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Lattices: Integer lattice Z? and full-rank lattices
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> lattice basis of d column vectors, arranged in a matrix L = [h | ... | I4]

v

lattice A = A(L) = LZ9 := {Lz : ze 79}

full rank lattice: det(L) # 0

two lattices A(L) and A(L’) coincide iff. L = L'U for a unimodular matrix
U (= square matrix with integer entries and determinant +1)

v

v

L':“ﬂ:UxL,LZ/, U:“i] det(U) = —1

v

integer lattice Z9: one-hot basis vectors ey, ..., eq.
L= Id,d = [61 | | ed] :diag(l,...,l)



Lattice Gaussian distributions

» Lattice Gaussian random variable X¢ ~ N(§) has pmf:

pe(l) = 9/\1(5) exp (zw (—;/T@/ + /T§1>) , TeN

» Partition function expressed using the Riemann theta function 6(w, Q):

OA(€) := D exp (27r (—;/T@/ + /Tgl>) = 0(—iLT&r,iLTEL)

leN

» Riemann theta: holomorphic function [26], converging Fourier series:
0 : C'xHy—C

0(w,Q) := ) exp (zm (;ZTQZ + sz>)

zeZd

Hy = Siegel upper space of symmetric complex matrices with
positive-definite imaginary parts [27].



Discrete normal distributions

Studied in [1]

» Probability mass function:

pe(l) = zzl(g) exp (277 (—;/T@/ + /T&)) . lez?.

Partition function Zz(§) = Or(—i&1, i&2)
Proposition 3.5 [1]:

v

v

Va e GL(d,Z), aXe=X, T¢ 0 Teat

v

Parity (Remark 3.7 [1]):
Xogrea ~ =X

» But marginals of discrete Gaussians are not discrete Gaussians



Lattice Gaussians: A Discrete exponential family

» Lattice Gaussian distributions form a discrete (minimal regular)
exponential family Gp = {pc : { € =}

pe(l) = exp (Ct(x),&) — Fa(§)),  Fa(§) := log a(€)

» Natural parameter space: = = R? x Py with Py the open cone of
positive-definite matrices. Exp. fam. of order D = @

> Sufficient statistics: t(x) = (2mx, —mxx ")

» Compound vector-matrix inner product:

€. =0 G+ G).

» Thus lattice Gaussians are maximum entropy distributions on the lattice
support A: max, € H(p) such that E[t(x)] = 7. Constraint E[t(x)] =7
is equivalent to the two constraints u = E,[X] and
T = Covp[X] = E,[(X — E[X(X — E[X])7]

» Prior work: Lisman and Van Zuylen [19] (1972), Kemp [18] (1997),
partition function with Jacobi theta function by Szablowski [28] (2001),

Riemann multivariate theta and complex-valued pmf with = = C9 x Hqy
by Agostini and Améndola [1] (2019)



Lattice Gaussian distribution N, (&)

» Lattice: A = LZ? with L = { é 1 ] (det(L) = 1)

» Natural parameter £ = (£1,&): & = (0,0) and & = diag(0.1,0.5)




Discrete normal distributions Nz(¢)
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» Symmetric distribution (left) or not (right) depending on the parameters
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» Periodicity of Riemann 6 with integer periods u e Z9:

O(w+ u,Q) =6(w, Q)

> yields X(, gy ~ X(a,g) + u for any v e VAE

PF(X(&BU) = /) = PI’(X(a,B) =/- u)



Discrete normal distributions: Bivariate examples
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& =(0,0) and & =diag (&5, 75) & = (0,0) and & = diag (55, 3)

2D integer lattice A = Z2



Some applications of lattice Gaussian distributions

» Applications:
> Lattice-based cryptography [6]
> Machine learning:
> Differential privacy [30, 7]
> Boltzmann machines with continuous visible states and discrete hidden
states [8]
» Sampling discrete Gaussian distributions:
> in 1D [7]
> using simple rejection sampling [8]
» using Markov chain Monte Carlo [15]



MLE and dual moment parameterization 7

>

>

A set {vi,..

., Vm} of m IID variates sampled from p;.

