� Bisection search [21] on α P p0, 1q to get α� from ξ� :� α�ξ � p1� α�qξ1



Clustering lattice Gaussian distributions

� Use the property that the KLD between two lattice Gaussian distributions
amounts to a Bregman divergence for various tasks.

� For example, clustering of lattice Gaussian distributions [4, 11] (say, for
mixture simpli�cation):

ξ� � arg min
ξ

ņ

i�1

1

n
DKLrpξ : pξi s � arg min

ξ

ņ

i�1

1

n
BF pξi : ξq,

ñ ξ� �
1

n

ņ

i�1

ξi .



Summary: KLD between lattice Gaussians

� Lattice Gaussian distributions form a discrete exponential family with
cumulant function related to Riemann theta function

� Maximum likelihood estimator in closed-form for η̂. Convert iteratively to
get the corresponding natural parameter ξ̂

� Kullback-Leibler divergence in closed form using the mixed
parameterizations ξ and λ � pµ,Σq (or moment parameter η)

� Kullback-Leibler divergence using natural parameters ξ approximated
using Rényi α-divergences for α � 1

� Kullback-Leibler divergence using natural parameters ξ approximated
using projective γ-divergences for γ � 0 (γ ¡ 0)

� Cherno� information amounts to KLD once the optimal exponent α� is
found. Information geometry yields simple e�cient algorithm on the
dually �at manifold of lattice Gaussian distributions

� Many available packages for calculating Riemann θ function and its
derivatives [13, 2]



Summary of closed-form formula
Divergence de�nition/closed-form formula for lattice Gaussians

Kullback-Leibler divergence DKLrpξ : pξ1 s �
°

lPΛ pξplq log
pξplq

p
ξ1
plq

DKLrpξ : pξ1 s � log

�
θΛpξ

1q

θΛpξq



� 2πµJpξ1

1
� ξ1q � π tr

�
pξ1
2
� ξ2qpΣ � µµJq

	

squared Hellinger divergence D2

Hellingerrpξ : pξ1 s �
1

2

°
lPΛp

b
pξplq �

b
pξ1 plqq

2

D2

Hellingerrpξ : pξ1 s � 1 �
θΛ

�
ξ�ξ1

2



b
θΛpξqθΛpξ

1q

Rényi α-divergence Dαrpξ : pξ1 s �
1

α�1
log

�°
lPΛ pξplq

αpξ1 plq
1�α

	

(α ¡ 0, α �� 1) Dαrpξ : pξ1 s �
α

1�α
log

θΛpξq

θΛpαξ�p1�αqξ
1q
� log

θΛpξ
1q

θΛpαξ�p1�αqξ
1q

limαÑ1 Dαrpξ : pξ1 s � DKLrpξ : pξ1 s

γ-divergence Dγ rpξ : pξ1 s �
1

γpγ�1q
log

�
��
�°

lPΛ p
γ
ξ
pxq

	 �°
lPΛ p

γ
ξ1
plq


γ�1

�°
lPΛ pξplqp

γ�1

ξ1
plqq


γ

�
�


(γ ¡ 1) Dγ rpξ : pξ1 s �
1

γpγ�1q
log

�
θΛpγξq θΛpγξ

1qγ�1

θΛpξ�pγ�1qξ1qγ




limγÑ1 Dγ rpξ : pξ1 s � DKLrpξ : pξ1 s

Hölder divergence DHölder
α,γ rr : ss :�

����log

� °
xPX rpxqγ{αspxqγ{β

p
°
xPX rpxqγq1{αp

°
xPX spxqγq1{β


����
(γ ¡ 0, 1

α
� 1

β
� 1) DHölder

α,γ rpξ : pξ1 s �

������log
θΛpγξq

1

α θΛpγξ
1q

1

β

θΛp
γ
α
ξ�

γ
β
ξ1q

������
Cauchy-Schwarz divergence DCSrr : ss :� � log

°
xPX rpxqspxqb

p
°
xPX r2pxqq p

°
xPX s2pxqq

(Hölder with α � β � γ � 2) DCSrpξ : pξ1 s � log

b
θΛp2ξqθΛp2ξ

1q

θΛpξ�ξ
1q

//Partition function θΛ related to Riemann theta function θR (with i2 � �1):

θΛpξq � θR p�iLJξ1, iL
J
ξ2Lq, θR pz,Ωq �

¸
lPZd

exp

�
2πi

�
1

2
lJΩl � lJz
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