Estimating equation for the maximum likelihood estimator (MLE):

m

= 3w

i=1

Equivariance property of the MLE yields £ = VF(#)
MLE of lattice Gaussians using ordinary parameterization \ = (u, )

m

A

2

Dual moment/expectation parameterization of exponential families:
n = VF(0) = E[t(X)] and § = VF*(n) with Legendre-Fenchel convex

conjugate

with & = VF{(n).

Fx(n) = (& my — FA(€)



Converting moment 7 to natural ¢ parameters

» Solve a concave maximization program given 7:

F*(n) := Slgp L,(&) ==& m) — F(§)

Concave maximization V2L, (§) = —V2F(£) or equivalently convex

minimization —L, (§). Unique optimal solution |£ = VF*(n)| Then get
F*(n) =, VF*(n)) — F(VF*(n)) (negentropy)

> Solve iteratively [31, 20]: py(x) :=exp (— P, w,-t,-(x)), with 9; = =&,
and 1o = F(). Let Ki(v)) := Ep[ti(x)] = ni and 1o = 1.
» Update iteratively:

o — Ko ()
w(tJrl) — w(t) + Hfl(q/)(t)) ~
np — Ko ()

> Hy(y) = Hji(¥) = —Ep,, [ti(x)tj(x)] (need to be approximated)



Statistical divergences

How to measure the dissimilarity between

bivariate discrete normal distributions?



Cross-entropy and Kullback-Leibler divergence

» Kullback-Leibler divergence [10] between two pmfs r(x) and s(x) with
support A
r(x)
Dxi|r:s| = r(x) log .
Irisli= 3 ro)log {5

» KLD also called relative entropy Dky[r : s] = H[r : s] — H[r] with
Hlr:s|:= =2 cx r(x)logs(x) and H[r] = H[r : r| is Shannon’s
entropy

> Cross-entropy between two densities ps and pes of an exponential
family [23]:
Hlpe : pe] = Fa(E) — <&, m)-

» When & =&, get from Fenchel-Young's inequality:

Hlpe : pe] = Hlpe] = FA(€) — & m) = —Fx(n).

= The convex conjugate is Shannon’s negentropy [23] (convex)



Cross-entropy and Kullback-Leibler divergence

Proposition
The cross-entropy between two discrete normal distributions pe ~ Na(p, X)
and Pgr ~ N/\(,ul,z/) is

Hlpe : per] = log Oa(€) — 2mpu €1 + mir (&( + pp'))

Proposition
The Kullback-Leibler divergence between two lattice Gaussian distributions
pe ~ Na(p, X) and per ~ Np(p', ') is:

Dxxr.[pe : per] = log <90//\\((§))) —2mp (& — &) +mir (& —&)E +pup'))

Note that 1 := Ep [X] and X := Covp, [X] = Ep [(X — 11)(X — 1) T] need to
be computed from p¢ or £ be calculated from A = (i, X)



Computing expectations with approximations of 6

» In practice, computing expectations like means or covariance matrices
require approximating Riemann 6 function [12, 13]

> Replace infinite sums by finite sums on integer lattice points
Re := E¢ n Z9, where E; is theta ellipsoid (with 0(&; Zg) = 0(€)):

BER) = Y exp (zw <_;ZT522 ¥ ZT&)) |

zeR

Approximating 074(&) by finite sum of ¢ on the integer lattice points R
falling inside an ellipsoid E¢



KLD via Rényi a-divergences
> Rényi a-divergence [29]:

Dy[r:s] = - 1 ] log (2 r(x)as(x)lo‘)

xeX

» For two pmfs ps and pg of a discrete exponential family with
log-normalizer F (&) with af + 3¢ € =, we have

laglpe s pe] = Y pe(Dpe(l
leN

= exp (F(af + BE) — (aF (&) + BF(£)))

Proposition
The Rényi a-divergence between two Gaussian lattice distributions pe and per
fora>0anda+1is

o 9/\(§) 9/\(5/)
e log On(ad + (1 = a)f’) +loe On(ag + (1 —)g)

Da[p{ . pgl] =



Bhattacharyya and Hellinger divergences
» Bhattacharyya divergence:

I\.)\l—l
»—l
I_J

N

DBhattacharyya[r s| := —log <Z VI >

xeX

> Bhattacharyya coefficient pgrattacharyyalrs S] == Der v/ F(X)s(x),

» Squared Hellinger divergence (Dgeliinger is @ metric distance):

DHelhnger[r s Z VI —VSs =1 _thattaCharyya[r 5]

xeX

Proposition

The squared Hellinger distance between two lattice Gaussian distributions pg

and pe is
N <5+25 )

ON(E)OA(E)

2
DHeHinger [P, per] =1 —



Approximating the KLD via Rényi a-divergences

Proposition

The Kullback-Leibler divergence between two lattice Gaussian distributions pg
and per can be efficiently approximated by the Rényi a-divergence for
a=1—¢€ande=+0 close to 0:

1 ] 1766 1\e
DKL[pf : Pg’] = DaKL[p£ : pf'] = EJFA,l—E(g : 5/) = c log QA/(\((f)_ 6)§A_(|_€€)§/)

» Rényi a-divergences are non-decreasing with « [29]: obtain both lower
and upper bounds of the KLD.

> When oo > 1, Jro(§: €') — Br(§': €) and Dao[pe @ pe] — Dxu[pe @ pel]
(see [22])



Approximating KLD via ~-divergences

» ~-divergences proposed for robust estimation [14, 9] (v > 1):

~—1
Dlpia] ml_ . Iog(@;XEXpwx)) (Ser () ) (7> 0)

Qex PX)T7H(x)))7

» y-divergences are projective divergences: Let p(x) = %:) and

q(x) = %z). Then we have:

Dylp:p'l=Dy[p: Bl

> Let I[p:q] = cr P(x)q(x)7 L. y-divergence can be written as

SR e U SO 011:£7.) 6 A
R e i ]




Approximating KLD via ~-divergences

> Let [ (€: &) = Iy [pe : per].
> Notice that I, depends on 6 [24]:

L (€:€) = exp(FAlE + (v = 1)€)) = OA(E + (v — 1)€)

» Thus we have

1 On(YE) O (7€)
Dylpe : pel = o7y loe <9A(§ +(7 - 1)5’)7)

» Approximate I:/ (& : &) using theta ellipsoids (finite sums)

Lra(€:8)i= 3 Bebe(x)™ =00+ (v = 1)&)

XERg U Rgl



Approximating KLD via ~-divergences

» When v — 1, D,[p : ] = Dk, [Z% : Ziq]
» ~-divergences are projective but not the KLD which is homogeneous of
degree 1. Dkp[Ap: Aq] = ADki[p: q]
Proposition

The Kullback-Leibler divergence between two lattice Gaussian distributions pg
and per can be efficiently approximated:

! (o€ € gy (€0 €7
D i per] = D Cper] = ——— | ¥ : ’
KL[Pe : per] ~ Dylpe - pel (v —1) og( by Reory (€2 8')7

fory > 0 close to 1 (say, v =1+ 1075), where Re = Ec n Z9 and

Re = E¢r 0 Z9 denote the integer lattice points falling inside the theta
ellipsoids E¢ and E¢r used to approximate the theta functions 65(&) and Oa(¢’),
respectively.



Holder and Cauchy-Schwarz divergences
» projective Holder divergence [25], a > 0,7 > 0, é + % =1:

Seex 1) s(x)1/8 ) ‘
|
> ((erX r(X)V)l/a ( xeX S 1/6

» generalize the Cauchy-Schwarz divergence [16] fora = v = = 2:

or Secx st
\/(ZXEX r? (X)) (ZXEX s? (X))

» Closed-form formula between lattice Gaussian distributions:

ON(YE) S ON(1E")
ONZE+3E) |

Holderp, . 1.
Do res] =

Deglr : s] = —

Dljg)lder[p5

. pé‘l] = |lo

OA(26)0n(28)
On(E+E)

Dcs|ps : per] = log



Bayesian hypothesis testing: Chernoff information

» Chernoff information between pmfs r(x) and s(x):

DChernoff[ra 5] = — min |Og (Z ra(X)Sla(X)) :

a€l0,1] X

> best exponent a*: o = arg mingefo,1] X xex ro(x)st=(x).

v

Theorem: Chernoff information for pmfs of a discrete exponential family
amounts to a Bregman divergence [21]:

Dchemot[Pe, per] = BF(€ : €%) = BE(£' = &¥)

where £* := a*¢ + (1 — a*)¢
Bregman divergence [5]: Br(£' : &) := F(£') — F(§) =& — &, VF(&))
Chernoff information can also used in information fusion tasks [17]

v

v



Chernoff information: Lattice Gaussian manifold

» Gr = {p¢ : £ € =} equipped with the Fisher information metric [3]
gr (&) = V2F\(€) (Hessian metric) yields dually flat structure
(G, gr, Ve, V™) with dual e-connection V¢ and m-connection V™

» Define exponential geodesic (wrt V€ connection) and mixture bisector
(wrt V™ connection):

e = {Prera-nexpipy 1 A€ (0,1)}
Bim(&,&) = {po€Gr : Dkrlpw : pel = Dkrlpw : per]}

» Chernoff point is characterized by

Pex = '7;5’ M Bim(f,fl)

» Bisection search [21] on a € (0,1) to get a* from £* := a*¢ + (1 — a*)¢’



Clustering lattice Gaussian distributions

» Use the property that the KLD between two lattice Gaussian distributions
amounts to a Bregman divergence for various tasks.

» For example, clustering of lattice Gaussian distributions [4, 11] (say, for
mixture simplification):

n n

. 1 : 1
& = arg man —Dxr[pe : pg;] = arg mlnE =Br (& : &),
£ian ¢ian

= = %25:‘-
i=1



Summary: KLD between lattice Gaussians

>

Lattice Gaussian distributions form a discrete exponential family with
cumulant function related to Riemann theta function

Maximum likelihood estimator in closed-form for 7. Convert iteratively to
get the corresponding natural parameter &

Kullback-Leibler divergence in closed form using the mixed
parameterizations £ and A = (i, L) (or moment parameter 1)
Kullback-Leibler divergence using natural parameters £ approximated
using Rényi a-divergences for a ~ 1

Kullback-Leibler divergence using natural parameters £ approximated
using projective ~y-divergences for v ~ 0 (v > 0)

Chernoff information amounts to KLD once the optimal exponent a* is
found. Information geometry yields simple efficient algorithm on the
dually flat manifold of lattice Gaussian distributions

Many available packages for calculating Riemann 6 function and its
derivatives [13, 2]



Summary of closed-form formula

Divergence definition/closed-form formula for lattice G

. . . pe (N
Kullback-Leibler divergence Dk [pe : per] = Yen pe (/) log "5’(’)

Drctlpe + per) = tou (PG ) = 2T (€ = &0) + wor (65 = €)= + unT))

squared Hellinger divergence L)I%Ienmger[pE el = 3 Yien(y/pe () = /pé,(/))2

’
BN
Hellinger LPE * Pg/l = IRGING)
Rényi a-divergence Dalpg = per] = ﬁ log (Ele/\ pg(/)"‘pgl(l)l_“)
On(E) NG

(a>0,0+1) Dalpe : Perl = 25 8 gt ioayen + 8 Grae+a-ae)
lima—1 Da[pe : per] = Dxrlpe : per]

(Sien P () (E/e/\ P (’))77

~-divergence D~ [pe : per] = 1 __log
3 v(v=1) (_alel\ Ps(’)sz (/)))w
_ __a NG NINGT30 R
(v>1) Dylpe = per] = 5553 '°g( ON(E+(v—1)ENT
limy—1 Dy[pe : per] = Dxrlpe : per]
slder di Halder, . o ._ Suex 107/ %s(x)7/8 )
Hol D : = |l XE
older divergence oy [r:s] og <(erx r(xl)W)l/a (_‘fex RS
1 1 _ Holder . _ OA(vE) @ Op (7€) B
(v >0, ng[T; =1) Da,‘y [Pg -Pgl] = |°gW
Cauchy-Schwarz divergence Dcsglr:s] := —log Sxex r()s()

VExea 200) Cxex 2())

\OA(26)0p(2€7)

(Holder with oo = 8 = v = 2) Dgs[pe : pﬁl] = log NG

Partition function 6, related to Riemann theta function 6 (with 2 = —1):
A R

N N N T ST 2.0 N S N
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